Joint distribution of inverses in matrix groups over finite
fields

Corentin Perret-Gentil

ABsTRACT. We study the joint distribution of the solutions to the equa-
tion gh = z in G(F,) as p — o0, for any fixed x € G(Z), where G = GL,,,
SL, Sp,,, or SOE. In the special linear case, this answers in particular
a question raised by S. Hu and Y. Li, and improves their error terms.
Similar results are derived in certain subgroups, and when the entries

of g, h lie in fixed intervals. The latter shows for example the existence

of g € GL,(F,) such that g,¢g~" have all entries in [0, cnplfl/(2"2+2>+s]

for some absolute constant ¢, > 0. The key for these results is to use
Deligne’s extension of the Weil conjectures on a sheaf on G, along with
the stratification theorem of Fouvry, Katz and Laumon, instead of re-
ducing to bounds on classical Kloosterman sums.

1. INTRODUCTION

Throughout, we let n > 1 be an integer, unless specified otherwise.

1.1. The cases of (Z/n)* and GL,(F,). Following several similar results
for the group (Z/n)* (see | | for a survey), Su Hu and Yan Li | |
have shown that for the matrix group G = GL,(FF,) and any fixed = € G,
the solutions to the equation

gh=z (g9,he@)

are uniformly distributed in [0, 1]" x [0, 1]"" as p — o0, with respect to the
embedding

1 My(F,) — [0, 1] (1)
9= (9ij)ij — ({gi,j/p})i,j,

where {-} denotes the fractional part. In particular, the entries of a nonsin-
gular matrix and its inverse are jointly uniformly distributed. More precisely,
they obtain a bound for the discrepancy.

Their main tools are bounds for matrix analogues of Kloosterman sums
obtained in | | by reducing to classical Kloosterman sums.

1.2. Special linear groups. At the end of their paper, Hu and Li note
that this does not hold for G = SLy(F,), but conjecture that there should
be joint uniform distribution whenever n > 3. We positively answer this by
showing:
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2 Joint distribution of inverses in matriz groups
Theorem 1.1. Let G be
GL, (forn=2) or SL, (forn = 3), (2)
and let x € G(Z). As p — o, the elements
Aa(g) = (9, 97'w) € Mo (Fy) x Mo (Fy) (g€ G(Fp))

are uniformly distributed in © = [0,1]"° x [0,1]"" with respect to the embed-
ding n in (1). More precisely, for every product of intervals R in €,

On (e g —qaL,

ge G(F,) :n(Az(g)) e R N
o€ G N ER _ ey | 7
P On ("2 —) : G =sL,

as p — o0, where meas denotes the Lebesque measure. The implied constants
depend only on n. This also holds with R < 2 an arbitrary convex set if the
errors are replaced by their 1/(2n2)th powers.

Remark 1.2. This improves the error terms of | |, which are for ex-

ample p~1/ (22n*+1) when G = GL,,. The bulk of the improvement comes
from bounding nontrivially the 1/r(h) factors appearing in the Erd6s—Turan—
Koksma, which had been overlooked, as suggested by an anonymous referee.

NoTATION 1.3. We recall that for two complex-valued functions f,g, we
write f = Oy(g) or f <, g if there exists a constant C), > 0, depending only
on the variable n, such that |f| < C,g.

1.2.1. Generalization to certain subgroups. The following variant shows that
equidistribution of A, (g) still holds in certain subgroups of GL,,.

Theorem 1.4. Let us consider the setting of Theorem 1.1 for G = GL,. For
[ € F,[G]* a nonvanishing nonconstant function and U < F); a subgroup,
let

H=f"(U)={geGF): f(g) € U}.
For every product of intervals R < §2, we have
. n?+1
g€ H :n(As(g)) € B} _ meas(R) + O, P <log|U\)
| H] U] VP

as p — 0. The set R can be replaced by an arbitrary convex set if the error
term is replaced by its 1/(2n2)th power.

Ezample 1.5. One may take H = {g € GL,(F,) : det(g) € F;"} with r =
o(/p), where " denotes the set of r-powers in F.

Remarks 1.6. (1) Itisatheorem of Rosenlicht (see e.g. | |) that if G
is a connected affine algebraic group, then f/f(1) € F,[G]* must be
a one-dimensional character (i.e. a character of the abelianization);
in particular, the set H in Theorem is a mormal subgroup.
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(2) In particular, we cannot get a nontrivial version of Theorem
for SL,(IF,): since the latter is perfect for p > 3, f must be con-
stant. The classification of maximal subgroups of SL,(F,) | |
also shows that the restriction on the index is too stringent.

(3) Using the same techniques, it should be possible to obtain Theorem

also when H < GL,(Fp) is any normal subgroup of index < ,/p.

However, this requires additional technicalities that we do not wish
to pursue here (see Remark for further comments).

1.3. Other classical groups.

1.3.1. Symplectic groups. On the other hand, it is clear that Theorem
does not hold for G = Sp,, (n > 2 even). Indeed, if

¢ t
g1 92 —1 94  —92
= €S F,), then =
I (93 g4) Pan () g (—gé 9t )
(with respect to the standard symplectic form, where g; € Mo, (F,)). Hence,
the obstruction for SLy can be viewed as coming from the fact that SLy(F),) =

Spy (Fp)-

1.3.2. Special orthogonal groups. Let ® € GL,(IF,) be in one of the two
equivalence classes of nonsingular symmetric bilinear forms on Fy. Since
g ! = ®¢'®! for ¢ € GO(®), Theorem does not hold either in this
case. Actually, when n = 2, the elements of the special orthogonal group
corresponding to the form diag(a, 1) (o € F,) are themselves not uniformly
distributed in [0, 1]* with respect to the embedding (1), since they are of the
form (2 —2¢).

1.4. Distribution of elements. Nonetheless, the elements themselves are
still uniformly distributed in all cases except SO%, as in | , Theorems
1.5-1.6] for GL,, and SL,,.

Theorem 1.7. Forn =1, let G be
GL,, SL,, Sp, (n even), or SO, (n=>3).

As p — o, the elements g € G(Fp,) are uniformly distributed in Q = [0, 1]”2
with respect to the embedding (1). More precisely, for every product of inter-
vals R in §Q,

fge GEY) :nlg) e RY _ (log p)n*—dim G+1
G(F,)] = meas(R) + On ( 7 )

as p — o0. This also holds with R < Q) an arbitrary convex set if error term
is replaced by its 1/(2n?)th power.

n what follows, we let SO, 1, be the special orthogonal group corresponding to the
form given by the identity matrix I,,: in other words, SOy, 1, (Fp) is the special orthogonal
group with square determinant, i.e. SO, (F,) if n is odd, and if n is even, SOE (F,) if
p= +1 (mod 4) respectively.
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Remark 1.8. Note that the exponent of the logarithms in the error term is
2,3, (n?+1)/2if G = GL,, SL,, or Sp,, respectively. Theorem 1.7 improves
the errors terms:

—in| |, handling GL,, and SL,, using | |, which are p~™/(n*+1)
— in Theorem for the joint distribution.
In the same vein as Theorem 1.4, we get the following generalization:

Theorem 1.9. Under the assumptions of Theorem 1.7, let H be as in The-
orem 1./. Then, for any product of intervals R < 2,

{g € H :n(g) € R}| _ meas(R) + O, (\/13 <]0g M)nQ—dimG-‘rl) |

|H| U] VP

1.5. Distribution with entries in intervals. A related question in G =
(Z/n)* is the distribution of the solutions to gh = x, for some fixed x € G,
when 1 < g, h < p—1 lie in fixed intervals. It is a conjecture (see | , Sec-
tion 3.1]) that for any € > 0 and p large enough, there exist integers g, h such
that gh = 1 (mod p) with |g|, |h| < p'/?*S. The best current result seems
to be |gl, |h| « p**, due to Garaev (note the absence of a logarithmic factor).

In matrix groups, we can similarly fix the entries of the matrices in inter-
vals, yielding the following:

Theorem 1.10. Let G be as in Theorem . For p a prime, let E,F c
[0,p— 1]”2 be products of intervals. Then, for any x € G(Z), viewing My (Fp)
embedded in [0,p — 1]”2, the density

{ge G(Fp): g€ E and g~'x € F}|

GF) )
s given by
meas(E x F) (logp)2”2 Di<ki<n meas(Ey) dm G
100 (b (B ™))

if B =1lickicn Eni-

Corollary 1.11. Let G be as in Theorem and let p be a prime. For any
e >0 and x € G(Z), there exist g,h € G(Fp) such that gh = x and whose
entries, seen in [0,p — 1], are all

I——3—+
p 3077 G =GL,

<
n,e p172<”21+2) e oo SL,, .
We also refer the reader to | | for related questions concerning matri-
ces, and to | |, , Corollary 1.5] for general results about points on
varieties in hypercubes.
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1.6. Higher-dimensional variant. Using the same techniques, we can get
an analogue of Theorem for the uniform distribution of solutions to

gr---gr=2 (9i€ G(Fp))

for any r > 2 and x fixed:

Theorem 1.12. Let G and x be as in Theorem , and let 7 = 2 be an
integer. As p — o0, the elements

A(g) = (91, 9r—1, (91 - gr—1) " 'x) € Mp(Fp)" (g e G(Fp)" )

are uniformly distributed in Q = [0,1]™ with respect to the embedding (1).
More precisely, for every product of intervals R in €,

(log )" +1 o
{g € G(F,) " : n(A.(g)) € R} One T ) 16 =Cla
G 1 = meas(R)+ an
|G(Ep)l Opyr (BB — ) 1 G =5SL,

as p — . This also holds with R < ) an arbitrary convex set if the error
terms are replaced by their 1/(2n?)th powers.

For the sake of clarity, we focus on proving the two-dimensional versions,
and indicate the changes necessary for Theorem at the end.

Acknowledgements. The author thanks Lucile Devin, his colleagues in
Montréal, and anonymous referees for useful feedback on this work, as well
as Yan Li for suggesting a modification of the proof of Proposition that
makes it shorter and able to handle characteristic 2. This work was partially
supported by Koukoulopoulos’ Discovery Grant 435272-2013 of the Natural
Sciences and Engineering Research Council of Canada, and by Radziwilt’s
NSERC DG grant and the CRC program.

2. TooLs

2.1. Equidistribution and discrepancy. For the following results, we re-
fer the reader to | , Chapter 1]. Throughout, we let = [0, 1]* for some
integer k > 1.

DEFINITION 2.1. The discrepancy of a sequence (&,),>1 in 2 is

n<N:x,el
Du(an) = sp[nSN izmel)
c

where I runs over all products of intervals in (2.

—meas(])],

Proposition 2.2. A sequence (x,)n>1 in Q is uniformly distributed if and
only if Dy(x,,) = o(1), and we have the Frdés-Turan-Koksma inequality:
for any integer T > 1

3\F [ 2 1
DN(m")<<2> T+17 h; ()

0<||h||oo<T
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where r(h) = ]_[le max(1,|h;]), e(z) = exp(2miz).
Proof. See | , Theorem 1.6, Theorem 1.21] respectively. O

Remark 2.3. If the sets I in Definition are replaced by arbitrary con-
vex subsets, this yields the isotropic discrepancy Jy(x,), which satisfies
In () < Dy ()" (see | , Theorem 1.12]).

By Weyl’s criterion, (x,)n>1 is equidistributed in € if and only if
Z e(h-x,) = o(N)
n<N

for every nonzero h € Z*, so the Erdés-Turan-Koksma inequality quantifies
the equidistribution from the rate of decay of these exponential sums.

2.2. Exponential sums on matrix groups. The bounds of | |

used in | | proceed by reducing to classical Kloosterman sums on Fp,
through averaging and interchanging summations. Instead, we use Deligne’s
extension of his proof of the Weil conjectures | | to work directly with

the sums over the matrix groups. This allows a precise control of when the
sums exhibit cancellation.

Proposition 2.4. Let G be as in Theorem 1.7, let f € F,(G) be a rational
function on G, let ¢ : F;, — C* be a nontrivial character, let x : Fy —
C* be a multiplicative character, and let fi € Fp[G]* be a nonvanishing
nonconstant function. Then

1 —
IG(F,)] gec%p) V(f(9)x(fi(g)) =d+0O <p 1/2) @
fg)#00

with 6 = 1 if f and x o f1 are constant on {g € G(Fp) : f(g) # ®0}, § =0
otherwise. The implied constant depends only on n, deg(f) and deg(f1).

Proof. The result is obvious if f and x o f; are constant on G(F)), so we
may assume it is not the case and prove (1) with § = 0. Let £ # p be an
auxiliary prime. Following | , Exposé 6], let Lo := f*Ly = Lys (resp.
Ly := f{Ly = L)) be the restriction to G of the Artin-Schreier (resp.
Kummer) sheaf on Ag; corresponding to 1 o f (resp. x o f1), and let £ =
Lo® L1 be the middle tensor product. These can be seen as representations

po, P1, p = po® p1: Gal(F,(G)P/Fy(@)) — Q

such that at every point g € G(F,) < FZQ with fi(g) # oo, there is a
Frobenius element Frob, with

tpo(Frobg) = ¥(f(g)), tp1(Frobg) = x(f1(9)), tp(Froby) =¥ (f(9))x(f1(9))

for an embedding ¢ : Q, — C. Hence, the left-hand side of (1) is

1
G(F) Z tp(Froby).
PIT geG(Fy)

f(g)#0
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By the Grothendieck—Lefschetz trace formula [ , Exposé 6, (1.1.1)],
this is
2dim G
! Z (—=1)"tr(Frob, | H(U x F,, L)),
GE) =

for U the open in Aﬁj where L is lisse (i.e. the complement of the zero set
of f).

By Deligne’s extension of the Riemann hypothesis over finite fields | ,
Théoréme 2| (see also | , Théoréme 1.17]), the eigenvalues of the Frobe-
nius acting on H:(U x F,, £) are p-Weil numbers of weight at most 4. If the
one-dimensional sheaf £ is not geometrically trivial, the coinvariant formula
implies that H24mG (U x T, £) = 0, so that the left-hand side of (1)

2dim G—1 . B
«p Y dimHY(U x Ty, £). (5)
i=0
By | , Theorem 12|, the sum of Betti numbers in the error term is

bounded by a quantity depending only on n, deg(f) and deg(f), for example

3(2 + max(deg(f),n + 2) + deg(f1))*" . (6)

Thus, it suffices to show that £ is not geometrically trivial to conclude.
If it is not the case, since L£; is tame everywhere and Ly is not unless it
is geometrically trivial, we then have that both £; and Ly are geometri-
cally trivial. Since 71 (U,7)/m(U,7) =~ Gal(F,/F,), it follows as in | ,
Proposition 8.5] that ¢ o f and x o fi are constant on U(F,). The former
implies that f is of the form fj — fo + ¢ for some ¢ € F)\ and fy € F,(G),
whence f is constant on U(F),) as well. O

Remark 2.5. The function f = det” —det is not a counterexample to the
theorem since, while not constant on GL,(F,), it is constant on GL,,(F,).
Alternatively, note that the implied constant in (1) depends on deg(f) = p.
In the following, we will always consider cases where deg(f),deg(f1) are
independent from p. Similarly, fi = det®™4X is not a counterexample since

X © fi is constant on G(IF)).

2.2.1. Improved error terms via stratification. The anonymous referee of Hu
and Li’s paper indicated (see | , Section 4]) that the stratification results
of Laumon, Katz and Fouvry may be employed to answer the conjecture
for SL,, (n = 3; see Section 1.2). This is not necessary to obtain uniform
distribution (Proposition suffices), but we can indeed use the powerful
results of Fouvry—Katz | | to improve the error terms.

DEFINITION 2.6. We consider the inner product on M,(F,) given by
g1 g2 i=tr(glge) = D) (90)ig(92)ij (91,92 € Mu(Fp)).
1<i,j<n

The following provides a better bound on average over shifts. We will
see in Section 3 that these types of sums precisely arise when bounding
discrepancies of the sequences we consider.
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Proposition 2.7. Under the hypotheses and notations of Proposition 2./,
assume that f is obtained by reduction of a morphism of Z-schemes f : G —
A%, If 6 = 0, then, for every integer 2 <'T' < p,

(log T)n27dim G+1

Z U(f(g) +h-g)x(fi(9))| « i ,

QGG Fp)

3 1
neiroz T |G (
Alloe <T

where the implied constant depends only on n and deg(f).

Proof. By | , Theorem 1.1, Section 3|, there exist closed subschemes
X; A%Q (0 < j < n?) of relative dimension < n? — j, depending on Gz
and f , such that

XpcXpe - XX :=A%2
and

j—1

N w(f(g) +h9x(filg) < |Ggm|/ (7)

if h e My (F,)\X;(F,), identifying M, (F,) with F?* (in the case of G = GL,,

the ambient space is A"2+1 with an additional coordinate for 1/ det, and one

replaces the X;, 0 < < n? 4+ 1, given by ibid. with their projections to the
first n? coordlnateb)

According to the second-to-last line of the proof of | , Theorem 3.1]
(from which Theorem 1.1 in ibid. follows), the implied constant in (7) is
bounded by the sum of Betti numbers appearing in (5) above, bounded by
(6), which only depends on n and on the degree of f (alternatively, one may
also see | , (3.1.2), (3.4.2)], which controls the dependency on f of the
implied constant in | , Theorem 3.1, Theorem 2.1]).

If § = 0, we get by Proposition and (7) that

2 (1) G, Z U(f(g) + h-g)x(fi(9)) (8)

he Mn(Z) geG (Fp)
HhHocsT
« Z % 3 SeE e 1 s dhexm,
)[1/2 172 ’
[G(E)|1/2 he M (Z) r(h) P2 eir )
[|Al|o<T [[h||o<T
where d = dim G. By induction as in | , Lemma 9.5] and | , Lemma

1.7], we get that

Oh (mod p)eX, (F,) dim X
Z () 5 < (logT) I,
heMyn(Z)

bl <T
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Therefore, (8) is

d—1 i
p2 n2—j 1 n?2—d

3 —————(logT)" 7 + —5 (logT)

2 GlE, i

d—1 j
1 N A 1

= (logT)"” | — + ,

o) <|G<Fp>|1/2 2 (1e7) * 5rig T)d)

where the implied constants depend only on n and deg( f ). O

Remark 2.8. To handle normal subgroups H < G(F,) as suggested in Re-
mark 1.0, we would need to replace x o f; by a character x of G(IF,) (or of
G(Fp,)/H). To do so, one would consider the Lang torsor £y corresponding
to x as in | , 1.22-25|. Since all centralizers in GL,, are connected, ibi-
dem shows that the trace function associated to L£; yields the character x.
One could then proceed as in the proofs of | , Corollary 3.2, Theorem
1.1].

Remark 2.9. Under the non-vanishing of an “A-number”, | , Theorem
1.2] shows that the exponent in (7) can be improved to max(0,j/2 — 1),
giving a nontrivial bound whenever j < d + 2. This would be nontrivial for

all j with G = SL,, as well. However, we cannot use | , Theorem 8.1]
to show the non-vanishing, since |G(F,)| = 0 (mod p) (see | , Chapter
3]).

3. PROOFS OF THEOREMS , , AND

3.1. Setup of the exponential sums. To obtain the theorems from Propo-
sition 2.2, we need to bound sums of the form

1

1] Z Y (hi-g+hy (g7 ) 9)

geH

for H 9 G(FF,), x € G(Z) and hy, hy € M, (F,), where ¢(z) = e(x/p). Note
that in Theorems and 1.7, we simply have H = G(F)).
By the orthogonality relations, (9) can be written as

: >, X = D1 w(hi-g+ha- f(9)x(9)

cw)/H 2 WU\ g
< Y lmm X vlnegshf)x), (10)

XEG@H | ( p)|9€G(]Fp)

with f(g) = g~ 1.
Under the assumptions of the theorems, G(IF,)/H is either trivial or iso-

morphic to a quotient F); /U for a subgroup U < F; (since H = ker( RN
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FX — FX/U)), setting U = FX if H = G(F,). Hence, (10) is

1
> GF D W (hig+ha- f(9) x(f1(9)]- (11)
XGH‘:E P 9eG(Fp)
xluv=1
By Proposition 2.4, the inner sum is small whenever the rational function

on (G appearing in v is nonconstant. We determine when this is the case in
the next section.

3.2. Constant functions on G.

3.2.1. The case of GLy, (n >2) and SL,, (n > 3).

Proposition 3.1. Let G be as in (2), let x € G(Fy,), and let hi, ho € My (F,).
We assume that p = 3 if n = 2. If

(9€ G(Fy)) = h1-g+hy- (97 ')
18 constant, then hy = ho = 0.

Proof. Since hy - (g7 tx) = (hoat) - g1, it suffices to prove the result when

r =1.

With the identity matrix and the elementary matrices g = I + ¢;; €
SLy,(F,) for 1 < i,j < n distinct, we get that (h1);; = (h2)i ;-

When G = GLy and p # 2, the matrices g = (3 )) € GLa(F,) with \ € F)
show that

(AeFy) = Mha)1g + A (ha)1a,

is constant, so that (h1)1,1 = (h2)1,1 = 0 and the diagonals of h; and hy are
zero by symmetry. Similarly, the matrices g = A (iol (1)) with A € F) show
that (h1)1,2 = ¢(h1)2,1 and (h2)172 = i(hg)g}l, whence hl = hg = 0. Thus,
we may now suppose that n > 3.

For 1 < 4,7,k < n distinct, the matrix g = I —¢;j — €, € SL,(Fp), with
inverse ¢! = I + €ij +€jk + €, gives

tr(hl + hg) =h1-g+ ho 'gf1 = tr(hl + hg) + (hz)@k,

so that (h2);r = 0 and hy is diagonal. By symmetry, the same holds for h;.
Using the matrices

(_1>n+1 (_l)n)\ 1
1 A 0 1
g= 1 0 ) g_l -
: 0 1
1 0 (_1)n+1

in SL,,(IF,), for A € F),, we get that (A € F),) — (—1)"A(h2)1,1 is constant, so
that (h2)1,1 = 0. By symmetry, (h1)1,1 = 0 as well.
Finally, if x € GL,(F,), we note that

hi-(x7tgz) + ho - (27 g7 x) = (z7hyat) - g + (2 thoat) - g1,
which shows that we may permute the diagonal elements of h; and he. By

the previous steps, h1 = hy = 0. O
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Remark 3.2. By the affine linear sieve of Bourgain, Gamburd and Sarnak
[ | and the work of Salehi-Golsefidy—Varja and others, this implies the
following: Let n = 3, S be a finite symmetric generating set for SL,(Z) and
(Y~)nN=o0 be a random walk on the Cayley graph of SL,,(Z) with respect to
S, starting at 1, i.e.

YN+1 = En41yn for N = 0, with £x41 uniform in S.

Then, for any hj, he € M,(Z) that are not both zero, there exists M > 1
such that

P<h1 "IN + ha - ’y;fl has < M prime factors) =1/N
as N — +o0.
3.2.2. Symplectic groups.

Proposition 3.3. Let n > 2, G = Spy,,, x € G(F,), and hy, hy € Mo, (F)).
Then

(g€ G(Fp)) > hi-g+hy-g '

s constant if and only if

hir  hig —hiy  hiy —t
hi = ho = 12
1 <h13 h14> s 102 ( hiig _hlil xr -, ( )
where hy; € My(Fp) (1 <i<4).

Proof. Again, it suffices to consider the case x = 1. With respect to the

standard form,
A 0 0 A
g = (0 A—t> 3 <_At O) € Sp2n(Fp)

for any A € GL,(F,). The result then follows from applying Proposition
O

3.2.3. Special orthogonal groups.

Proposition 3.4. Forn > 3, let G = SO, 1,. Then, forp = 3 and h €
My (Fp),

(g€ G(E,)) —>h-g
is constant if and only if h = 0.

Proof. Any permutation matrix g, € SL, (IF,) with o € A,, belongs to” G(F,).
If o = (ijk) € Ay is a cycle of length 3, the matrices g, (1 —2e; —2e;) and g,
show that h is diagonal. For 1 <4, j < n distinct, the matrices I — 2e; — 2¢;
show that the diagonal of A is zero. O

2ige corresponded instead to the form diag(a, 1,...,1), a # 1, this would be true only
for the permutations fixing 1.
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3.3. Proof of Theorems and . By Proposition 2.2, for any integer
1 < T < p, the discrepancy Dy(A.(g)) is

&« %"- Z = Zw hi-g+ha- f(g))|-

heM, (Z)? ( ) |H| geH
0<||h||w<T

By (11), the second summand is

« (log T) max Z r(ilzl)

haeMn(Z) | 47 @

h <T
1h2lloo <TG o) st
(hl,hg);ﬁo

) ‘G&p)’ S (b g+ ha £(9) x(f1(9))]-

XE]F; QEG(FP)
xlv=1
By Proposition and Proposition 3.1, we get

. |G(Fp) | (10g T>2n27dim G+1
T |H| VP

(G(E,)/H] VB e
s (o )

Dn(Az(g)) «

<

9

taking T' = | \/p/|G(Fp)/H]|.

The last statements in Theorems and follow from Remark

Remark 3.5. Using Proposition only instead of Proposition would
have given an exponent of the logarithm equal to 2n2.

3.4. Proof of Theorems and . Similarly, by Propositions 2.2,
and (11), for 1 < T < p, the discrepancy Dy(n(g)) is

1 1

& =+ —

DY)
hez™

0<|[hlloo<T

1 1
Tt A X mliew)

L (h-g)

heMy, (Z) eG(Fp)
X G(Fp)/H0<||h||oosT o
- 2—dimG+1
o L, IGE,)| (logT)"~imG+t |G(F,)/H] oe (e ) '
T |H] p'2 VP |G(Fp)/H]
Remark 3.6. As above, using Proposition instead of Proposition

would have given an exponent of the logarithm equal to n?. Note that
these exponents in the case of GL,, or SL,, do not depend on n.
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3.5. Higher-dimensional variant. To obtain Theorem , we need to
control sums of the form

o (Z hi - gi + R .gr_1)1x> (13)

geGr—L(Fp)

for h = (h1,...,h,) € My(F,)". To do so, it suffices to replace G by G"!
and M,,(F,)? by M,(F,)" in the arguments above. In the first bound, there
is no dependency with r in the exponent since we average over all but one
h;, and we can use Proposition 2.7. From Proposition 3.1, we see that the
rational function in (13) is constant if and only if h = 0.

4. PROOF OF THEOREM AND COROLLARY

4.1. Proof of Theorem . By orthogonality, we can write the density

(3) as

Z Z — Y, Y(u-(g-e)+v-(g7'z—f))

G ( QEG (Fp) ;EEP u,veMn (Fp)
) _ _
= o= 2 D Ve Y (v f)S(u) ()
p u,veMp (Fp) e€eEp feFyp

N RN L L |

p w0 M (Fp) |e€Ep feF,
(u,v)#0

where E, = E (mod p), F,, = F (mod p) < F,, and

Y, b(ugtu-(gle).

G(F,)] 24

Since E = H1<k 1<n Fri 18 a product of intervals, Weyl’s bound gives

D b(u-e) [T > ¥(umen)

ecE, 1<k,l<n ey €Ey
<« H min (| By, |lure/pl| ™) ,
1<k,l<n
and similarly for F', with || - || denoting the distance to the nearest integer
and | Fy;| := meas(FE}y;). Hence, the error term in (11) is

1
< —3 Z 1_[ min (| Fyl, [|ve/pll ")

p veMy, (Fp) 1<k,l<n

oz 3 1Sl T min (1Bl lua/ell ™)

v
ueMp (Fp) 1<k,l<n
(u,v)#0
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To bound the sum over u, we proceed as in Proposition 2.7, using | |.
With d = dim G,

piz 1 1S T min (1Bl |lu/pl™") (15)

ueMp (Fp) 1<k,l<n
(u,v)#0

d—1
1 1 ) _
« P2 Z PP+ Z P ]? min (| El, [|ug/pl] ") -
Jj=0 ueX;(Fp) 1<k l<n

By | , Lemma 9.5| (or | ,(2.6)]), if X = A" has dimension < n2—j,

. _ 2_, 1
> H min (| Egl, |lur/pl| ") « (plogp)™ ~ My,
ueX (Fp) 1<k, l<n

where Mg = maxy; |Ej|. Proceeding by induction as in op. cit., we get the
more precise bound

S T min (|Bl, llua/pll ™) < (plogp)™ “e;(|Eul)  (16)

ueX (Fp) 1<k,l<n

when the | E};| may not be all equal, where e; is the jth elementary symmetric

polynomial in n? variables.
Thus, (15) is
1 a >
<\ DI Z p~ % | (logp)™ (| Exa|)p~
7=0 j=d
d—1 n?
1 | B !Ekll
& (logp)”2 —= ) € <
p¥? =\ b ;
d—
2 [ 1 | Eki] 1 | Exi]
< (logp)” | =5 >, €j ( +—ea| — | |-
pd/2 = J P /P P
By Maclaurin’s inequality | , (12.3)], letting Lr = e1(| Exi|), this is
- d
p
& (logp)™ ( d/22 (Le//p) ( \;) )
n2 1 Lg p
< (logp) <d/2 max (1 (Lg ) /p) >

(log p)™ 1 (L d-1
A max (1, (Lg/\/p) .
Using (16) again, we find that the total error in (11) is

o 2n?
& % max (1, (LE/\/ﬁ)d_1>
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4.1.1. Proof of Corollary . Finally, if £ and F are the products of inter-
vals of the same integral length x, then the density (3) is

()" o (e (1.(£) ).

The main term dominates if and only if

1
T D pl 2@ —dim G+ ¢

for any € > 0, which yields the corollary.
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