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Summary

This thesis investigates probabilistic questions concerning ℓ-adic trace
functions over finite fields and sums thereof, under the framework of Deligne,
Katz and others. These functions notably include characters of finite fields,
hyper-Kloosterman sums, general exponential sums, and functions counting
points on families of curves. Additionally, we consider these functions re-
duced modulo a prime ideal of the cyclotomic integers in which they lie.

To do so, a probabilistic model based on random walks in monodromy
groups is introduced, inspired by Deligne’s equidistribution theorem and re-
cent works of Lamzouri for Dirichlet characters. Under rather generic condi-
tions on the trace functions, we show that this model is accurate by applying
Deligne’s generalization of the Riemann hypothesis over finite fields.

Using the works of Katz, in particular computations of monodromy
groups, it is shown that these generic conditions hold for the examples men-
tioned above. To compute the finite monodromy groups of hyper-Kloosterman
sheaves, we extend Katz’s arguments by using the theory of finite groups of
Lie type, improving a result of Gabber and Nori.

Through this model, we show that short sums of trace functions over
finite fields follow asymptotically a normal distribution with mean 0 when
the origin varies, generalizing results of Erdős-Davenport, Mak-Zaharescu
and Lamzouri. By computing and bounding moments of traces of random
matrices in monodromy groups, a quantitative version can be given.

Concerning trace functions reduced modulo prime ideals in cyclotomic
fields, we give an equidistribution result for values and/or shifted sums, a
generalization of a result of Lamzouri-Zaharescu concerning the distribution
of families of reduced sums of the Legendre symbol, and zero-density esti-
mates for arguments where trace functions take values in certain algebraic
subsets.



Résumé

Cette thèse investigue des questions probabilistes concernant les fonc-
tions trace ℓ-adiques sur les corps finis et les sommes de celles-ci, dans le
cadre des travaux de Deligne, Katz et autres. Ces fonctions incluent notam-
ment les caractères des corps finis, les sommes de Kloosterman généralisées,
des sommes exponentielles générales, et des fonctions comptant le nombre de
points sur des familles de courbes. De plus, nous considérons ces fonctions
réduites modulo un idéal premier des entiers cyclotomiques dans lesquels
elles prennent valeurs.

Pour ce faire, un modèle probabiliste basé sur des marches aléatoires
dans les groupes de monodromie est introduit, inspiré par le théorème d’équi-
distribution de Deligne et des travaux récents de Lamzouri pour les caractères
de Dirichlet. Sous des conditions assez génériques sur les fonctions traces,
nous montrons que ce modèle est précis en appliquant la généralisation par
Deligne de l’hypothèse de Riemann sur les corps finis.

En utilisant les travaux de Katz, en particulier les calculs de groupes
de monodromie, nous montrons que ces conditions génériques sont vérifiées
pour les exemples mentionnés ci-dessus. Pour calculer les groupes finis de
monodromie des faisceaux de Kloosterman généralisés, nous étendons les ar-
guments de Katz par la théorie des groupes finis de type Lie, améliorant un
résultat de Gabber et Nori.

Au travers de ce modèle, nous montrons que les sommes courtes de fonc-
tions traces sur les corps finis suivent asymptotiquement une distribution
normale avec espérance nulle quand l’origine varie, généralisant des résultats
d’Erdős-Davenport, Mak-Zaharescu et Lamzouri. En calculant et bornant les
moments des traces de matrices aléatoires dans les groupes de monodromie,
une version quantitative peut être donnée.

Concernant les fonctions trace réduites modulo des idéaux premiers dans
des entiers cyclotomiques, nous donnons un résultat d’équidistribution pour
les valeurs et/ou sommes décalées, une généralisation d’un résultat de Lamzouri-
Zaharescu concernant la distribution de sommes réduites du symbole de Leg-
endre, et des estimations de zéro-densité pour les arguments où des fonctions
trace prennent valeurs dans certains sous-ensembles algébriques.
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Notations vii

Notations

Unless otherwise stated, the letters p and ℓ will denote distinct prime numbers and
the letter q a power of p. Similarly, the letter λ will stand for an ℓ-adic valuation on a
number field, while Fλ will denote a finite field of characteristic ℓ.

In the table below, we give the notations that are not recalled in the text.

ra . . . bs The integer interval ra, bs X Z

epxq expp2πixq, for x P C
chpKq Characteristic of a field

Ksep A separable closure of a field

ζn, µnpKq A primitive nth root of unity, resp. the group of nth roots of unity
in a field K

Finite fields

Fq A finite field with q elements

tr The trace map tr : Fq Ñ Fp

Frobq The geometric Frobenius in GalpFq{Fqq, i.e. the inverse of the
arithmetic Frobenius a ÞÑ aq

ψ Unless otherwise mentioned, the standard character ψ : Fq Ñ C
defined by ψpxq “ eptrpxq{pq

Asymptotic notations

f “ Opgq, f ! g There exists an implicit constant C ą 0 such that |fpxq| ď C|gpxq|
for all x (or eventually asymptotically). If C depends on some
parameter α, we may also write f “ Oαpgq and f !α g

f “ Θpgq f “ Opgq and g “ Opfq
f “ opgq, f „ g f{g Ñ 0, resp. f{g Ñ 1

Probability theory

P Probability of an event in a probability space

P pϕpxqq The probability P ptx : ϕpxquq if ϕpxq is a formula with one free
variable

pfpxqqxPX The random variable x ÞÑ fpxq on the probability space X

E, Var Expected value (resp. variance) of a random variable

Group theory/Representation theory

A.B A group such that there is a short exact sequence 1 Ñ A Ñ
A.B Ñ B Ñ 1

Sn, Altpnq The symmetric (resp. alternating) group on n elements

Aut, Out, Inn Automorphism group. Outer (resp. inner) automorphism group

Stab Stabilizer

G7 Set of conjugacy classes

ZpGq, Gder Center, derived subgroup

G0 Connected component of the identity of a topological group
pG Set of characters of irreducible representations

Dp¨q Dual of a representation

Std Standard representation of a subgroup of GLn

mult1 Multiplicity of the trivial representation in a group representation





Chapter 1

Introduction

We start by reviewing the importance of sums over finite fields in analytic
number theory and the questions related to them, in particular of probabilistic
flavour. We then present the relevant concept of trace functions over finite fields
that arose from Deligne’s proof of the Weil conjectures. Finally, we introduce the
problems that are treated in this thesis.

1.1. Sums over finite fields

By definition, analytic number theory uses continuous methods to study vari-
ous discrete objects arising in number theory, with the recurring objective to count
them precisely. It is then natural that sums of the form

Spf,Eq “
ÿ

xPE
fpxq, (1.1)

for E a finite set and f : E Ñ C an “arithmetic” function, are a fundamental tool
and a matter of great interest.

1.1.1. Examples. To give only a few examples:

(1) By the orthogonality relations, sums of additive or multiplicative characters
of Fp can be used to detect congruence classes modulo p.

(2) The quadratic reciprocity law can be proved via the Gauss sums
ř
xPFˆ

p
ψpxqχpxq,

where ψ : Fp Ñ Cˆ and χ : Fˆ
p Ñ Cˆ are characters.

(3) Sums of Dirichlet characters modulo p over small subsets of Fp provide in-
formation about the least quadratic nonresidue modulo p and subconvexity
bounds for Dirichlet L-functions.

(4) The Weyl equidistribution criterion asserts (in particular) that a sequence
paxqxPFq in a compact group K, indexed by the elements of a finite field,
becomes equidistributed with respect to the Haar measure as q Ñ `8 if
and only if

ř
xPFq

χpaxq “ opqq for every nontrivial irreducible character
χ : K Ñ C.

(5) The sum

appEq “
ÿ

xPFp

ˆ
x3 ` ax` b

p

˙

of the Legendre symbol composed with a cubic polynomial is related to the
number of Fp-points of the elliptic curve E : y2 “ x3 ` ax` b, for a, b P Fp.
Indeed, we have appEq “ p` 1´ |EpFpq|.

1



2 Chapter 1. Introduction

(6) Hyper-Kloosterman sums

Kln,qpaq “
p´1qn´1

qpn´1q{2

ÿ

x1,...,xnPFˆ
q

x1...xn“a

e

ˆ
trpx1 ` ¨ ¨ ¨ ` xnq

p

˙
pa P Fˆ

q q (1.2)

were used by Kloosterman when n “ 2 to study the number of represen-
tations of an integer by an integral positive-definite quarternary quadratic
form, and admit deep links with the spectral theory of automorphic forms.

As is apparent in these examples, the set of summation E is often a subset of
the points of a variety over a finite field, either because finite fields are naturally
part of the question (as in Example (5)), or because the problem can be reduced
to the consideration of congruences modulo p, and Z{p – Fp (as for Kloosterman’s
work1 in Example (6)). As we will see, this allows the use of powerful techniques
from algebraic geometry, and this is the setting we are going to consider from now
on.

1.1.2. Bounds. Sums of the form (1.1) often exhibit cancellation due to oscilla-
tions, and as a general phenomenon we can expect square-root cancellation with
respect to the size of the summation set, i.e.

ÿ

xPE
fpxq ! |E|1{2. (1.3)

As is the case for the last four examples above, a major goal is often to find sharp
asymptotic bounds.

Examples. For example, we have the famous Weil bound

|Kl2,ppaq| ď 2
?
p pa P Fpq (1.4)

for Kloosterman sums and the Hasse bound
ˇ̌
appEq

ˇ̌
ď 2
?
p (1.5)

for the number of Fp-points of an elliptic curve E over the finite field Fp. The
weaker bound |Kl2,ppaq| ď 2p3{4 led Kloosterman to his result on quarternary
quadratic forms, while the Hasse bound provides an asymptotic expression for the
number of rational points of E.

The Weil conjectures. The two estimates above follow from the Riemann hypoth-
esis for curves over finite fields, conjectured by Artin and solved by Weil. This is
a special case of the Weil conjectures.

Complete and incomplete sums. As we have seen in the examples above, we are
often interested in “incomplete” sums, namely sums over (small) subsets of a va-
riety over a finite field. Since techniques from algebraic geometry only allow to
estimate “complete” sums (i.e. over the whole variety), the estimate of the former
is often reduced to that of the latter by techniques such as completion (as in the
Pólya-Vinogradov inequality).

1More precisely, Kloosterman needs to bound sums of the form
ř

xPpZ{nqˆ eppx ` x´1q{nq.
This can be reduced to the case of n being a prime power, and explicit evaluations are available
when n is a nonprime prime power.
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(b) The Hasse bound

Figure 1.1: Bounds on exponential sums: the Weil bound for the (real-valued)
Kloosterman sum Kl2,pp1q and the Hasse bound for the elliptic curve E : y2 “
x3 ` x` 1 over Fp, for p ă 5 ¨ 103. In bold, the graph of y “ 2

?
p.

1.1.3. Distribution of families. More generally than bounding them, we may
want to understand the distribution of the values of sums of the form (1.1) in
families.

When f or the sum itself is bounded, we may normalize and study the distri-
bution in a compact set.

Angles of exponential sums. For families of complete sums, this question was stud-
ied by authors such as Kummer, Hasse, Heath-Brown and Patterson (cubic Gauss
sums), Deligne (Gauss sums), Katz (Kloosterman sums) or Duke, Friedlander and
Iwaniec (Salié sums).

For example, by the Weil bound (1.4) and the Hasse bound (1.5), there exist
angles θa,p, θE,p P r0, πs such that

Kl2,ppaq “ 2
?
p cos θa,p pa P Fpq

p` 1´ |EpFpq| “ 2
?
p cos θE,p,

and the study of the distribution of

tθ1,p : p primeu or tθa,p : a P Fpu, resp. tθE,p : p primeu

in r0, πs is the Sato-Tate conjecture for Kloosterman sums, respectively for the
elliptic curve E.

Distribution of short sums. Let χp : F
ˆ
p Ñ Cˆ be a multiplicative character and

for integers x,H P r0 . . . pq, consider the sum

Spχp, x,Hq “
ÿ

xďyăx`H
χppyq

of length H starting at x.

When χp is the Legendre symbol, Davenport and Erdős [DE52] showed that
the normalized real-valued random variable

pSpχp, x,Hq{
?
HqxPFp
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π0
(a) Kloosterman sum

π0
(b) Elliptic curve

Figure 1.2: Distribution of exponential sums: histograms of the angles pθx,pqxPFp

of the Kloosterman sums Kl2,p for p “ 104743, and of the angles pθpqpď5000 of the
elliptic curve E : y2 “ x3 ` x` 1, against the Sato-Tate distribution in bold.

(with respect to the uniform measure on Fp) converges in law to a normal distri-
bution with mean 0 and unit variance when

p,H Ñ8 with logH “ oplog pq. (1.6)

This was generalized by Mak-Zaharescu [MZ11] and Lamzouri [Lam13] to all
Dirichlet characters: if χp is a non-real Dirichlet character, the random variable
pSpχp, x,Hq{

a
H{2qxPFp converges in law to a normal distribution in C with mean

0 and covariance matrix 1
2
p 1 0
0 1 q when p,H Ñ8 under the same condition (1.6).

These interesting results belong to the realm of probabilistic number theory.
In particular, Lamzouri uses a probabilistic model where the values of a multiplica-
tive character of order d are modeled as independent random variables uniformly
distributed on the unit circle or in the set of dth roots of unity. This model is
shown to be accurate (in the sense of convergence in law) by bounding an expo-
nential sum through the use of Weil’s Riemann hypothesis for curves over finite
fields.

1.2. Trace functions over finite fields

1.2.1. Deligne’s proof of the Weil conjectures. Using the machinery of ℓ-
adic cohomology developed by Grothendieck, Deligne [Del74] proved the general
Weil conjectures for smooth projective algebraic varieties over a finite field, allow-
ing to estimate the number of rational points on the latter (see [Del74, Section
8]).

As a (nontrivial) application [Del69], he notably obtained the Ramanujan-
Petersson conjecture for holomorphic modular forms of weight ě 2.

1.2.2. Generalization and applications to sums of trace functions. The
subsequent paper [Del80] gives a deep generalization of the Weil conjectures, pro-
viding in particular a way to estimate sums of the form (1.1) when E is an algebraic
variety over Fq and f : E Ñ C is the trace function of a “normalized“ ℓ-adic sheaf
on E (this appears in [Del77, Exposé 6]).

We will define precisely the latter in the next chapter, but we mention for now
that they notably cover:
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(1) Additive and multiplicative characters of a finite field.

(2) The sum, product and complex conjugate of other trace functions.

(3) The sum of a trace function over the solutions of a polynomial equation.

(4) The polynomial change of variable of a trace function.

(5) Most interestingly, the Fourier transform of another trace function (under
some technical conditions), by deep works of Grothendieck, Deligne and
Laumon.

In particular, this includes all the examples of the first section.

Sums of trace functions. If f is a trace function on E associated to a geometrically
irreducible normalized sheaf, Deligne’s work shows that the sum (1.1) is

Spf,Eq “ Cqd `O
´
qd´1{2

¯
,

where d “ dimpEq, and C “ 1 if the sheaf is geometrically trivial (in which case f
is constant), C “ 0 otherwise. The implicit constant in the error term is a sum of
Betti numbers for the corresponding étale cohomology groups, which often does
not depend on q in applications.

In this case, square-root cancellation (1.3) amounts to C “ 0 and the vanishing
of the cohomology groups for i ą d.

When E is a projective curve, which is the setting we will mainly consider, the
above becomes

Spf,Eq “ Cq `Op?qq,

and the implicit constant is bounded by the “conductor” of the sheaf, which again
often does not depend on q. Square-root cancellation then amounts to C “ 0.

1.2.3. Applications to analytic number theory. The above “ℓ-adic formal-
ism” provides a very general and flexible setting to control exponential sums over
finite fields.

Deligne’s applications. For example, Deligne obtained the bound

Kln,qpaq ! nq
n´1
2 pa P Fqq

for hyper-Kloosterman sums (1.2), generalizing the Weil bound (1.5), after realiz-
ing the former as trace functions by means of a powerful ℓ-adic Fourier transform.
By the Weyl criterion, this implies that the angles of Gauss sums of primitive
characters modulo p are equidistributed in r0, πs as pÑ `8 (see [IK04, Theorem
21.6]).
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Distribution and monodromy groups. By computing the monodromy groups of
Kloosterman sheaves, Katz [Kat88] proved the vertical Sato-Tate law for Kloost-
erman sums, i.e. that the set of angles tθa,p : a P Fpu becomes equidistributed in
r0, πs according to the Sato-Tate measure 2

π
sin2 θdθ as pÑ `8.

We will soon see that monodromy groups of ℓ-adic sheaves are a fundamental
tool to understand the distribution of the values of trace functions. In particular,
Deligne’s equidistribution theorem states that a “natural” family of ℓ-adic sheaves
on a variety always satisfies an equidistribution result with respect to the Haar
measure of a maximal compact subgroup of the monodromy group.

Bounds on exponential sums. The papers of Friedlander-Iwaniec [FI85] and Conrey-
Iwaniec [CI00] show the strength of these techniques to handle complex exponen-
tial sums appearing in analytic number theory. In particular, the second one treats
exponential sums over a variety of dimension 2.

Katz, Laumon and Fouvry have also obtained very general results about the
size of “generic” exponential sums over algebraic varieties (see [FK01]).

More generally, we refer to [IK04, Chapter 11] for a survey of applications of
Deligne’s work in analytic number theory.

The works of Fouvry-Kowalski-Michel and others. New applications in number
theory have recently been developed by Fouvry, Kowalski, Michel and collabora-
tors, and some of them are surveyed in [FKM14b].

For example, the results of [FKM15a] allow to estimate “correlation sums”
which appeared in works of Friedlander-Iwaniec, Iwaniec, Pitt and Munshi.

Most recently, Polymath8 [Pol14] showed how to use Deligne’s formalism to
significantly improve Type III estimates in Zhang’s work on bounded gaps between
primes, in connection with the work of Friedlander-Iwaniec mentioned above.

A new feature of these is the full use of the ℓ-adic formalism, with the authors
not settling for merely using the examples of applications from algebraic geometers.

1.2.4. Probabilistic questions for families of trace functions. In this the-
sis, we will be interested in probabilistic aspects of (short) sums of trace functions
over finite fields in “coherent families”. In particular, we will develop and use a
probabilistic model inspired by Deligne’s equidistribution theorem and the articles
[Lam13], [LZ12] mentioned above.

We will make the notion of “coherent families” precise in due time. Mostly,
they are families indexed by finite fields Fq such that:

(1) The “conductor”, measuring the complexity of the underlying sheaf, is bounded
independently from q.

(2) The arithmetic and geometric monodromy groups coincide, have fixed type
(e.g. in the sense of the classification of semisimple Lie groups/algebras),
and are “large”.

(3) There is a property of independence of additive shifts.

These conditions are rather generic (but the determination of the monodromy
groups may be difficult). These families include for example:
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(1) Dirichlet characters composed with the reduction of rational polynomials.

(2) Hyper-Kloosterman sums (1.2) and hypergeometric sums of fixed rank.

(3) General exponential sums of the form

´1?
q

ÿ

yPFq

e

ˆ
trpxfpyq ` hpyqq

p

˙
χpgpyqq px P Fqq,

for f, g, h P QpXq rational functions and χ a multiplicative character on Fˆ
q ,

such as Birch sums or sums considered by Fouvry-Michel.

(4) Functions counting points on families of curves over Fq parametrized by
varieties over Fq.

To show that our model is accurate (in the sense of convergence in law), we
will use techniques similar to those surveyed in [FKM15b] to estimate sums of
products of trace functions.

In the next two sections, we survey our results.

1.3. Distribution of sums of trace functions

The first part of this thesis generalizes to trace functions the results of Erdős-
Davenport, Mak-Zaharescu and Lamzouri presented above. More precisely, we
show:

Theorem. Let ptq : Fq Ñ Cqq be a coherent family of trace functions and for
Iq Ă Fq, x P Fq, let

Sptq, x, Iqq “ Sptq, Iq ` xq,

where Iq ` x “ ty ` x : y P Fqu is the translate of Iq by x. If Fq is Iq-compatible
for all q, the random variable

˜
Sptq, x, Iqqa

|Iq|

¸

xPFq

(with respect to the uniform measure on Fq) converges in law to a normal distri-
bution in C – R2, with mean 0 and covariance matrix

ˆ
1 0

0 0

˙
if tq has real values,

1

2

ˆ
1 0

0 1

˙
otherwise,

when q, |Iq| Ñ `8 with log |Iq| “ oplog qq.

Note that we do not require that Iq is an interval, but it can rather be any
small subset.
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(c) H “ 1000

Figure 1.3: Distribution of sums of trace functions for a Dirichlet character
modulo p “ 7927 of order p´ 1.

(a) H “ 100 (b) H “ 1300

Figure 1.4: Distribution of sums of trace functions for the (real-valued) Kloost-
erman sum Kl2 modulo p “ 7927. In bold, the density function of a standard
normal random variable.

1.3.1. Probabilistic model. To prove this theorem, we extend and adapt the
method of [Lam13]. The values of the trace functions are modeled by independent
random variables distributed like traces of random matrices uniform in maximal
compact subgroups of the monodromy groups (as in Deligne’s equidistribution
theorem), and the short sums by random walks.

The ℓ-adic formalism and Deligne’s analogue of the Riemann hypothesis over
finite fields applied to sum of products are used to show that this model is accurate,
through the method of moments.

The conclusion then follows from the central limit theorem.

We mention that similar ideas are also used in [KS14] to study the paths
obtained by joining partial Kloosterman and Birch sums, as stochastic processes.

1.3.2. Examples. By the examples of coherent families above, this holds in
particular for multiplicative characters (the classical case), hyper-Kloosterman
and hypergeometric sums, rather general exponential sums, and functions counting
points on families of curves.

1.3.3. Quantitative version. Actually, Lamzouri used more precise informa-
tion than the central limit theorem: the first moments of the model correspond to
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those of a Gaussian, and are more generally bounded by them. This allows him to
approximate the characteristic function of pSpχp, x,HqqxPFp

asymptotically, and
in turn, this gives a bound on the error term for the joint distribution function
(what we will call a quantitative version of the convergence in law result) by using
an identity of Selberg.

We also get a quantitative version for trace functions by using the fact that
the moments of traces of random matrices in classical groups are also Gaussian
as the rank tends to infinity, as already remarked and exploited for example by
Larsen [Lar90] and Diaconis-Shahshahani [DS94]. More precisely, we moreover
need bounds on high order moments with respect to the rank. We also improve
the method of Lamzouri, which is necessary in the non-real-valued case, by using
a generalization of the Berry-Esseen inequality from [BRR86].

Theorem. Under the notations and hypotheses of the above theorem, for any
ε P p0, 1{2q and for any closed rectangle A Ă C – R2 with sides parallel to the
coordinate axes and Lebesgue measure µpAq, the probability

P

˜
Sptq, x, Iqa

|I|
P A

¸
“ |tx P Fq : Sptq, x, Iq{|I|

1{2 P Au|
q

is given by

P pN P Aq `Oε
˜
µpAq

˜
q´ 1

2
`ε `

ˆ
log |I|
log q

˙2{5
` 1a

|I|

¸¸

when q, |I| Ñ 8 with under the range log |I| “ oplog qq if tq is real-valued and

|I| “ o
´
plog qq

3
2p1`εq

¯
otherwise, where N is a normal random variable in C with

mean 0 and covariance matrix as in the previous theorem. As the rank of the
monodromy group grows (or in the real-valued case), the exponents 2{5 and 3{2
can be replaced by 1{2 and 1.

1.4. Trace functions with values in the cyclotomic integers

In the second part of this thesis, we operate a shift in paradigm in the way
we consider trace functions, which opens new questions about the distribution of
their values, from infinite compact groups to finite groups.

1.4.1. Trace functions in cyclotomic fields, integers, and residue fields.

Cyclotomic fields. Until that point, we will have considered trace functions f :

E Ñ C as functions with values in the complex numbers, arising from ℓ-adic
sheaves of Qℓ-modules on curves over a finite field (recall that Qℓ – C as fields).

However, exponential sums actually take values in cyclotomic fields. For ex-
ample, a multiplicative character of Fp of order d has image in Qpζdq Ă Qpζp´1q
for ζd P Cˆ a primitive dth root of unity, while an additive character has image
in Qpζpq.

More generally, the functions we can form from additive and multiplicative
characters of a finite field Fq of characteristic p by taking sums, products, and
Fourier transforms, will take values in

QpζpqQpζp´1q “ Qpζppp´1qq.
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Correspondingly, most of the trace functions that we can naturally form with the
corresponding operations on the level of sheaves take values in cyclotomic fields.

Fisher [Fis95] extended Katz’s vertical Sato-Tate law for Kloosterman sums
(see above) to this point of view by studying their distribution as elements of
K “ Qpζpq via the Minkowski embedding Qpζpq Ñ Rp´1, with the hope of get-
ting results on their distinctness. His equidistribution result with respect to the
product of the Sato-Tate measure amounts to showing that it is possible to (ex-
plicitly) construct for every σ P GalpK{Qq an ℓ-adic sheaf whose trace function
corresponds to the σ-conjugate of the Kloosterman sum.

Cyclotomic integers and residue fields. A step further is to consider exponential
sums/trace functions as having values in cyclotomic integers, say O “ Zrζds for
some d ě 1. This is clearly the case for all the examples we have mentioned so
far, up to the normalization. Wan [Wan95] took such a point of view and studied
the minimal polynomial of Kloosterman sums, improving some of Fisher’s results.

By reducing modulo a prime ideal q E O, we can study the distribution of
their values in the finite residue field O{q.

1.4.2. Translation in the ℓ-adic formalism. We will be able to continue using
the techniques of Deligne and Katz to handle this setting because the sheaves
considered happen to be themselves definable as sheaves of Oλ-modules, where λ
is the ℓ-adic valuation corresponding to a prime ideal q E O above ℓ. Indeed, this
is the case for additive and multiplicative characters, and sums, products, and even
Fourier transforms can be defined on the level of Oλ-modules. The reduction of
the trace function modulo q then corresponds to the trace function of the reduced
sheaf of Oλ{qOλ – Fλ-modules.

For simplicity, we will focus in this introduction on multiplicative characters
and Kloosterman sums, but the same results will hold for all coherent families of
sheaves of Fλ-modules.

1.4.3. Probabilistic model. As in the first part, we can set up a probabilistic
model for the values of reduced trace functions t : Fq Ñ Fλ as independent random
variables distributed like traces of random matrices in monodromy groups, which
are now subgroups of GLnpFλq.

Using Deligne’s analogue of the Riemann hypothesis over finite fields, we can
again show that this model is accurate (in terms in convergence in law), with an
explicit error term for the densities.

Determinations of monodromy groups. As a preliminary step, we determine the
Fλ-monodromy groups of Kloosterman sheaves for ℓ large enough depending only
on the rank:

Theorem. Let n ě 2 be an integer coprime with p. If ℓ "n 1 with ℓ ” 1 pmod 4q
and λ is an ℓ-adic valuation on2 O “ Zrζ4ps with pn, rFλ : Fℓsq “ 1, then the

2We consider normalized Kloosterman sheaves, so we must ensure that qpn´1q{2 belongs to
the ring of definition. By the evaluation of quadratic Gauss sums, Zrζp,?ps ď Zrζ4ps.
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monodromy of the Kloosterman sheaf Kln of Oλ-modules is

GgeompKlnq “ GarithpKlnq “
#
SLnpOλq : n odd

SpnpOλq : n even.

In particular, the result holds for a set of valuations λ of density 1 depending only
on n.

This was already known by results of Gabber, Larsen and Nori, but for Fλ “ Fℓ
with ℓ large enough depending on q and with an ineffective constant, which would
have been unusable for our applications.

To prove this theorem, we use the theory of finite groups of Lie type to extend
Katz’s proof for the continuous monodromy. Specifically, we appeal to the classi-
fication of maximal subgroups of finite classical groups, a theorem on Larsen-Pink
on finite subgroups of algebraic groups, and results on representations of finite
groups of Lie type in various characteristics. This allows to reduce to the descent
of a classification of subgroups of classical groups over algebraically closed fields
containing regular unipotent elements. Actually, we will see that Katz’s theorem
can also be deduced from the latter.

Computations in the model. The next task is to study random walks in the mon-
odromy groups we consider, which we do by using results of D.S. Kim (for classical
groups) and of Heath-Brown, Konyagin, Bourgain and others about sums of ad-
ditive characters over multiplicative subgroups of finite fields.

1.4.4. Equidistribution of values of trace functions and shifted short
sums thereof. The first outcome is an equidistribution result for (in particu-
lar) Kloosterman sums reduced modulo an ideal of Zrζ4ps and shifted sums of
multiplicative characters of order d reduced modulo an ideal of Zrζds.

Proposition (Kloosterman sums). For n ě 2, and q E Zrζ4ps a prime ideal above
a prime ℓ "n 1 distinct from p with ℓ ” 1 pmod 4q, let

Kln,q : Fq Ñ Zrζ4psq Ñ Zrζ4psq{q – Fλ

be the reduction modulo q of the (normalized) Kloosterman sum over Fq. For any
I Ă Fq of size L, the probability

P
´
SpKln,q, I ` xq ” a

¯

is given by

1

|Fλ|
`

$
’’&
’’%

On

ˆ
|Fλ|´L

n2´1
2 ` |Fλ|L

n2`n´2
2

`npn´1q´1q´ 1
2

˙
if n odd

On

ˆ
|Fλ|´L

npn`2q
8 ` |Fλ|L

npn`2q
4

`n2´2
2 q´ 1

2

˙
if n even

uniformly for all a P Fλ. In particular, for L “ 1, this gives an asymptotic
expression (under appropriate ranges) for the probability P pKln,qpxq ” aq.
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Proposition (Multiplicative characters). Let d ě 2 be an integer, q E Zrζds be a
prime ideal,

χ : Fˆ
q Ñ Zrζds Ñ Zrζds{q – Fλ

be the reduction modulo q of a multiplicative character of order d, and f P QpXq
whose poles and zeros have order not divisible by d. Let δ P p0, 1q be such that3

d

pd, |Fˆ|q ě |Fλ|
δ

for every subfield F ę Fλ with logℓ |F | | logℓ |Fλ|.
Let I Ă Fq. If f ‰ X, we assume moreover that |I| “ 1 or I Ă r1 . . . p{degpfqqe Ă

Fep – Fq. Then there exists α “ αpδq ą 0 such that

P
´
Spχ ˝ f, I ` xq ” a

¯
“ 1

|Fλ|
`Of

ˆ
1

|Fλ|Lα
` LdL`1

q1{2|Fλ|minpLα,1q

˙

uniformly for all a P Fλ. In particular,

P
´
χpfpxqq ” a

¯
!f

1

|Fλ|α
ˆ
1` d2

q1{2

˙
.

If δ ą 1{2, we can choose αpδq “ δ ´ 1{2. If Fλ “ Fℓ, we can choose

αpδq “

$
’&
’%

3δ´1
8

if δ P p1{3, 1{2s
5δ´2
8

if δ P p1{2, 2{3s
δ ´ 2

3
if δ P p2{3, 1s.

The choice of the various parameters will be carefully studied in due time.
The condition on I if f ‰ X is for example satisfied if I “ t1, . . . , Lu with
L ă p{degpfq.

Moreover, this also applies to point-counting functions on families of hyperel-
liptic curves.

1.4.5. Distribution of families of reduced short sums. In [LZ12], Lamzouri
and Zaharescu studied the distribution of a family of short sums of the Legendre
symbol χp : Fp Ñ t˘1u – Zrζ2s reduced modulo an integer ℓ ě 2. Specifically,
they show that

|t1 ď k ď p : Spχp, r1 . . . ksq ” a pmod ℓqu|
p

“ 1

ℓ
`O

˜ˆ
ℓ

log p

˙ 1
2

¸

uniformly with respect to a P Z{ℓ. As in [Lam13], a probabilistic model is used
(with sums of independent random variables uniformly distributed in t˘1u), whose
accuracy is proved through a bound derived from the Riemann hypothesis for
curves over finite fields.

We generalize this result to the distribution of short families of multiplicative
characters of any order and of Kloosterman sums, reduced modulo a prime ideal
as above.

The first example concerns shifts of small subsets as in the complex-valued
case. The Gaussian distribution becomes uniform in Fλ:

3If Fλ “ Fℓ, if d is prime, or if δ ą 1{2, the condition is simply d ě |Fλ|δ.
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Proposition (Shifts of small subsets). Let ε P p0, 1{4q and let t : Fq Ñ Fλ be
either:

– t “ Kln,q the Kloosterman sum of rank n ě 2 reduced modulo a prime ideal
of Zrζ4ps above a prime ℓ "n 1 with ℓ ” 1 pmod 4q.

– t “ χ ˝ f as in the previous proposition.

Let E Ă Fq be a “small”4 subset. Then

|tx P Fq : Spt, E ` xq ” au|
q

“ 1

|Fλ|
`

$
’’&
’’%

Oε,n

ˆ
1

q1{4´ε `
´

|E| log |Fλ|
log q

¯ 1
2

˙

Oε,f

ˆ
1

q1{4´ε `
´

|E| log d
log q

¯ 1
2

˙

for Kloosterman sums, respectively multiplicative characters, uniformly for all a P
Fλ.

The second example generalizes the result of [LZ12] to all multiplicative char-
acters:

Proposition (Partial intervals). Let ε P p0, 1{4q and let t “ χ ˝ f : Fp Ñ Fλ be
as above. Then

|t1 ď k ď p : Spχp ˝ f, r1 . . . ksq ” au|
p

“ 1

|Fλ|
`Oε,f

˜
1

p1{4´ε `
ˆ
log d

log p

˙ 1
2

¸

uniformly for all a P Fλ.

The method does not allow this to be generalized to Kloosterman sums, but
we can nonetheless do the following:

Proposition (Partial intervals with shifts of small subsets). We consider the situ-
ation of the first proposition above with Fq “ Fpe – Fep and we let E2, . . . , Ee Ă Fp
be “small” subsets. Then the density

|tpx1, . . . , xeq P Fep – r1 . . . pse : Spt, r1 . . . x1s ˆ
śe
i“2pEi ` xiqq ” au|

q

(with respect to any Fp-basis of Fq) is equal to

1

|Fλ|
`

$
’’&
’’%

Oε,n

ˆ
1

q1{4´ε `
´

|E| log |Fλ|
log q

¯ 1
2

˙

Oε,f

ˆ
1

q1{4´ε `
´

|E| log d
log q

¯ 1
2

˙

for Kloosterman sums, respectively multiplicative characters, uniformly for all a P
Fλ.

Again, these examples also apply to functions counting points on families of
hyperelliptic curves.

4This will be made more precise later on.
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1.4.6. Application of the large sieve. As a last application of our compu-
tation of the Fλ-monodromy groups of Kloosterman sheaves, we get zero-density
estimates for arguments of hyper-Kloosterman sums with values in some algebraic
subset of the cyclotomic integers. The case of point-counting functions on families
of hyperelliptic curve was the subject of [Kow06a] and [Kow08].

Proposition. Let n ě 2 be an integer and let ε ą 0. For m ě 2 coprime to p, we
have

P
´
Kln,qpxq P Qpζ4pqm

¯
!m,ε

pε log q

Bnq1{p2Bnq Ñ 0,

when q “ pe Ñ `8 with e ě 16Bn, where Bn “ 2n2`n´1
2

if n is odd and Bn “
2n2`3n`4

4
if n is even, and Qpζ4pqm is the set of mth powers in Qpζ4pq.

More generally:

Proposition. Let n ě 2 be an integer and let ε ą 0. For almost all f P ZrXs of
fixed degree, we have

P
´
Kln,qpxq P fpQpζ4pqq

¯
!ϕ,ε

pε log q

Bnq1{p2Bnq Ñ 0

when q “ pe Ñ `8 with e ě 16Bn, for Bn as above.

This can further be extended to definable subsets of Qpζ4pq (i.e. defined by a
first-order formula in the language of rings), under some technical conditions.

1.5. Structure

This thesis is structured as follows:

– In the first preliminary chapter, we define precisely ℓ-adic trace functions
over finite fields and survey their properties. In particular, we recall the
application of Deligne’s generalization of the Riemann hypothesis over finite
fields to the estimation of sums of trace functions. After a presentation of
the ℓ-adic Fourier transform, we give the examples of trace functions we will
consider and their properties.

– In the second chapter, we recall the definition and use of monodromy groups,
notably through Deligne’s equidistribution theorem. We survey Katz’s com-
putation of the monodromy of ℓ-adic Fourier transforms such as Kloosterman
sheaves ([Kat88], [Kat90]). Finally, we consider Fλ-monodromy groups and
prove our result about the finite monodromy groups of hyper-Kloosterman
sheaves.

– In the third chapter, we set up probabilistic models for trace functions,
reduced modulo an ideal of a cyclotomic field or not, inspired by Deligne’s
equidistribution theorem and the articles of Lamzouri [Lam13] and Lamzouri-
Zaharescu [LZ12]. In order to be able to prove their accuracy in the next
chapters, we survey the methods for estimating sums of products in the ℓ-
adic formalism, following [FKM15b]. We review the Goursat-Kolchin-Ribet
criterion of Katz for complex Lie groups of positive dimension and give an
analogue for finite quasisimple groups. We can then define the “coherent
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families” we will consider from that point. Finally, we state general criteria
on the ramification of sheaves so that the latter are part of a coherent fam-
ily. Altogether, we try to give a presentation which is as unified as possible
between the complex and finite cases.

– The fourth chapter is dedicated to proving our results generalizing the works
of Erdős-Davenport and Lamzouri. We start by showing that the probabilis-
tic model is accurate and we compute moments in the model before conclud-
ing for the qualitative version. We finally prove the quantitative version by
adapting the arguments of Lamzouri. In particular, we need to estimate
moments of traces of random matrices in classical groups.

– In the fifth and final chapter, we prove the results mentioned above about
trace functions reduced modulo an ideal of a cyclotomic field. Again, we first
prove the accuracy of the probabilistic model, before carrying out compu-
tations in the latter. The three applications (equidistribution, distribution
of families of short sums, and use of the large sieve) are then treated in the
subsequent sections.

As a general principle, we try to give a self-contained exposition (excluding
Chapter 2). We give references for the proofs of non-original results, unless a
sketch is particularly enlightening for the remainder of the discussion.





Chapter 2

Trace functions over finite fields

In this preliminary chapter, we first define precisely the concept of ℓ-adic trace
function over a finite field that we will study, following the recent works of Fouvry-
Kowalski-Michel, after Grothendieck, Deligne, Katz and others. Then, we recall
how Deligne’s work on the Weil conjectures can be used to estimate sums of trace
functions. Finally, we give the examples we will consider throughout, along with
their main properties.

This chapter is mainly based on [Kat88, Chapters 1–2, 5–7], [Kat90, 7.2–
7.5], [Kat80, Chapter 4] and [FKM14a]. The references [Pol14, Section 6] and
[FKM14b] are also good surveys on the subject toward applications in number
theory. The notes [KR15] contain more in depth information and further references
about ℓ-adic sheaves and étale cohomology. All of the latter are based on [Del80]
and [Del77].

2.1. Definitions and first properties

2.1.1. Middle-extension ℓ-adic sheaves on curves.

Definition 2.1. An ℓ-adic coefficient ring is either:

– the finite field Fλ,

– the ring Oλ,

– the field Eλ,

– the field Qℓ,

where E is a number field with ring of integers O and λ an ℓ-adic valuation on
O corresponding to an prime ideal over the prime ℓ with residue field Fλ. When
A has characteristic 0, we supposed fixed an embedding1 ι : AÑ C.

Definition 2.2. Let A be an ℓ-adic coefficient ring and let X be a proper smooth
geometrically connected algebraic curve over Fq. We call middle-extension sheaf
of A-modules on X a constructible sheaf F of A-modules on X (with respect to
the étale topology) such that for every nonempty open j : U Ñ X on which j˚F
is lisse, we have F – j˚j˚F .

For the remaining of this section, we let X, A and F be as in Definition 2.2.

Definition 2.3. We write SingpFq “ XpFqq ´UF pFqq for the set of singularities
(or ramified points) of F , where UF is the maximal open set of lissity2 of F .

2.1.2. Correspondence with ℓ-adic representations. There is an alternative
point of view for middle-extension ℓ-adic sheaves that can be very convenient in

1We recall that Qℓ and C are isomorphic as fields, but not as topological spaces (with the
usual topologies).

2One shows that such an open exists – it is where the stalk has generic rank – and that F

is determined by its restriction to UF , see e.g. [Kat88, 8.5.1].

17
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practice, through ℓ-adic representations of étale fundamental groups. As we shall
see, both perspectives complement each other.

Étale fundamental groups.

Definition 2.4. We denote by π1pX, ηq the arithmetic étale fundamental group
of X with respect to a geometric generic point η. The geometric étale fundamental
group is πgeom1 pX, ηq “ π1pX ˆ Fq, ηq.

In what follows, we let K be the function field of X, Ksep be the separable
closure of K corresponding to η, and U be a nonempty open of X.

Definition 2.5. For Fq1{Fq a finite extension and x P UpFq1q, we let

(1) Ix E Dx ď GalpKsep{Kq be the inertia (resp. decomposition) group at the
valuation corresponding to x, defined up to conjugation. Moreover, we write
Px for the p-Sylow of Ix, the wild inertia group.

(2) Frobx,q1 P Dx{Ix – GalpFq{Fq1q be the geometric Frobenius at x, a class
mapping to the geometric Frobenius Frobq1 . This is again defined up to
conjugation.

Proposition 2.6. The étale fundamental group π1pU, ηq, resp. π
geom
1 pU, ηq, is

isomorphic to the quotient of

π1pK, ηq “ GalpKsep{Kq, resp. πgeom1 pK, ηq “ GalpKsep{FqKq, (2.1)

by the smallest closed normal subgroup containing all the inertia groups Ix for
x P UpFqq.

Proof. See [KR15, Example 6.6(b)] and [Sza09, Chapter 4].

Notation 2.7. We will write π1,q (resp. πgeom1,q ) for the groups (2.1) when K “
FqpT q (e.g. when X “ P1 ˆ Fq), with respect to a fixed algebraic closure of Fq.

Sheaves and ℓ-adic representations.

Proposition 2.8. There is an equivalence of categories between:

(1) Middle-extension sheaves F of A-modules on X.

(2) Continuous ℓ-adic representations

ρF : π1pK, ηq Ñ GLpFηq – GLnpAq.

Moreover, F is lisse at x P XpFqq if and only if Ix acts trivially on An.

Proof. See [KR15, Theorem 7.13].
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Galois actions.

Notation 2.9. For any G ď GLpFηq “ GLpV q, we will write FG (resp. FG) for
the space of G-invariants V G (resp. the space of G-coinvariants VG).

By the above, we see that:

– For any x P XpFqq, the geometric Frobenius Frobx,q acts continuously on
FIx and on FIx .

– Since π1pK, ηq{πgeom1 pK, ηq – GalpFq{Fqq, the absolute Galois group of Fq
acts continuously on Fπ

geom
1 pK,ηq and on Fπgeom

1 pK,ηq.

2.1.3. Rank, geometric isomorphism, irreducibility.

Definition 2.10. (1) The rank or dimension of F is the dimension of ρF , i.e.
the dimension of the generic fiber Fη.

(2) We say that F is arithmetically (resp. geometrically) irreducible if ρF (resp.
the restriction of ρF to πgeom1 pK, η)) is irreducible.

(3) We say that F is arithmetically (resp. geometrically) isotypic if ρF (resp.
the restriction of ρF to πgeom1 pK, η)) is a sum of isomorphic irreducible rep-
resentations.

(4) We say that two middle-extension A-sheaves on X are geometrically isomor-
phic if the corresponding representations of πgeom1 pK, ηq are isomorphic.

2.1.4. Purity.

Definition 2.11. An element α P Qℓ is a q-Weil number of weight i ě 0 if for
any embedding  : Qℓ Ñ C we have |pαq| “ qi{2.

Definition 2.12. If A has characteristic 0, we say that F is pointwise pure of
weight i ě 0 if, for any finite extension Fq1{Fq and any x P UF pFq1q, the eigenvalues
of ρF pFrobx,q1q are q1-Weil numbers of weight i.

Convention 2.13. From now on, “sheaf of A-modules on X (resp. over Fq)”
will be synonymous for “middle-extension sheaf of A-modules on X (resp.
on P1 ˆ Fq)”. We will assume that SingpFq Ă XpFqq and that if A has
characteristic 0, then F is pointwise pure of weight 0. We may replace “sheaf
of A-modules” by “ℓ-adic sheaf” when the coefficient ring is either clear or left
free to choose.

As we shall see, the purity assumption amounts to asking all sheaves to be
normalized, but its validity may depend on deep consequences of the Riemann
hypothesis over finite fields.
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2.1.5. Trace functions.

Definition 2.14. The trace function of F is the map

tF : XpFqq Ñ A

x ÞÑ tr
`
ρF pFrobx,qq | V Ix

˘
.

If A has characteristic 0, we may also view tF : XpFqq Ñ ιpAq Ă C through the
embedding ι. If Fq1{Fq is any finite extension, we may also consider tF : XpFq1q Ñ
A, tF pxq “ trpρF pFrobx,q1q | V Ixq.

Proposition 2.15. If A has characteristic 0, then

||tF ||8 ď rankpFq.

Proof. If x R SingpFq, then |tF pxq| ď rankpFq by the purity assumption. On
the other hand, if x P SingpFq, [Del80, (1.8.9)] shows that the eigenvalues of
ρF pFrobxq on V Ix are still Weil numbers of weight 0.

Proposition 2.16. If F and G are two geometrically isomorphic sheaves of Qℓ-
modules on X, there exists α P Aˆ such that tF “ α ¨ tG. If F and G are pure of
weight 0, then α is a q-Weil number of weight 0.

Proof. This follows from the fact that π1pK, ηq{πgeom1 pK, ηq – GalpFq{Fqq and
Clifford theory, see [FKM14a, Proposition 3.2.3].

Notation 2.17. As in Convention 2.13, if X “ P1 ˆ Fq, we will call tF an ℓ-adic
trace function over Fq. Note that in general there exists more than one sheaf with
a given trace function.

2.1.6. Ramification. As we shall see, a precise study of the behavior of a sheaf
at singularities will be fundamental, in particular for the determination of mon-
odromy groups. We present below some of the tools we will need. These are
surveyed in [Kat88, Chapter 1 and Section 7.0] and detailed proofs can be found
in [KR15, Sections 3–4]. Let again F be as in Definition 2.2 corresponding to a
representation ρF : π1pK, ηq Ñ GLpV q.

Break decomposition. Let x P XpFqq. There exists a uniquely defined decomposi-
tion of Ix-modules

V “ V tame ‘ V wild “ V p0q
à

˜
à

tPRą0

V ptq
¸

with V tame “ V p0q “ V Px , called the break decomposition of F at x. Note that
if x R SingpFq, then V “ V p0q. The finitely many t ě 0 such that V ptq ‰ 0 are
called the breaks of F at x. If V “ V p0q, we say that F is tamely ramified at x.

Remark 2.18. If F is a sheaf of Oλ-modules (for Oλ as in Definition 2.1), then,
by [Kat88, Remark 1.10], its break decomposition as sheaf of Qℓ-modules (by
extension of scalars) is simply obtained by extension of scalars from its break
decomposition as sheaf of Oλ-modules. Similarly, if mλ is the maximal ideal of
Oλ, the break-decomposition of the sheaf F{mλF of Fλ “ Oλ{mOλ-modules is
obtained by reducing the break decomposition of F .
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Since the tame inertia group Ix{Px is topologically cyclic, we can also decom-
pose the tame part with respect to the Jordan decomposition of a generator,

V tame “
à
χ

V χ´unip. “
à
χ

pUnip.b LχpX ` xqq (2.2)

where χ runs over characters of Ix of finite order prime to p (see [Kat88, Section
1.0, Section 7.0]) and Lχ is a Kummer sheaf (see below).

Swan conductors.

Definition 2.19. The Swan conductor of F at x P SingpFq is

SwanxpFq “
ÿ

tě0

t dimV ptq,

where V “ À
tě0 V ptq is the break decomposition of F at x.

Note that F is tamely ramified at x if and only if SwanxpFq “ 0.

Proposition 2.20. The Swan conductor is a nonnegative integer.

Proof. See [KR15, Section 4.4.2].

Remark 2.21. By Remark 2.18, we see that the Swan conductor does not change
if we view a sheaf of Oλ-modules F as a sheaf of Qℓ-modules or as a sheaf of
Fλ-modules, namely

SwanxpFq “ SwanxpF{mλFq “ SwanxpF bQℓq

for all x P SingpFq.

Conductor. The following quantity was introduced by Fouvry-Kowalski-Michel
[FKM15a], and combines three invariants of the sheaf to measure its “complexity”
(with respect to dimension and ramification).

Definition 2.22. The conductor of F is the positive integer

condpFq “ | rankpFq| ` | SingpFq| `
ÿ

xPSingpFq
SwanxpFq.

The error term in Deligne’s theorem on estimates of sums of trace functions
will depend on the dimension, number of singularities and Swan conductors of the
sheaf, and the conductor is simply the most natural bound for the former.

2.1.7. Operations. In this section, we let F1, F2 be sheaves of A-modules on
X as in Definition 2.2 and Convention 2.13, corresponding to representations
ρi : π1pK, ηq Ñ GLpViq and trace functions ti : XpFqq Ñ A (i “ 1, 2). For the
proofs, we refer the reader to [FKM14a, Chapter 3] (and [Kat88, Lemma 1.3] for
the break decomposition of products).
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Sum, product, conjugation.

Proposition 2.23.

(1) The sheaf F “ F1 ‘ F2 of A-modules on X corresponding to the represen-
tation ρ1 ‘ ρ2 has trace function t1 ` t2. Moreover, for all x P XpFqq,

SingpFq “ SingpF1q Y SingpF2q
SwanxpFq “ SwanxpF1q ` SwanxpF2q

condpF1 ‘ F2q “ condpF1q ` condpF2q

(2) The sheaf F “ F1bF2 of A-modules on X corresponding to the representa-
tion ρ1bρ2 has trace function equal to t1¨t2 on XpFqq´pSingpF1qXSingpF2qq.
Moreover, for all x P XpFqq,

V1pt1q b V2pt2q Ă
#
pV1 b V2qpmaxpt1, t2qq : t1 ‰ t2À

uďt1pV1 b V2qpuq : t1 “ t2

if Vi “
À

tě0 Viptq (resp. V1 b V2 “
À

tě0pV1 b V2qptq) is the break decom-
position at x of Fi (resp. of F), and

SingpFq Ă SingpF1q Y SingpF2q
SwanxpFq ď rankpF1 b F2qpSwanxpF1q ` SwanxpF2qq
condpFq ! condpF1q2 condpF2q2.

(3) The sheaf DpF1q of A-modules on X corresponding to the dual representation
Dpρ1q has same singularities, Swan conductors, and conductor than F1. If
A has characteristic 0, then the complex-valued trace function of DpF1q is
t1.

In particular, by Convention 2.13, we assert that these sheaves are still point-
wise pure of weight 0.

Change of variable.

Proposition 2.24. If f : X Ñ X is a nonconstant morphism defined over
Fq, the inverse image sheaf f˚F1 has trace function equal to t1 ˝ f on XpFqq ´
f´1pSingpF1qq. Moreover,

Singpf˚F1q Ă f´1pSingpF1qq
condpf˚F1q ! degpfq condpF1q2

If f is an isomorphism, the conductors are equal and F1 is irreducible (resp. geo-
metrically irreducible) if and only if F1 is.

Notation 2.25. For a P A1pFqq, we will write r`as˚ (resp. rˆas˚) for the inverse
image through the map x ÞÑ x` a (resp. x ÞÑ ax).
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Sum over solutions.

Proposition 2.26. If f : X Ñ X is a nonconstant morphism defined over Fq,
the direct image sheaf f˚F1 has trace function equal to f˚t1 : XpFqq Ñ A, for

f˚t1pxq “
ÿ

yPXpFqq
fpyq“x

t1pyq px P XpFqqq.

Moreover, for Sf the set of ramified points of f over Fq and x P XpFqq,

Singpf˚F1q Ă fpSingpF1qq Y Sf
Swanxpf˚F1q “

ÿ

yPP1pFqq : fpyq“x
SwanypF1q

condpf˚F1q ! degpfq2 condpF1q2.

2.1.8. Decompositions.

Proposition 2.27. (1) There exists a family pFiq1ďiďn of arithmetically ir-
reducible and geometrically isotypic sheaves of A-modules on X such that
tF “

řn
i“1 tFi

.

(2) The representation ρF |πgeom
1 pK,ηq is semisimple.

Proof. See [FKM14a, Propositions 3.3.6, 3.5.3] and [Del80, Théorème 3.4.1(iii)].
For the second assertion, we use the assumption that F is pointwise pure of weight
0.

2.2. Sums of trace functions

We can finally state Deligne’s analogue of the Riemann hypothesis over finite
fields and its application to the estimation of sums of trace functions.

We refer the reader to [Del77, Exposé 6], [FKM14a, Chapter 4], [Kat88, Chap-
ter 2] and [FKM15a, Section 9] for other versions of this statement.

Theorem 2.28. Let A be an ℓ-adic coefficient ring of characteristic 0. For F an
sheaf of A-modules over Fq as in Convention 2.13, we have

ÿ

xPFq

tF pxq “ q ¨ tr
´
Frobq |Fπgeom

1,q

¯
`O pEpFq?qq , where

EpFq “ rankpFq

»
–| SingpFq| ´ 1`

ÿ

xPSingpFq
SwanxpFq

fi
fl ! condpFq2.

This will be the foundation of the remaining of our work.

Remark 2.29. In the works of Fouvry-Kowalski-Michel and others, the error term
is usually only given in terms of the conductor (i.e. condpFq2?q). We are more
precise above to be able to discuss cases where the conductor will be growing (see
Section 4.2).
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Remark 2.30. By Schur’s Lemma and Proposition 2.27 (2), dimpFπgeom
1,q

q is equal

to the number of trivial geometrically irreducible components of F .

It follows that geometrically irreducible ℓ-adic trace functions over Fq are “al-
most orthogonal”:

Corollary 2.31. Let A be an ℓ-adic coefficient ring of characteristic 0. If F , G
are geometrically irreducible sheaves of A-modules over Fq, then

ÿ

xPFq

tF pxqtGpxq “ CpF ,Gqq `OpcondpFq2 condpGq2?qq

with CpF ,Fq “ 1 and CpF ,Gq “ 0 if F and G are not geometrically isomorphic.

Remark 2.32. By Proposition 2.27 (1), we may theoretically always reduce to this
case.

2.2.1. Proof of Theorem 2.28 and Corollary 2.31. For the rest of this

section, we let F be a sheaf of Qℓ-modules on a curve X as in Convention 2.13,
and we assume moreover that F is lisse on a nonempty open U of X.

Cohomological interpretation. The cohomological interpretation of sums of trace
functions is given by the following:

Theorem 2.33 (Grothendieck-Lefschetz trace formula). We have

ÿ

xPUpFqq
tF pxq “

2ÿ

i“0

p´1qi tr
`
Frobq | H i

cpU ˆ Fq,Fq
˘
,

where H i
c are the étale cohomology group with compact support, on which GalpFq{Fqq

acts.

This is a deep link between the local Frobenius acting on the stalks of the sheaf
and the global Frobenius acting on the étale cohomology groups (see e.g. [KR15,
Section 8] and [Del77, Rapport, Section 3 and Exposé 4, Section 3]).

Structure of extremal cohomology groups.

Theorem 2.34. If U is affine, then

H0
c pU ˆ Fq,Fq “ 0,

H2
c pU ˆ Fq,Fq – Fπgeom

1 pK,ηqp´1q,

where the last expression denotes a Tate twist (see [KR15, 7.1.9]).

This follows from Poincaré duality (see e.g. [KR15, Theorem 8.4]).

Deligne’s analogue of the Riemann hypothesis over finite fields. By purity, we
have the following fundamental estimate:

Theorem 2.35 ([Del80, Theorem 3.3.1]). For every i ě 0, the eigenvalues of
Frobq acting on H i

cpU ˆ Fq,Fq are q-Weil numbers of weight at most i.
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By Theorems 2.33, 2.34 and 2.35, we get that

ÿ

xPUpFqq
tF pxq “ q ¨ tr

´
Frobq |Fπgeom

1,q pU,ηq
¯
`O

´
q1{2 dimH1

c pU ˆ Fq,Fq
¯

with an absolute implicit constant.

Remark 2.36. Up to this point, the same arguments would apply if X were re-
placed by a smooth geometrically connected (quasi-projective) variety over Fq
of dimension d with geometric generic point η (and F is not supposed middle-
extension anymore). Then, if U is affine,

ÿ

xPUpFqq
tF pxq “ qd ¨ tr

´
Frobq |Fπgeom

1 pU,ηq
¯
`O

˜
2d´1ÿ

i“0

qi{2 dimH i
cpU ˆ Fq,Fq

¸

for ρF : π1pU, ηq Ñ GLnpQℓq the representation corresponding to F . If q varies,
but the sum of Betti numbers in the error term does not depend on q, which is
often the case in applications (see for example the survey in [IK04, pp. 307–308,
311–312]), then

ÿ

xPUpFqq
tF pxq “ qd ¨ tr

´
Frobq |Fπgeom

1 pU,ηq
¯
`O

´
qd´1{2

¯

with an absolute implicit constant. A greater saving in the error term would be
implied by the vanishing of further cohomology groups. For example, we have
square-root cancellation if H i

cpU ˆ Fq,Fq “ 0 for all i ą d.

Bound on dimH1
c pU ˆ Fq,Fq.

Theorem 2.37 (Euler-Poincaré formula/Grothendieck-Ogg-Safarevich). If X has
genus g, then

2ÿ

i“0

p´1qi dimH i
cpU ˆ Fq,Fq “ rankpFq

´
2´ 2g ´ |pX ´ UqpFqq|

¯

´
ÿ

xPpX´UqpFqq
SwanxpFq.

(See e.g. [KR15, Section 9]).

Conclusion. Therefore, if X “ P1ˆFq and UF is affine (e.g. UF ‰ X), Theorems
2.37 and 2.34 show that

dimH1
c pUF ˆ Fq,Fq ď rankpFqp| SingpFq| ´ 1q `

ÿ

xPSingpFq
SwanxpFq.

Theorem 2.28 now follows from the fact that
ÿ

xPFq

tF pxq “
ÿ

xPUF pFqq
tF pxq `O p| SingpFq| rankpFqq

by Proposition 2.15. Corollary 2.31 is then a consequence of Schur’s Lemma and
Proposition 2.16.
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2.3. The ℓ-adic Fourier transform

Discrete Fourier transform.

Definition 2.38. For f : P1pFqq Ñ C any function, we define its (normalized)
Fourier transform FTψpfq : P1pFqq Ñ C with respect to a nontrivial additive
character ψ : Fq Ñ Cˆ by

FTψpfqpxq “
´1?
q

ÿ

yPFq

fpyqψpxyq px P Fqq

and FTψpfqp8q “ ´fp0q{
?
q.

Proposition 2.39. Let ψ : Fq Ñ Cˆ be an additive character. Then:

(1) We have FTψ ˝FTψ “ rˆp´1qs˚.

(2) FTψ is a unitary operator on the space of functions P1pFqq Ñ C with respect
to the inner product

xf1, f2y “
1

q

ÿ

xPFq

f1pxqf2pxq pf1, f2 : P1pFqq Ñ Cq.

The ℓ-adic Fourier transform. The following deep result of Deligne shows that it
is possible to perform Fourier transform on the level of ℓ-adic sheaves:

Definition 2.40. A sheaf of Qℓ-modules over Fq is a Fourier sheaf if it does not
contain an Artin-Schreier sheaf Lψ (for ψ : Fq Ñ C an additive character) in its
geometric Jordan-Hölder decomposition (see Proposition 2.27).

Theorem 2.41 (Deligne, Laumon, Brylinski). Let ψ : Fq Ñ C be a nontrivial
character. If F is an ℓ-adic Fourier sheaf over Fq, there exists an ℓ-adic sheaf
G “ FTψpFq over Fq with trace function

tG “ FTψptF q.

Moreover:

(1) G is a Fourier sheaf.

(2) G is geometrically irreducible if and only if F is.

(3) There is an isomorphism FTψpGq – rˆp´1qs˚F .

(4) If E is a number field with ring of integers O such that
?
p P O and λ is an

ℓ-adic valuation on O, then G can be defined as a sheaf of Oλ-modules if F
can.

Proof. See for example [Kat88, Chapters 5, 8]. For the last point, note that the
condition

?
p P O implies that

?
p P Oˆ

λ since ℓ ‰ p.

The ramification properties of an ℓ-adic Fourier transform have been studied
in details by Laumon, see [Kat90, Sections 7.3–7.5] and [Kat88, Chapters 7–8]. It
follows that the conductor of the Fourier transform can be polynomially bounded
in terms of that of the base sheaf:
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Proposition 2.42 ([FKM15a, Proposition 8.2]). If F is a Fourier sheaf and ψ :

Fq Ñ C a nontrivial character, we have

condpFTψpFqq ! condpFq2.

Remark 2.43. According to Convention 2.13, the statement of Theorem 2.41 in-
cludes the fact that the Fourier transform is pure of weight 0, so by Proposition
2.15,

||FTψptF q||8 ď rankpGq ď condpFTψpFqq ! condpFq2,
which is usually bounded independently from q. Such a bound is of fundamental
importance in applications (see e.g. [FKM`16]). Note that this would also follow
by applying Theorem 2.28; actually, the proof of Theorem 2.41 relies on Deligne’s
Theorem 2.35.

2.4. Examples

In this section, we give the examples of trace functions we will consider later
on. In prevision of Chapter 6, we duly take note of the definition on discrete ℓ-adic
coefficient rings in some cases.

2.4.1. Characters. For this section, we refer the reader to [Del77, Exposé 6,
Section 1], [KR15, Examples 7.16–17] and [Kat88, Section 4.3]. An explicit con-
struction as ℓ-adic Galois representations can be found in [FKM14a, Sections
2.3–2.4].

Artin-Schreier sheaves.

Proposition 2.44. Let ψ : Fq Ñ Zrζps be a nontrivial additive character, λ be an
ℓ-adic valuation on Zrζps corresponding to a prime ideal q above ℓ with all poles of
order ă p, and f “ f1{f2 P FqpXq. There exists a sheaf Lψpfq of Zrζpsλ-modules
on Fq with:

(1) trace function ψ ˝ f (under the convention that ψp8q “ 0).

(2) singularities at the poles of f , with Swan conductor equal to the order of the
pole.

(3) condpLψpfqq ď 1` 2 degpf2q.

By reduction modulo q, this gives a sheaf of Fλ – Zrζpsλ{qZrζpsλ-modules with the
same properties and trace function ψ ˝ f pmod qq.

Kummer sheaves.

Proposition 2.45. Let χ : Fˆ
q Ñ Zrζds be a nontrivial multiplicative character of

order d ě 2, λ be an ℓ-adic valuation on Zrζds corresponding to a prime ideal q
above ℓ, and f “ f1{f2 P FqpXq that is not a d-power. We assume that f has no
zero or pole of order divisible by d. There exists a sheaf Lχpfq of Zrζdsλ-modules
on Fq with:

(1) trace function χ ˝ f (under the convention that χp0q “ χp8q “ 0).
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(2) tame singularities at the zeros and poles of f .

(3) condpLχpfqq “ 1` degpf1q ` degpf2q.

By reduction modulo q, this gives a sheaf of Fλ – Zrζdsλ{qZrζdsλ-modules with the
same properties and trace function χ ˝ f pmod qq.

2.4.2. Hyper-Kloosterman and hypergeometric sheaves.

Kloosterman sheaves.

Proposition 2.46 (Deligne). Let n ě 2 be an integer.

(1) There exists a Kloosterman sheaf Kln of Qℓ-modules over Fq, of rank n,
with trace function equal to the Kloosterman sum

x ÞÑ Kln,qpxq “
p´1qn´1

q
n´1
2

ÿ

x1,...,xnPFˆ
q

x1...xn“x

e

ˆ
trpx1 ` ¨ ¨ ¨ ` xnq

p

˙
px P Fˆ

q q,

and Kln,qp0q “ p´1qn´1q´pn´1q{2. Moreover, Kln is geometrically irre-
ducible, lisse on GmˆFq, Swan8pKlnq “ 1, Swan0pKlnq “ 0, and condpKlnq “
n` 3.

(2) Let λ be an ℓ-adic valuation on Zrζ4ps corresponding to a prime ideal q above
ℓ. The sheaf Kln can then be defined as a sheaf of Zrζ4psλ-modules and we
note that Kln,qpxq P Zrζ4psqpn´1q{2 ď Zrζ4psq for all x P Fq.

(3) By reduction modulo q, this gives a sheaf of Fλ – Zrζ4psλ{qZrζ4psλ-modules
over Fq with the same properties and trace function Kln,q pmod qq.

Proof. By letting Kl1 “ ψ : P1pFqq Ñ C with ψp8q “ 0, we get that the Kloost-
erman sum Kln : Fˆ

q Ñ C of rank n ě 2 satisfies

Kln “ FTψprx ÞÑ x´1s˚ Kln´1q.

Thus, we can recursively construct the Kloosterman sheaf with Theorem 2.41 by
setting Kl1 “ Lψ (the Artin-Schreier sheaf) and Kln “ FTψprx ÞÑ x´1s˚Kln´1q.
For the remaining properties, see [Kat88, Theorem 4.1.1] or [Del77, Exposé 6,
Théorème 7.8]. Concerning (2) and (3), recall that

εp
?
p P Zrζps with εp “

#
1 : p ” 1 pmod 4q
i : p ” 3 pmod 4q

by the evaluation of quadratic Gauss sums, so
?
p P Zrζp, ζ4s ď Zrζ4ps and

?
p P

Zrζ4psˆq since ℓ ‰ p.

Remark 2.47. Recall that |Fλ| “ ℓf , where f ě 1 is minimal subject to the
condition ℓf ” 1 pmod 4pq, by the ramification theory of cyclotomic fields (see
[Was97, Theorem 2.13]).

Remark 2.48. If p ” 1 pmod 4q or if n is odd, we can replace Zrζ4ps by Zrζps (in
the second case by using an untwisted ℓ-adic Fourier transform before applying a
Tate twist of order n´1

2
P N)
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As a consequence of Propositions 2.46 and 2.15, we get Deligne’s bound for
Hyper-Kloosterman sums, generalizing Weil’s Bound (1.4):

Corollary 2.49. We have |Kln,qpxq| ď n for all x P Fq.

Hypergeometric sheaves.

Proposition 2.50 (Katz). Let n ě m ě 0 be integers with r “ m ` n ě 1,
χ “ pχiq1ďiďn, ρ “ pρjq1ďjďm tuples of pairwise distinct characters of Fˆ

q . There
exists a geometrically irreducible hypergeometric sheaf Hpχ,ρq over Fq of rank n,
with trace function equal to the hypergeometric sum Hyppχ,ρq : Fq Ñ C defined
by

t ÞÑ p´1qr´1

qpr´1q{2

ÿ

xPFn
q ,yPFm

q

Npxq“tNpyq

˜
nź

i“1

χipxiq
mź

j“1

ρjpyjq
¸
e

ˆ
trpT pxq ´ T pyqq

p

˙
pt P Fqq

where N : Fnq Ñ Fq is the norm (product of components) and T : Fnq Ñ Fq the
trace (sum of components). Moreover, Hpχ,ρq is

– lisse on Gm ˆ Fq, tame at 0, and Swan8pHpχ,ρqq “ 1, if m ‰ n,

– lisse on Gm ˆ Fq ´ t1u and tame everywhere, if m “ n.

Hence, condpHpχ,ρqq “ n` 3.

Proof. See [Kat90, Theorem 8.4.2].

Example 2.51. For m “ 0 and χ “ p1q1ďiďn, we get the Kloosterman sheaf Kln.

2.4.3. Exponential sums. Next, we consider general exponential sums of the
form

´1?
q

ÿ

yPFq

e

ˆ
trpxfpyq ` hpyqq

p

˙
χpgpyqq px P Fqq, (2.3)

for f, g, h P QpXq rational functions and χ a multiplicative character on Fˆ
q . This

includes Birch sums

Bipx, qq “ ´1?
q

ÿ

yPFq

e

ˆ
trpxy ` y3q

p

˙
px P Fqq, (2.4)

studied by Birch, Livné and Katz, and sums of the form

´1?
q

ÿ

yPFq

e

ˆ
trpxfpyqq

p

˙
px P Fqq (2.5)

for f P QpXq, studied by Katz and Fouvry-Michel.

Proposition 2.52. Assume that p is large enough to consider f, g, h P FqpXq and
assume that g (resp. h) has no pole or zero (resp. no pole) of order divisible by p.
Let

F1 “ Lψphq b Lχpgq, F2 “ f˚F1.

If the sheaf F2 is a Fourier sheaf, then there is an ℓ-adic sheaf G “ FTψpF2q over
Fq with trace function given by (2.3). Moreover,
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(1) G is geometrically irreducible if F2 is.

(2) The singularities of F1 are contained in the union of the set of poles of g, h
with the set of zeros of g. At any x P P1pFqq, we have

SwanxpF1q “
#
ordxphq if x is a pole of h

0 otherwise.

(3) For F2, we have SingpF2q “ fpSingpF1qqYSf , where Sf is the set of ramified
points of f as a morphism of P1. Moreover,

Swan8pF2q “
ÿ

yPP1pFqq : fpyq“8
SwanypF1q.

In particular, if f is a nonconstant polynomial, Swan8pF2q “ Swan8pF1q.

(4) We have the bound

condpGq ! degpfq4 degph2q8p1` degpg1q ` degpg2qq8

where degpfq is the degree of f as a morphism of P1 and g “ g1{g2, h “
h1{h2 for gi, hi P FqrXs.

Proof. This follows directly from Section 2.1.7, Theorem 2.41 and Proposition 2.42
since the sum (2.3) is given by the discrete Fourier transform FTψpf˚pψphqχpgqqq.
See also [Kat90, Chapter 7] and [Del77, Exposé 6] .

We can distinguish the following cases:

(i) h “ 0 and χ “ 1, so that F1 is the trivial sheaf.
These are sums of the form (2.5), studied in [Kat90, 7.10].

(ii) F1 is nontrivial and f “ X. Of course, F2 “ F1 in this case.
More particularly, we will consider the case χ “ 1 and h is a polynomial of
degree n ě 2, which includes Birch sums (2.4). These are studied in [Kat90,
7.12] and [Kat87].

(iii) F1 is nontrivial and f ‰ X.
The ramification of F2 and G is studied in [Kat90, 7.7].
More particularly, we will consider the case where h is odd with a pole of
order ě 1 at 8, f ‰ 0 is an odd polynomial, and there exists an even or
odd rational function L with gpxqgp´xq “ Lpxqordpχq.

We review these situations in the next sections.

Supermorse functions and sums of the form (2.5). Exponential sums of the form
(2.5) have been studied by Fouvry and Michel in [Mic98], [FM02] and [FM03],
using their construction as trace functions and the determination of their mon-
odromy groups by Katz.

Proposition 2.53. Let f P FqpXq with degree degpfq as a morphism of P1. Then:

(1) If p ą degpfq, the sheaf f˚Qℓ is Fourier.
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(2) If the zeros of f 1 in P1pFqq are simple and f separates the zeros of f 1 (we
say that f is supermorse), then the sheaf f˚Qℓ is geometrically irreducible.

Thus, if the above conditions hold, there exists a geometrically irreducible ℓ-adic
sheaf Gf over Fq of rank degpfq ´ 1, lisse on Gm ˆ Fq, and with trace function
given by (2.5).

Proof. This follows from [Kat90, Theorem 7.9.4, Lemmas 7.10.2.1, 7.10.2.3] and
Proposition 2.52.

Sums of the form (2.3) with f “ X, χ “ 1, h polynomial..

Proposition 2.54. Let h P ZrXs be a polynomial of degree n ě 2. For p large
enough (depending on h), there exists a geometrically irreducible ℓ-adic sheaf Gh
over Fq of rank n´ 1 corresponding to the trace function

x ÞÑ ´1?
q

ÿ

yPFq

e

ˆ
trpxy ` hpyqq

p

˙
px P Fqq.

Proof. Clearly, Lψphq is an irreducible Fourier sheaf, so the first part of the state-
ment follows from Proposition 2.52. The computation of the rank can be found
in [Kat90, 7.12.4.2] (see also [Kat87]).

Sums of the form (2.3) with f polynomial, χ ‰ 1.

Proposition 2.55. Let h P QpXq with a pole of order n ě 1 at 8, f P ZrXs
nonzero of degree d with pd, nq “ 1, g P QpXq nonzero, and χ a character of Fˆ

q

of order r ě 2, with the order of any zero or pole of g not divisible by r. For p
large enough (depending on f, g, h), there exists a geometrically irreducible ℓ-adic
sheaf G over Fq corresponding to the trace function (2.3), with rank

N “ maxpd, nq ´ 1` |S| ` |T | `
ÿ

xPS
ordxphq,

where S is the set of poles of h in A1pFqq and T “ tx R S : gpxq “ 0u.

Proof. By [Kat90, 7.7, 7.13 (Sp-example(2)) and 7.14 (O-example(2))], the sheaf
f˚pLψphq b Lχpgqq is an irreducible Fourier sheaf, so the conclusion follows from
Proposition 2.52. The same reference contains the computation of the rank.

2.4.4. Zeta functions of families curves.

Zeta functions of curves. Recall that the zeta function of a variety X over Fq is
defined as

ZpX,T q “ exp

˜
ÿ

ně1

|XpFqnq|
Tn

n

¸
P ZrrT ss.
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If X has dimension d, the Grothendieck-Lefschetz trace formula (Theorem 2.33)
gives that

|XpFqnq| “
2dÿ

i“0

p´1qi trpFrobnq | H i
cpX ˆ Fq,Qℓqq, thus

ZpX,T q “
2dź

i“0

detp1´ T Frobq | H i
cpX ˆ Fq,Qℓqqp´1qi`1

.

Remark 2.56. This gives the rationality part of the Weil conjectures, and the
Riemann hypothesis is contained in Theorem 2.35.

When X is a curve, Theorem 2.34 implies that

ZpX,T q “ detp1´ T Frobq | H1
c pX ˆ Fq,Qℓqq

p1´ T qp1´ qT q , so (2.6)

aqnpXq :“ qn ` 1´ |XpFqnq| “ trpFrobqn | H1
c pX ˆ Fq,Qℓqq.

Families of curves. Let U be a smooth geometrically connected projective variety
over Fq, with geometric generic point η, and let π : C Ñ U be a proper smooth
morphism whose geometric fibers are smooth connected projective curves over Fq
(i.e. a family of curves parametrized by U). One can construct a sheaf F of Zℓ-
modules on U , corresponding to an ℓ-adic representation ρ : π1pU, ηq Ñ GLpV q
such that

ZpCx, T q “
detp1´ TρpFrobxqq
p1´ T qp1´ qT q px P UpFqqq.

In particular, the corresponding trace function is

tF pxq “ aqpCxq “ q ` 1´ |CxpFqq| px P UpFqqq.

This is surveyed in [KS99, Chapter 10] (using the higher direct image R1π!Zℓ of
the morphism π); see also [Kat09] for examples over function fields.

Families of hyperelliptic curves. We will focus on the following example (because
the monodromy groups have been precisely determined):

Proposition 2.57. For f P FqrXs a squarefree polynomial of degree 2g ě 2,
such that its set of zeros Zf is contained3 in Fq, we consider the family of smooth
projective models of the affine hyperelliptic curves over Fq of genus g given by

Xz : y
2 “ fpxqpx´ zq,

parametrized by z P Fq, which are nonsingular when z R Zf .

(1) There exists a geometrically irreducible sheaf of Zℓ-modules F over Fq of
rank 2g, pointwise pure of weight 1, corresponding to a representation

ρ : π1,q Ñ GLpV q “ GL2gpZℓq
3This is for convenience, to agree with Convention 2.13.
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such that for all z R Zf ,

ZpXz, T q “ detp1´ TρpFrobzqq
p1´ T qp1´ qT q ,

tF pzq “ apXzq “ q ` 1´ |XzpFqq| P Z.

Moreover:

a) SingpFq “ t8uYZf and F is everywhere tame. In particular, condpFq “
2g ` |Zf |.

b) At any z P Zf , the quotient V {V Iz is the trivial (one-dimensional)
Iz–representation.

(2) By reduction modulo ℓ, this gives a sheaf pF of Zℓ{ℓZℓ – Fℓ-modules over Fq
with the same properties and trace function tF pmod ℓq.

(3) Up to changing the above relations to

ZpXz, T q “
detp1´ q1{2TρpFrobzqq
p1´ T qp1´ qT q and tF pzq “ apXzqq´1{2,

we may assume that F is pointwise pure of weight 0 by either:

– assuming that
?
q P Zˆ

ℓ (i.e.
´
ℓ
p

¯
“ 1 by Hensel’s Lemma),

– considering it as a sheaf of Qℓ-modules,

– considering it as a sheaf of Zrζ4psλ-modules, for λ an ℓ-adic valuation.

Proof. See [KS99, Section 10.1] or [Hal08, Section 4] (using middle-convolutions).
For (3), it suffices to normalize with a Tate twist.





Chapter 3

Monodromy

In this chapter, we introduce monodromy groups of sheaves of A-modules over
Fq, for A any ℓ-adic coefficient ring (hence giving algebraic, compact, and finite
groups).

We first consider monodromy groups over C, review results about their struc-
ture, and state Deligne’s equidistribution Theorem as a motivation for the use of
monodromy groups to study distribution questions.

Then, we pass to integral and finite monodromy groups and present our strat-
egy to compute the latter by using the classification of maximal subgroup of
classical groups.

We review the local monodromy of Kloosterman sheaves, both as Qℓ and Fλ-
modules, along with the explicit computation of some conjugacy classes.

The computation of the monodromy groups of Kloosterman sheaves over C is
recalled, as a prelude to the proof of our result on their finite monodromy groups.

In the last section, we give further examples of the computation by Katz of
monodromy groups of sheaves from Section 2.4, with techniques to make algebraic
and geometric monodromy groups coincide.

3.1. Monodromy groups over C

Definition 3.1. Let F be a sheaf of Qℓ-modules over Fq, corresponding to a rep-
resentation ρF : π1,q Ñ GLnpQℓq. The geometric (resp. arithmetic) monodromy
group of F is the algebraic group in GLnpQℓq defined by

GgeompFq “ ρF
`
π
geom
1,q

˘
ď GarithpFq “ ρF

`
π1,q

˘
ď GLnpQℓq,

where ¨ denotes Zariski closure. Through the fixed isomorphism of fields ι :

Qℓ Ñ C (continuous for the Zariski topology), we may also view these as complex
algebraic subgroups of GLnpCq.

3.1.1. Structure. The reason to take Zariski closure is twofold:

– It gives a more rigid structure to the groups, making them algebraic groups.

– It allows to pass without issues from the situation over Qℓ (where the sheaves
are defined) to the situation over C (in which we want to consider our trace
functions).

The two following results support these ideas:

Proposition 3.2 (Deligne). Let F be a sheaf of Qℓ-modules over Fq. Then
G0

geompFq is semisimple.

Proof. The geometric monodromy group GgeompFq is reductive by Proposition
2.27 (2) (recall that in our convention, F is pure of weight 0) and the semisimplicity
follows from a result of Deligne ([Del80, 1.3.9], see [KS99, 9.0.12]).

35
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Corollary 3.3. Let F be a sheaf of Qℓ-modules over Fq and G “ GgeompFq.
There is an equivalence of categories between:

– The complex representations of G as a complex algebraic group,

– The Qℓ-representations of G as an algebraic group over Qℓ,

– The complex representations of GpCq as a complex Lie group,

– The complex representations of a maximal compact subgroup of GpCq,

where all the representations are assumed to be finite-dimensional.

Proof. See [Kat88, 3.2], [KS99, 9.2.4], and more particularly [Mil13, Remark
III.2.11]. The equivalence between the last two categories is Weyl’s unitary trick.

3.1.2. Reformulation of Theorem 2.28. It is often desirable to have equal
arithmetic and geometric monodromy groups, so that the Frobenius conjugacy
classes lie in the geometric monodromy group, giving for example the following
proposition. As we will see in Section 3.5.7, this is often achievable up to twisting
by a sheaf of rank one.

Proposition 3.4. For F a sheaf of Qℓ-modules over Fq with monodromy groups
G “ GgeompFq “ GarithpFq, we have

ÿ

xPFq

tF pxq “ q dimpFGq `O
`
condpFq2?q

˘
,

In particular, if F is irreducible, then dimpFGq “ 1 if F is trivial and 0 otherwise.

Proof. Since the coinvariants are defined by an algebraic relation, we have Fπgeom
1,q

“
FG. Since Frobq P GarithpFq “ GgeompFq, the Frobenius acts trivially on FG
and the result follows from Theorem 2.28. The last claim follows from Schur’s
lemma.

3.1.3. Deligne’s equidistribution theorem. The following theorem of Deligne
shows that for a “natural” family of ℓ-adic sheaves, there is always an equidistri-
bution result in a compact group.

Let F be an ℓ-adic trace function over Fq, corresponding to a representation
ρ : π1,q Ñ GLnpQℓq. Again, we assume that

G “ GgeompFq “ GarithpFq ď GLnpCq

and we let K be a maximal compact subgroup of the complex Lie group GpCq.
For any x P UF pFqq, let

ιpρpFrobxqqss

be the semisimple part of the Jordan-Chevalley decomposition in G, defined up to
conjugation in G. Since all its eigenvalues lie in the unit circle (F is pure of weight
0), any element of this conjugacy class belongs to a maximal compact subgroup
of GpCq, and is thus conjugate to an element θx of K.
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Lemma 3.5. The conjugacy class θx P K7 is well-defined, and tF pxq “ trpθxq.

Proof. This follows from Corollary 3.3 and the Peter-Weyl Theorem, see [KS99,
9.2.4] or [Kat88, 3.3].

Theorem 3.6 (Deligne’s equidistribution theorem). Let pFqqq be a family of ℓ-
adic sheaves over Fq, corresponding to representations

ρq : π1,q Ñ GLnpQℓq.

We assume that there is an algebraic group G ď GLnpCq such that

(1) The arithmetic and geometric monodromy groups of Fq are conjugate to G
in GLnpCq for all q.

(2) condpFqq is uniformly bounded (i.e. independently of q).

Let K be a maximal compact subgroup of GpCq and for all q, x P UF pFqq, let
θx,q P K7 be the conjugacy class given by Lemma 3.5. When q Ñ8, the set

tθx,q : x P UF pFqqu

becomes equidistributed in K7 with respect to the pushforward µ of the normalized
Haar measure of K. In other words, for any f P CpK7q, we have

lim
qÑ8

1

q

ÿ

xPUF pFqq
fpθx,qq “

ż

K7

fdµ.

Proof. By Weyl’s criterion, it suffices to show that for any nontrivial irreducible
representation η : K Ñ GLmpCq we have

1

q

ÿ

xPUF pFqq
ptr ˝ηqpθx,qq “ opqq pq Ñ `8q.

By Corollary 3.3, there exist η̂ (resp. η̃) a complex representation of G (resp. a
Qℓ-representation of the algebraic group ι´1pGq over Qℓ) such that the diagram

ι´1pGq
ι

��

η̃
// GLmpQℓq

ι

��
G

η̂ // GLmpCq

K

OO

η

88qqqqqqqqqqq

commutes. Let Gq be the sheaf corresponding to the ℓ-adic representation

η̃ ˝ ρq : π1,q Ñ ι´1pGq Ñ GLmpQℓq.

Note that Gq is irreducible, and has arithmetic and geometric monodromy group
equal to η̂pGq. Moreover, for all x P UF pFqq,

tGqpxq “ tr
´
pη ˝ ι ˝ ρqqpFrobx,qq

¯
“ tr

´
pη ˝ ι ˝ ρqqpFrobx,qqss

¯

“ tr
´
η

`
ιpρqpFrobx,qqqss

˘¯
“ trpηpθx,qqq.
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By Proposition 3.4,

1

q

ÿ

xPUF pFqq
ptr ˝ηqpθx,qq “

1

q

ÿ

xPUF pFqq
tGqpxq ! condpGqq2q´1{2.

By definition, x R SingpGqq if and only if η̃pρpIxqq “ 1. In particular, SingpGqq Ă
SingpFqq. Moreover, SwanxpGqq ď dim η SwanxpFqq for all x P P1pFqq by [Kat88,
3.6.2]. It follows that condpGqq ď m condpFqq ! 1 by hypothesis, whence the
conclusion.

Remark 3.7. See also [KS99, Theorem 9.2.6, Theorem 9.6.10] for other variants.

Example 3.8 (Kloosterman sums, [Kat88, 13.5.3]). Let Kl2 be the Kloosterman
sheaf over Fq from Section 2.4.2, with trace function equal to the classical Kloost-
erman sum Kl2,q. By Proposition 2.46, the conductor is bounded independently
from q. As we shall soon see, the geometric monodromy group is SL2pCq, with
maximal compact subgroup K “ SU2pCq, and coincides with the arithmetic mon-
odromy group. The map arccosp1

2
trq : K7 Ñ r0, πs is a bijection, so that we can

write for all x P Fˆ
q

Kl2,qpxq “ 2 cospθx,qpxqq
with θx,q P r0, πs uniquely determined. Therefore the set

tθx,q : x P Fˆ
q u

becomes equidistributed in r0, πs as q Ñ8 with respect to the measure 2
π
sin2 θdθ.

This is the vertical Sato-Tate law for Kloosterman sums, and this answers one of
the questions of Section 1.1.3.

3.1.4. Real-valued trace functions and monodromy groups. Finally, we
note the following relationship, that will be useful in Chapter 5, between the range
of the trace function and the monodromy group:

Proposition 3.9. Let F be a geometrically irreducible ℓ-adic sheaf over Fq, with
monodromy groups G “ GgeompFq “ GarithpFq ď GLnpCq. The following are
equivalent:

(1) For any finite extension Fq1{Fq, the trace function t : Fq1 Ñ C is real-valued.

(2) The standard representation of G ď GLnpCq is self-dual.

(3) mult1pStdb2q “ mult1pStdbDpStdqq “ 1.

Proof. Let K be a maximal compact subgroup of GpCq. By Corollary 3.3, it does
not matter whether we consider representations of the algebraic group G, of the
Lie group GpCq, or of K. Note that by assumption, Std is irreducible. By the
Chebotarev density theorem, the Frobenius conjugacy classes Frobx,q1 , for Fq1{Fq
a finite extension and x P UF pFq1q, are dense in π1,q (see [Ser89, I.2.2, Corollary 2
a)]). Thus, (1) is indeed equivalent to having ιptrpρF pπ1,qqqq Ă R for all q, which
in turn holds if and only if trpGq Ă R. Hence, (1) is equivalent to (2) by character
theory of GpCq. If (2) holds, then

mult1pStdb2q “ mult1pStdbDpStdqq “ 1
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by Schur’s Lemma, so that (3) holds. If (3) holds, we have

1 “
ż

K

trpgq2dg “
ˇ̌
ˇ̌
ż

K

trpgq2dg
ˇ̌
ˇ̌ ď

ż

K

| trpgq|2dg “ 1,

so that trpgq2 “ | trpgq|2 for almost all g P K. Hence, trpgq P R almost everywhere
in K, and this holds everywhere in K since a nonempty open set has positive Haar
measure. Thus (1) follows by Lemma 3.5.

Example 3.10. Recall that the standard representations of Sp2npCq and SOnpCq
are self-dual, but not that of SLnpCq for n ě 3. Thus, the fact that Kloosterman
sums of even rank are real-valued agrees with the fact that the monodromy group
is symplectic (Theorem 3.23 below).

3.1.5. Determining monodromy groups. As we will see in the remaining of
this chapter, one successful general strategy to determine the monodromy groups
of an ℓ-adic sheaf corresponding to a representation

ρ : π1,q Ñ GLnpAq

is to study the images of the inertia groups at singularities, which lie in Ggeom.
For example, the tame part of the break decomposition gives unipotent elements
with prescribed Jordan form (see e.g. Proposition 3.19 below), while the Swan
conductor can rule out the existence of certain morphisms (see e.g. [Kat88, Lemma
1.19]).

Assume that we want to show that Ggeom is equal to some complex algebraic
group H. The idea exploited in [Kat88], [Kat90] is:

(1) Show that Ggeom ď H, often for symmetry reasons.

(2) By using the information provided by the ramification, apply classification
theorems to the Lie algebra of G0

geom (which is semisimple by Proposition
3.2) to show that G0

geom “ H.

It would then follows that Ggeom “ G0
geom “ H.

3.2. Integral and finite monodromy groups

3.2.1. Integral monodromy groups.

Definition 3.11. Let F be a sheaf of Oλ-modules over Fq, corresponding to
a representation ρF : π1,q Ñ GLnpOλq, for O the ring of integer of a number
field and λ an ℓ-adic valuation on O. The integral arithmetic (resp. geometric)
monodromy group of F is the group

GarithpFq “ ρF pπ1,qq, resp. GgeompFq “ ρF
`
π
geom
1,q

˘
ď GLnpOλq.

3.2.2. Finite monodromy groups.

Definition 3.12. Let F be a sheaf of Fλ-modules over Fq, corresponding to a
representation ρF : π1,q Ñ GLnpFλq, for Fλ a finite field of characteristic ℓ. The
arithmetic (resp. geometric) finite monodromy group of F is the finite group

GarithpFq “ ρF pπ1,qq, resp. GgeompFq “ ρF
`
π
geom
1,q

˘
ď GLnpFλq.
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3.2.3. Determining monodromy groups. The determination of the integral
and finite monodromy groups is usually much more difficult than that of the
monodromy groups over C, since we consider simply subgroups of GLnpAq for A
an ℓ-adic coefficient ring, instead of algebraic subgroups G of GLnpCq with G0

semisimple as before, and the structure of such groups and their subgroups is
much more complicated.

Here, we will focus on Fλ-monodromy groups, since this is the case of interest
for our applications. We will nonetheless survey some results and techniques for
integral monodromy groups later on. The two are closely related.

Using the classification of maximal subgroups of classical groups. Suppose that F
is a sheaf of Fλ-modules over Fq such that GgeompFq is contained in some classical
group G ď GLnpFλq, and we want to show that GgeompFq “ G. If this is not the
case, there exists a maximal subgroup H of G such that

GgeompFq ň H ň G.

We may be able to exclude this possibility by using the classification of maximal
subgroups of classical groups. This can be achieved for Kloosterman sheaves, as
we will show.

In the remaining of this section, we survey this classification in a way adapted
to our needs.

Theorem 3.13 ([Asc84], [LS98]). Let Fλ be a finite field of odd characteristic
ℓ and for n ě 2, let G “ SLnpFλq or G “ SpnpFλq (n even). We denote by
π : GLnpFλq Ñ PGLnpFλq the projection. If H is a maximal (proper) subgroup of
G, then either:

(1) H belongs to one of the classes C1, . . . , C7 described below, or

(2) πpHq is almost simple: there exists a simple group S such that

S – InnpSq E πpHq ď AutpSq.

Moreover, H admits a unique normal subgroup T such that πpT q “ S, and
the action of T E H ď SLnpFλq on F

n
λ is absolutely irreducible. If G “

SLnpFλq, then T preserves no nondegenerate bilinear or unitary form on Fnλ.

Proof. This is a combination of Theorems 1 and 2 from [LS98].

This classification originated from the work of Aschbacher [Asc84], and was
then expanded by Kleidman-Liebeck [KL90b]. Another proof was given by Liebeck-
Seitz [LS98] by proving an analogous result over an algebraically closed field and
using descent1 (as in the treatment of finite groups of Lie type with Steinberg

1The following comments in the introduction of [LS98] are particularly enlightening: “As-
chbacher’s result is an analogous reduction theorem for subgroups of finite classical groups. We
obtain this as a relatively easy consequence of our main result by taking fixed points under the ac-
tion of a Frobenius morphism, using a standard process involving Lang’s theorem. [. . . ] Various
complications which arise in the finite group setting in [Asc84] become much more straightforward
in the algebraic group setting; in particular, questions involving extension fields do not occur, and
issues of conjugacy are easily settled.”
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isomorphisms). A good exposition of these results can be found in [MT11, II.18.1,
III.27–28].

We now recall the definition of the classes C1, . . . , C7, along with some useful
properties we will use.

Let V “ Fnλ, V “ F
n
λ, and Frob P GalpFλ{Fλq be the arithmetic Frobenius

x ÞÑ x|Fλ|. We will write G “ SLnpFλq (resp. SpnpFλq). Let β be the zero bilinear
form on V if G “ SLnpFλq or the symplectic form associated to G if G “ SpnpFλq.
The classes appearing in (1) of Theorem 3.13 are the following:

– Class C1 (subspace stabilizers):

H “ StabGpW q

with 0 ‰W ň V totally singular or nondegenerate with respect to β. Note that
W ď V is a submodule, so this case does not arise if H acts on V irreducibly.

– Class C2 (stabilizers of orthogonal decompositions):

V “ V1 K ¨ ¨ ¨ K Vt

pt ě 2, all the Vi isometric, n “ dimpV1qtq,
M “ StabGpV1 K ¨ ¨ ¨ K Vtq,
H ď MFrob.

In other words, the elements of M are the g P G such that there exists a
permutation σ P St with gVi “ Vσpiq for all 1 ď i ď t.

– Class C3 (stabilizers of totally singular decompositions): if G “ SpnpFλq,

V “ V1 ‘ V2 pVi maximal totally isotropic: β|Vi
“ 0q,

M “ StabGpV1 ‘ V2q,
H ď MFrob.

In other words, the elements of M are the g P G such that there exists a
permutation σ P S2 with gVi “ Vσpiq for i “ 1, 2. In particular, dimpV1q “
dimpV2q “ n{2.

– Class C4 (stabilizers of tensor product decompositions):

V “ V1 b ¨ ¨ ¨ b Vt pdimVi ě 2, t ě 2q,
L “ GpV1q ˆ ¨ ¨ ¨ ˆGpVtq, acting on V by tensor product,

M “ NGLnpFλqpLq XG,

H ď MFrob,

with t “ 2 if the Vi are not mutually isomorphic, where we write GpViq
for the classical group of type G on the vector space Vi. Note that n “
dimpV1q . . . dimpVtq, and n “ dimpV1qt if the Vi are mutually isomorphic. We
have

π
´
NGLnpFλqpLq XG

¯
ď NPGLnpFλqpπpLqq X πpGq “N .
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Since πpGq has trivial center, there is a morphism from N to

AutpπpLqq “ Aut pπpGpV1qq ˆ ¨ ¨ ¨ ˆ πpGpVtqqq

–
#
Aut pπpGpV1qqq ˆAut pπpGpV2qqq : t “ 2

Aut pπpGpV1qqq ≀St : t ą 2

Ñ
#
Out pπpGpV1qqq ˆOut pπpGpV2qqq : t “ 2

Out pπpGpV1qqq ≀St : t ą 2,

with kernel isomorphic to πpLq X πpGq. The isomorphism on the second line
follows from:

Lemma 3.14. Let G1, . . . , Gt be nonabelian simple groups and let G “ G1 ˆ
¨ ¨ ¨ ˆGt. Then AutpG1 ˆ ¨ ¨ ¨ ˆGtq is isomorphic to

AutpG1q ˆ ¨ ¨ ¨ ˆAutpGtq

if there is no isomorphism among the Gi, respectively

AutpG1q ≀St

if the Gi are mutually isomorphic.

Proof. Proceed as in the second paragraph of the proof of [Rob96, 3.3.20].

– Class C5 (symplectic-type r-subgroups):

πpHq –
#
Z{r2m. Sp2mpFrq : G “ SLnpFrmq
Z{22m.GO´

2mpF2q : G “ SpnpF2mq

with n “ rm, r ‰ ℓ prime, ℓ ” 1 pmod rp2, rqq. Here, we only give the classifi-
cation of the subgroups that arise in the class; for more details about the latter,
see [KL90b, Section 4.6].

– Class C6 (normalizers of classical groups): For G “ SLnpFλq with n odd (since
ℓ ‰ 2, this class does not arise in the symplectic case) and F1 ď Fλ a subfield
such that |F1| “ |Fλ|1{2,

H “ NGpSOnpFλqq or NGpSUnpF1qq.

– Class C7 (subfield subgroups): For F1 ď Fλ of prime index,

H “ NGpGpF1qq.

Note that the unitary cases of classes C6 and C7 do not arise if Fλ “ Fℓ.

Remark 3.15. Similar results hold for other classical groups and the description
of the classes Ci can be made more explicit (see [LS98]).
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Review on automorphisms groups. We now recall results about automorphisms of
Lie algebras/Lie groups/finite groups of Lie type that will be useful several times
in this chapter and the next one, in particular to handle class C4 and case (2) of
Theorem 3.13.

Proposition 3.16. If G is a simple Lie algebra (resp. a simply connected sim-
ple Lie group) over an algebraically closed field, there is an isomorphism between
OutpGq and the group of graph automorphisms of the corresponding Dynkin dia-
gram.

Proof. This can be found in [Hum80, Chapter 16.5] and [FH91, Proposition D.40].

In the finite case, this becomes:

Proposition 3.17. If G is a finite simple group of Lie type defined over a finite
field k, every automorphism can be written as the product of an inner, graph,
diagonal, and field automorphism. More precisely,

OutpGq – pDiagpGqAutpkqq .GraphpGq,

where DiagpGq (resp. GraphpGq) is the group of diagonal automorphisms (resp.
the group of graph automorphisms of the corresponding Dynkin diagram).

Proof. See [Gor82, 4.237] and [Car72, Theorem 12.5.1].

Proposition 3.18. The automorphism group of a Dynkin diagram is

$
’&
’%

Z{2 for An, Dn pn ą 1q, and E6,

S3 for D4,

trivial otherwise.

3.3. Local monodromy of Kloosterman sheaves

In this section, we summarize the properties of Kloosterman sheaves (see Sec-
tion 2.4.2) that will be useful to recall Katz’s [Kat88] computation of the mon-
odromy over C and to prove our version over Fλ. According to Katz, all were
already known to Deligne but the last one.

Proposition 3.19. Let n ě 2 and let Kln be the Kloosterman sheaf of A-modules
over Fq from Proposition 2.46, corresponding to a representation ρ : π1,q Ñ
GLnpAq, for A equal to Qℓ, or Fλ. Then

(1) Kln is unipotent as I0-representation, with a single Jordan block.

(2) Kln is totally wild at 8, with Swan8pKlnq “ 1. In particular:

a) ρpI8q acts irreducibly on An and admits no faithful A-linear represen-
tation of dimension ă n.

b) Any character ρpI8q Ñ Aˆ is trivial on ρpP8q.

(3) detKln is trivial.
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(4) If n is even, there exists an alternating perfect pairing Kln b Kln Ñ A of
lisse sheaves.

(5) If n is odd, then Kln b Kln is totally wild at 8, with all breaks at 1{n. In
particular, there is no nonzero P8-equivariant bilinear form KlnbKln Ñ A.

Proof. (1) See [Kat88, 7.4.1]. By [Kat88, 12.3.3], Kln as a sheaf of Fλ-modules
still has a single Jordan block.

(2) This is [Kat88, 1.11, 1.18] with the fact that Swan8pKlnq “ 1.

(3) See [Kat88, 7.4.3].

(4) See [Kat88, 4.1.11] (existence) and [Kat88, 4.2.1] (sign).

(5) For the first assertion, see [Kat88, 10.4.4]. For the second, proceed as in
[Kat88, 4.1.7].

In the finite case, see also [Kat88, 12.3].

3.3.1. Explicit local monodromy. We now compute explicit conjugacy classes
in the monodromy groups that will serve as heuristics and to exclude subfield
subgroups in the computation of finite monodromy groups.

Local monodromy at 8. The local monodromy at 8 of Kln is determined ex-
plicitly in [Kat88] (as P8-representation) and [KMS16] (more precisely as I8-
representation), and more generally for hypergeometric sheaves in [Fu10, Propo-
sition 0.7]. We make this even more concrete for Kloosterman sheaves by finding
a matrix form of the representation.

Proposition 3.20. Assume that n ě 2 is coprime with p and that k “ Fq contains
a primitive 2nth root of unity ζ2n. Let Z P kpT q be a solution to Z2n “ T and
W P kpZq “ kpT q be a solution to

W |k| ´W “ ´Z2.

Then the restriction I8 Ñ GLnpQℓq of the representation associated to the sheaf
Kln over k is isomorphic to

σ ÞÑ
˜
p´1qpn`1q

´
j´i`i0

n

¯

e

˜
n trk{Fp

pa0ζinq
p

¸
δi´j”i0 pmod nq

¸

1ďi,jďn,

where i0 P Z{2n and a0 P k are such that σpZq “ ζi02nZ and σpW q “ ζ2i02n pW `a0q.
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Remark 3.21. Assuming that k contains a nth root of unity is not a restriction for
our purpose. Indeed, if L{k is a finite extension, we have a commutative diagram

I8,L “ I8,k

��
π
geom
1,L “ π

geom
1,k

xxqqq
qq
qq
qq
qq

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼

π1,L //

&&◆◆
◆◆

◆◆
◆◆

◆◆
◆

π1,k

xx♣♣♣
♣♣
♣♣
♣♣
♣♣

GLnpFλq.

Proof. By [Kat88, 10.4.5] and [KMS16, Lemma 4.8]2, the representation of I8
corresponding to Kln is isomorphic to

rx ÞÑ xns˚
`
Ln`1
χ2

b Lψpxnq
˘
,

where χ2 is the character of order 2 of F
ˆ
p and ψpxq “ eptrpxq{pq. In other words,

it is isomorphic to
IndI8

I8,n

`
Ln`1
χ2

b Lψpxnq
˘
,

where I8,n is the unique subgroup of index n in I8 (see [Kat88, 1.13]).

kpY qpZ,W q “ kpZ,W q
k

✐✐✐
✐✐✐

✐✐✐
✐✐✐ Z{2

❱❱
❱❱

❱❱
❱❱

❱❱
❱

kpY qpZq

Z{2 ❱❱
❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
kpY qpW q

k
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤

kpY q
Z{n

kpT q “ kpY nq

The extension kpZ,W q{kpT q is Galois, and we have a split exact sequence

0 // k

–

// G // Z{2n

–

// 0

GalpkpZ,W q{kpZqq Gal pkpZ,W q{kpT qq GalpkpY qpZq{kpT qq,

so an isomorphism

k ¸ Z{2n Ñ G “ Gal pkpZ,W q{kpT qq
pa, iq ÞÑ σpa, iq

where σpa, iq is such that W ÞÑ ζ2i2npW ` aq and Z ÞÑ ζi2nZ. For every pa, iq P G,
there exists an element of I8,n extending σpa, iq, that we will again denote by
σpa, iq.

We have
I8,n “ I8 X πpnq

1,q ,

2The factor 1{k in ψ̂ therein should be replaced by k.
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where π
pnq
1,q “ GalpKpT q{KpY qq is the subgroup of index n in π1,q. Indeed,

I8{pI8 X πpnq
1,q q “ I8π

pnq
1,q {π

pnq
1,q “ π1,q{πpnq

1,q

– GalpkpY q{kpT qq – µnpkq – Z{n.

Note that pσiq1ďiďn is a complete reduced system of representatives of I8{I8,n,
where we abbreviate σi “ σp0, iq.

By definition (or properties) of induced representations, a matrix form of the
representation I8 Ñ GLnpQℓq evaluated at σ “ σpa0, i0q P I8 is then

´`
Ln`1
χ2

b Lψpxnq
˘
pσi,jpσqqδσi,jpσqPI8,n

¯
1ďi,jďn,

where σi,jpσq “ σ´1
i σσj . It remains to note that σi,jpσq P I8,n if and only if

2pi´ jq ” 2i0 pmod 2nq, in which case:

– By definition of the Artin-Schreier representation,

Lψpxnqpσi,jpσqq “ ψppσi,jpσqpW q ´W qnq,

and σi,jpσqpW q ´W “ ζ
2pj`i0q
n a0.

– By definition of the Kummer representation, if n is even,

Ln`1
χ2
pσi,jpσqq “ ζ

j´i`i0
2

n “ p´1q
j´i`i0

n .

In particular, we see that the image of the representation of I8 contains an
element conjugate to the (permutation, up to signs) matrix

m “

¨
˚̊
˚̊
˚̋

0 0 . . . 0 p´1qn`1

1 0 . . . 0 0

0 1 . . . 0 0
...

. . .
...

...
0 1 0

˛
‹‹‹‹‹‚
.

Note that m has order n (resp. 2n) if n is odd (resp. even).

Local monodromy at 0. By Proposition 3.19 (1), the geometric monodromy group
contains an element conjugate to the Jordan block

u “

¨
˚̊
˚̊
˚̊
˝

1 1

1 1

1
. . .
. . . 1

1

˛
‹‹‹‹‹‹‚
.

Note that for Fλ a finite field of characteristic ℓ, the element u P SLnpFλq satisfies
pukqij “ δiďjďk

`
k
j´i

˘
for 1 ď i, j ď n, so it has order ℓrlogℓ ns by Lucas’ theorem.

In particular, u has order ℓ if ℓ "n 1.
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3.3.2. Fields generated by traces. The following will be useful to deal with
subfield subgroups; it shows that we still recover arithmetic information (the sub-
field generated by the traces of the Frobenius) in the geometric monodromy group.

Proposition 3.22. Let n ě 2, λ be an ℓ-adic valuation on

O “
#
Zrζps n odd or p ” 1 pmod 4q
Zrζ4ps otherwise,

and let ρn : π1,q Ñ GLnpFλq be the representation corresponding to the Klooster-
man sheaf Kln of Oλ-modules over P1{Fq. Then

Fℓ
`
Kln,qpaq : a P Fˆ

q

˘
“ Fℓ ptr ρnpI8qq ,

with index pf, nq in Fλ.

Proof. Under the hypotheses, Fλ “ Fℓpζpq (since ζ4 P Fℓ if ℓ ” 1 pmod 4q) and
f :“ rFλ : Fℓs “ ordpℓ P Fˆ

p q. Fisher [Fis95, Proposition 2.8] showed that for
Qpζpq-valued Kloosterman sums,

QpKln,qpaq : a P Fqq “ QpζpqGalpQpζpq{Qqrns.

We proceed similarly to show that for G “ GalpFℓpζpq{Fℓq,

L1 :“ Fℓ
`
Kln,qpaq : a P Fˆ

q

˘

L2 :“ Fℓ ptr ρnpI8qq

+
“ FℓpζpqGrns.

For σ P G, let uσ P Fˆ
p be such that σpζpq “ ζuσp , and note that for a P Fˆ

q ,

σpKln,qpaqq “ Kln,qpaunσq

σ ptr ρpσpa, 0qqq “ tr ρpσpauσ, 0qq “
nÿ

i“1

e

˜
n trFq{Fp

pauσζinq
p

¸
,

where σpa, 0q is as defined in the proof of Proposition 3.20. Hence, Grns ď
GalpFℓpζpq{Liq for i “ 1, 2.

On the other hand, let us assume that σ P GalpFℓpζpq{L2q. For every character
Λ : Fˆ

q Ñ Fℓ, we define

S2pΛq “
ÿ

aPFˆ
q

tr ρpσpa, 0qqΛpaq

“
nÿ

i“1

ΛpζinqGnpΛq “ nδΛ|µn“1GnpΛq,

where GnpΛq :“ ř
aPFˆ

q
e

´
n trFq{Fp paq

p

¯
Λpaq ‰ 0 since GnpΛqG´npΛq “ q P Fˆ

ℓ .

Then, since σ |L2
“ 1, we have S2pΛq “ ΛpuσqS2pΛq, which yields that Λpuσq “ 1

whenever Λ |µn“ 1. Thus,
ř

ΛPFˆ
q {µn Λpuσq “ pq ´ 1q{n, so that uσ P µn, i.e.

σ P Grns.
Similarly, GalpFℓpζpq{L1q ď Grns by considering S1pΛq “

ř
aPFˆ

q
Kln,qpaqΛpaq

(as in [Fis95, Proposition 2.8] over number fields).
The claim on the index follows from |Grns| “ |pZ{fqrns| “ pn, fq.
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Qpζpq
Grnspp´1,nq

Zrζps l Fl “ Fℓpζpq
pf,nq Gℓrns

QpKln,qpaq : a P Fqq
p´1

pp´1,nq

FℓpKln,qpaq : a P Fqq
f

pf,nq

Q Z ℓ ‰ p Fℓ

3.4. Monodromy groups of Kloosterman sheaves

For n ě 2, we study in this section the monodromy groups of the Kloosterman
sheaves Kln, as sheaves of Qℓ, Zrζ4psλ, and Fλ-modules. Most of it is dedicated
to proving our result on the finite monodromy.

3.4.1. Monodromy over C. By (3) and (4) of Proposition 3.19, the monodromy

groups of the Kloosterman sheaf Kln of Qℓ-modules over Fq satisfy

GgeompKlnq ď GarithpKlnq ď
#
SLnpCq : n ě 2

SpnpCq : n ě 2 even.

One of the main results of Katz [Kat88] is that the two groups coincide and
are as large as possible:

Theorem 3.23 ([Kat88, Chapter 11]). In the above setting, assuming that Fq has
odd3 characteristic,

GgeompKlnq “ GarithpKlnq “
#
SLnpCq : n odd

SpnpCq : n even.
(3.1)

The proof follows the strategy described in Section 3.1.5:

Katz’s classification theorem. By Proposition 3.2, G0
geompKlnq ď SLnpCq is semisim-

ple and acts irreducibly on Cn (since the sheaf is geometrically irreducible). Thus,
the Lie algebra G of G0

geompKlnq is semisimple and has a faithful irreducible repre-
sentation into slnpCq. By using the existence of a unipotent element with a single
Jordan block (Proposition 3.19 (1)), Katz shows that G is even simple ([Kat88,
11.5.2.3]).

Hence, the proof of Theorem 3.23 is reduced to the following classification
theorem. Indeed, cases other than slnpCq (n odd) or spnpCq (n even) in the
conclusion of Theorem 3.24 are excluded by properties (2) and (5) of Proposition
3.19. This determines G0

geompKlnq and then GgeompKlnq (see [Kat88, 11.7]).

Theorem 3.24 ([Kat88, Classification Theorem 11.6]). Let n ě 2 an integer and
G a simple Lie algebra over C given with a faithful irreducible representation

ρ : G ãÑ slnpCq.
3The characteristic 2 case is also handled by Katz, but we omit it here for the sake of

simplicity.
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Suppose that there exists a nilpotent element N P G such that ρpNq has a single
Jordan block. Then the pair pG, ρq is isomorphic to one of the following:

(1) G “ slnpCq (n ě 2), spnpCq (n ě 4 even) or sonpCq (n ě 5 odd), with the
standard n-dimensional representation.

(2) G “ g2pCq with its unique 7-dimensional irreducible representation.

Remark 3.25. Theorem 3.24 also follows from a classification of Suprunenko [Sup95,
Theorem (1.9)], which is valid over an algebraically closed field of arbitrary char-
acteristic, and that we will use in the next section after descent.

3.4.2. Integral monodromy. We now consider the Kloosterman sheaf Kln of
Zrζ4psλ-modules over Fq (see Section 2.4.2). By (3) and (4) of Proposition 3.19,
we still have

GgeompKlnq ď GarithpKlnq ď
#
SLnpZrζ4psλq : n odd

SpnpZrζ4psλq : n even.

As Katz notes in the introduction of [Kat88], it is an interesting question to ask
whether these integral monodromy groups are still equal and as big as possible,
i.e. is it true that

GgeompKlnq “ GarithpKlnq “
#
SLnpZrζ4psλq : n odd

SpnpZrζ4psλq : n even,
(3.2)

knowing that their Zariski closure in GLnpQℓq is SLnpQℓq (resp. SpnpQℓq) by
Theorem 3.23 ?

In [Kat88, Chapter 12], Katz presents the proof of the following result of
Gabber:

Theorem 3.26 (Gabber). If Zrζ4psλ “ Zℓ (e.g. if ℓ is completely split in Zrζ4ps),
then there exists an integer D “ Dpn, pq such that (3.2) holds if ℓ ą Dpn, pq.

Unfortunately, the constant Dpn, pq in the proof is ineffective, and nothing
shows that it should be independent from p. A similar result is shown by Nori
[Nor87], with the same limitations.

For the applications in analytic number theory that we consider, however, we
require that (3.2) holds for all ℓ large enough, independently of p.

3.4.3. Finite monodromy. Finally, we consider the Kloosterman sheaf Kln of
Fλ-modules over Fq (i.e. the reduction modulo the ideal corresponding to λ of the
sheaf of Zrζ4psλ-modules from the last section).

Again, we can wonder whether the finite monodromy groups

GgeompKlnq ď GarithpKlnq ď
#
SLnpFλq : n odd

SpnpFλq : n even

are equal and as big as possible when ℓ "n 1. We will show that this is indeed the
case:
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Theorem 3.27. Assume that n is coprime with p. For ℓ "n 1 with ℓ ” 1 pmod 4q
and pn, rFλ : Fℓsq “ 1, the monodromy groups of the Kloosterman sheaf of Fλ-
modules Kln over Fq are

GgeompKlnq “ GarithpKlnq “
#
SLnpFλq : n odd

SpnpFλq : n even.
(3.3)

The same results hold true without restriction on ℓ pmod 4q if p ” 1 pmod 4q or
n is odd, with O “ Zrζps.

Remark 3.28. In any case, this holds for a set of valuations λ of natural density
1, since

tλ E Zrζ4ps : ℓ ” 1 pmod 4qu Ą tλ E Zrζ4ps : ℓ ” 1 pmod 4pqu
“ tλ E Zrζ4ps degree 1u.

Consequence on integral monodromy groups. Of course, (3.2) would imply (3.3)
for all ℓ by surjectivity of the reduction SLnpRq Ñ SLnpR{aq for any discrete
valuation ring R and a E R (since SLnpRq is generated by elementary matrices in
this case). Conversely, an argument of Serre [Ser89, IV-23, 27-28] actually implies:

Corollary 3.29. For ℓ "n 1 with ℓ ” 1 pmod 4q, the monodromy groups of the
Kloosterman sheaf of Zrζ4psλ-modules Kln over Fq are as given by (3.2).

See also [Kat90, 8.13.3] for a result valid for general closed subgroups of
GLnpOλq.

3.4.4. Further existing results and heuristics.

The results of Larsen-Pink. By results of Larsen and Pink (see [Lar95, Theorem
3.17] and the applications in [Kat12, Section 7], [Kow08, pp. 155–156], [Kow06a,
p. 29] and [Kow06c, p. 7]), the monodromy result of Katz over C (Theorem 3.23)
implies that for all p, there exists a set Λpn, pq of primes of Dirichlet density 1

such that for all ℓ P Λpn, pq, the result (3.3) holds, because Kloosterman sheaves
form a compatible system (see [Kat88, 8.9]).

However, as for the results of Gabber and Nori, the way Λpn, pq is constructed
is highly dependent on p. This is not a problem for the applications of Kowalski
mentioned above, but issues arise if we need to take ℓ, pÑ8 with some restrictions
on the range as in [Kow06b].

Note incidentally that [Lar95] uses in particular the classification of finite sim-
ple groups.

(Invariant) generation of SLnpFℓq. As an indication that the monodromy group
for n odd should be SLnpFλq, we have the following

Proposition 3.30. For n odd, the elements u and m from Section 3.3.1 generate
SLnpFℓq.

Proof. Proceed in a similar way to Gow-Tamburini [GT92], considering w “
m2upmumq´1 and using induction on n.
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However, we do not know whether these elements are invariant generators,
namely whether any two conjugates are still generators. Without that, we may
not conclude anything for our problem. For ℓ small, the answer is negative, but
one may wonder if that holds for ℓ "n 1.

Example 3.31. The pair ph´1uh,mq does not generate SL3pF3q for h “
´

0 2 0
0 0 2
1 2 0

¯
.

More precisely, this pair generates the group for about 61% of the elements h P
GL3pF3q. This proportion increases to about 93% for SL3pF5q.

There are many results on probabilistic invariant generation of classical groups,
for example by Guralnick, Malle, Kantor, Lubotzky, Saxl or Weigel, but we con-
sider here two specific elements.

The case n “ 2 and Fλ “ Fℓ by the work of Yu and Hall. Hall [Hal08] proved
the following classification theorem, which generalizes a theorem on Yu on the
Fℓ-monodromy of hyperelliptic curves, and also applies to show big monodromy
results for families of twists of elliptic curves, as needed in [Kow06b].

Theorem 3.32 ([Hal08, Theorem 1.1]). Let V be a Fℓ-vector space with a perfect
pairing V ˆV Ñ Fℓ, and let H ď GLpV q be an irreducible primitive subgroup that
preserves the pairing.

(1) If the pairing is symmetric, H contains a reflection and an isotropic shear,
and ℓ ě 5, then H is one of the following:

a) the full orthogonal group OpV q,
b) the kernel of the spinor norm,

c) the kernel of the product of the spinor norm and the determinant.

(2) If the pairing is alternating, H contains a transvection and ℓ ě 3, then
H “ SppV q.

See also the more general version [Hal08, Theorem 3.1]. In the alternating case,
this is a relatively direct application of a classification of linear groups generated
by transvections by Zalesski and Serezkin, which is a well-known result of Dickson
for n “ 2.

We can apply this to the sheaf Kl2 as follows:

Proposition 3.33. Let ℓ ě 5 be a prime with ℓ ” 1 pmod pq, so that Fλ “ Fℓ
(see Remark 2.47). Then (3.3) holds for the Kloosterman sheaf Kl2 of Fℓ-modules
over Fq: the arithmetic and geometric monodromy groups are equal to SL2pFℓq.

Proof. A unipotent element of drop 1 is an element whose Jordan decomposition
has exactly one Jordan block of size 2 and all other blocks trivial. Moreover, a
transvection is an element of drop 1 and determinant 1. The result then follows
from Proposition 3.19 (1) and Theorem 3.32 (2) (or the corresponding result of
Dickson).

However, this argument does not generalize to n ě 3, since the image of the
inertia at 0 in Kln contains a transvection only when n “ 2. Moreover, we cannot
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handle the case Fλ ‰ Fℓ, since Hall considers only reduction of sheaves of Zℓ-
modules (and not Zrζ4psλ-modules as for Kloosterman sheaves).

3.4.5. Classification theorem over Fλ. We will prove Theorem 3.27 by first
proving the following classification theorem. This is to be compared with how
Katz’s Classification Theorem 3.24 (for complex algebraic groups) was used to
prove his Theorem 3.23.

Theorem 3.34 (Classification theorem over Fλ). Let n ě 2, let Fλ be a field of
characteristic ℓ and let

H ď
#
SLnpFλq : n odd

SpnpFλq : n even

be a maximal (proper) subgroup such that:

(1) The action of H on Fnλ is irreducible.

(2) H contains a unipotent element with a single Jordan block.

Then, for ℓ "n 1, we have either:

(1) H “ NSLnpFλqpSOnpFλqq for n ě 3 odd.

(2) H “ NSLnpFλqpSLnpF1qq for n ě 3 odd or H “ NSpnpFλqpSpnpF1qq for n even,
if F1 ď Fλ is a subfield of prime degree.

(3) H “ NSLnpFλqpSUnpF1qq for n ě 3 odd, if F1 ď Fλ is a subfield such that
|F1| “ |Fλ|1{2.

Remark 3.35. We recall that for n odd, there is only one type of orthogonal group
over a finite field up to isomorphism (see e.g. [KL90b, Section 2.5]), so we do not
need to specify the quadratic form.

Proof of Theorem 3.27 from Theorem 3.34. Assume that there exists a maximal
subgroup GgeompKlnq ď H ď SLnpFλq if n is odd (resp. SpnpFλq if n is even) be
a maximal (proper) subgroup. By Proposition 3.19, H satisfies the hypotheses of
Theorem 3.34.

It remains to show that the four cases of the conclusion of the latter are
excluded:

(1) For n odd and T “ SOnpFλq, we proceed as in [Kat88, 11.5.2]. We have

H “ NSLnpFλqpT q – T ˆ µnpFλq.

Over C, this follows from the fact that T contains no nontrivial scalars and
that all automorphisms are inner by Propositions 3.16 and 3.18. In the
finite case, we must take into account diagonal and field automorphisms by
Proposition 3.17: the result is given in [KL90b, (2.6.2), Cor. 2.10.4, Prop.
2.10.6] (and is also true for4 T “ G2pFλq ď SO7pFλq because there are no
diagonal automorphisms).

4This is the realization of G2 as the automorphism group of imaginary octonions, see [Wil09,
4.3].
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Let ρ : π1,q Ñ GLnpFλq the representation corresponding to Kln. By (2)b of
Proposition 3.19, considering the character ρpI8q Ñ H Ñ µnpFλq, we must
have ρpP8q ď T , which contradicts (5) of the same proposition. Indeed, T
preserves a nonsingular symmetric bilinear form.

For (2) and (3), where subfields appear, we use Proposition 3.22: under the
hypothesis prFλ : Fℓs, nq “ 1, we have

Fλ “ Fℓptr ρnpI8qq ď FℓptrpGgeomqq. (3.4)

Lemma 3.36. For L{k an extension of finite fields and G P tSLn, Spnu,

rnsNGpLqpGpkqq ď Gpkq,

where rns : GpLq Ñ GpLq is defined by g ÞÑ gn.

Proof. Let σ P AutkpLq be the Frobenius. If g P NGpLqpGpkqq, we have ghg P Gpkq
for all h P Gpkq, i.e. σpghg´1q “ ghg´1 (applying σ entry-wise), so σpgqhσpgq´1 “
ghg´1, which shows that σpgqg´1 P CGpLqpGpkqq. Recall that SLnpkq is generated
by elementary matrices ei,j (i ‰ j) and that Spnpkq (with the usual form) contains
the elementary matrices ei,σpiq where σpiq “ i ` n ´ 1 pmod 2nq. This yields
CGpLqpGpkqq ď ZpGpLqq. Therefore, σpgq “ λgg with λg P µnpLq. Since σpgnq “
σpgqn “ gn, we get that gn P Gpkq. See also [KL90b, 4.5.3–4].

(2) If H “ NGpFλqpGpF1qq with G P tSLn, Spnu, then Lemma 3.36 shows that

tr ρpσpan, 0qq P F1

for every a P Fq. Since pn, pq “ 1, it follows that tr ρpI8q Ă F1, which
contradicts (3.4) since F1 is a proper subfield of Fλ.

(3) Finally, we use a combination of the techniques used in (1)–(2) to handle
the case of H “ NSLnpFλqpSUnpF1qq. By [KL90b, Proposition 4.8.5],

H “ µnpFλqSUnpF1q – SUnpF1q ˆ µnpFλq
SUnpF1q X µnpFλq

“ SUnpF1q ˆ µnpFλq
µpn,1`|F1|qpFλq

.

By Proposition 3.19 (2)b applied to the representation

H Ñ µn{pn,1`|F1|qpFλq

restricted to ρpI8q, we have ρpP8q ď SUnpF1q. In other words, P8 leaves
invariant the sesquilinear form on pFλqn associated to the involution σ P
AutpFλq, x ÞÑ x|F1|.

As in (5) of Proposition 3.19 (and its proof in [Kat88, 4.1.5–4.1.8]), this yields
an isomorphism of P8-representations between ρ and σpDpρqq. Equivalently,
there exists A P GLnpFλq such that

AρpgqA´1 “ σ
`
ρpg´1qt

˘
for all g P P8,

so AρpP8qA´1 ď GLnpF1q, which contradicts again (3.4).
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Remarks 3.37. The conditions p ∤ n and prFλ : Fℓs, nq “ 1 in Theorem 3.27 are
required to exclude subfield subgroups. In particular:

– If p | n, the elements produced with Proposition 3.20 are all trivial.

– If e “ prFλ : Fℓs, nq ą 1, Proposition 3.22 shows that we cannot exclude that
Ggeom lies in NGpFλqpGpF1qq, for F1 ă Fλ a proper subfield of index e (where
G “ SLn if n is odd, Spn otherwise).

Moreover, in the case p ” 3 pmod 4q and ℓ ” 2 pmod 3q, we cannot exclude that
Ggeom is defined over Fℓpζpq ă Fℓpζ4pq “ Fλ. Indeed, ζ4 P Fλ because of the Tate
twist, which is trivial on the geometric fundamental group.

In [Hal08] (and applications in [Kow06a] and [Kow08]), subfield subgroups
do not enter the picture because only sheaves of Zℓ-modules are considered, as
opposed to reductions of sheaves of Zrζ4psλ-modules for Kloosterman sheaves.

The remaining of this section is dedicated to the proof of Theorem 3.34.

3.4.6. Strategy for the proof of Theorem 3.34. The latter will be proven by
using the classification of maximal subgroups of classical groups (Theorem 3.13)
presented in Section 3.2.3. The strategy is the following:

First, we exclude elements of classes C1, . . . , C5 by using that H contains a
unipotent element u with a single Jordan block. Classes C6 and C7 remain in the
conclusion of Theorem 3.34.

Remark 3.38. This also appears in [SS97, Proposition 2.1] to classify subgroups
of algebraic groups over an algebraically closed field containing a regular unipo-
tent element (i.e. a unipotent element with a single Jordan block in the case of
SLn), where the authors use the generalization we mentioned in Section 3.2.3 of
Aschbacher’s result to algebraically closed fields by Liebeck-Seitz [LS98]. We will
comment further on this later on.

On the other hand, if H satisfies (2) of Theorem 3.13, there exists a nonabelian
simple group S such that

S “ πpT q E H̃ “ πpHq ď AutpSq

with T E H ď SLnpFλq and T acting irreducibly on F
n
λ, for π : SLn Ñ PSLn the

projection.

Since u P H has order ℓ (and is not scalar), we have |H|, |H̃| ě ℓ. Hence, when
ℓ "n 1, the following result allows to reduce to the case where S is a group of Lie
type in characteristic ℓ.

Theorem 3.39. Let S ď PGLnpFλq be a simple group. Then either |S| !n 1, or
S is a group of Lie type in characteristic ℓ.

Our first proof used the classification of finite simple groups, but this is also a
particular case of a powerful theorem of Larsen-Pink, independent from the clas-
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sification.

Let us then assume that S is a finite group of Lie type in characteristic ℓ. We
first show that the degree of the field of definition must be small, according to
results of Liebeck on the minimal dimension of faithful irreducible modular repre-
sentations of simple groups of Lie type. This implies that the group of outer auto-
morphisms is small, and then that S must contain the regular unipotent element
of H̃ for ℓ "n 1. Over an algebraically closed field, the irreducible representations
of a semisimple algebraic group with central kernel whose image contains an el-
ement with a single Jordan block are classified by a result of Suprunenko. The
absolute irreducibility of the action of T allows to descend to finite groups of Lie
type by a result of Seitz-Testerman, and this gives Theorem 3.34.

Remark 3.40. The strategy to exclude alternating groups and groups of Lie type
in cross-characteristic in the almost simple case of the characterization is quite
standard (see e.g. [MT11, Chapter 28]). The results of Liebeck mentioned are
notably used in [KL90a] to determine the probability that two random elements
of PSLnpFℓq are generators, in the case ℓ ď 9.

Remark 3.41. According to [Lie85], building on Theorem 3.13 and the classifica-
tion of finite simple groups, a maximal subgroup H of a classical group over a
finite field Fλ of characteristic ℓ satisfies one of the following:

– H belongs to one of the families C1, . . . , C7.

– H is Altpcq or Sc with c P tn ` 1, n ` 2u, and H Ñ GLnpFλq is the repre-
sentation of minimal dimension.

– |H| ă |Fλ|3n.

As we just mentioned, it is relatively easy to exclude the first two families by using
the presence of a regular unipotent element or the growth of H when ℓÑ8. Since
| SLnpFλq| “ Θnp|Fλ|n

2´1q and | SpnpFλq| “ Θnp|Fλ|np2n`1qq, the result of Liebeck
shows that in the remaining cases H is quite small. In other words, we only need
to show that the monodromy group is “moderately big” to show that it is the full
classical group expected.

3.4.7. Excluding members of classes C1, . . . , C5. Let us consider a group

H P Ť5
i“1 Ci acting irreducibly on V and containing a unipotent element u with a

single Jordan block. We use the notations of Section 3.2.3. We assume throughout
ℓ "n 1 so that u has order ℓ.

Lemma 3.42. Let K be a field and u P SLnpKq be a Jordan block of size n. There
are n` 1 subspaces which are u-invariant, given by 0, spanpe1q, spanpe1, e2q, . . . ,
V “ spanpe1, . . . , enq, where peiq is the canonical basis of Kn.

Proof. As a Krus-module, V is isomorphic to KrXs{pX ´ 1qn and the claim is
then clear since KrXs is a principal ideal domain.

Class C1. The first class is excluded by the assumption that H acts irreducibly
on V .
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Class C2. By assumption, there exists a permutation σ P St such that uVi “ Vσpiq
for all i. Note that there is at most one Vi which is u-stable, since the Vi are
disjoint with equal dimension, and u has exactly only invariant subspace of each
dimension 0 ď d ď n, by Lemma 3.42. In particular, σ has at most one fixed
point. Write σ “ σ1 . . . σk where σ1, . . . , σk are disjoint cycles, with σj of length
2 ď sj ď n. Since u has order ℓ, we have

Vi “ uℓVi “ Vσℓpiq,

so σℓ “ id and either

– σ “ id, which implies that all Vi are u-stable, a contradiction.

– ordpσq “ lcmps1, . . . , skq “ ℓ. Hence sj “ ℓ for all j, thus kℓ “ n´ | fixpσq|,
i.e. ℓ | n or ℓ | n´ 1. This can be excluded if ℓ ą n.

Class C3. (for G “ SpnpFλq). This is excluded in the same way as class C2.

Class C4. Consider the morphism

NPGLpFλqpπpLqq X πpGq Ñ
#
Out pπpGpV1qqq ˆOut pπpGpV2qqq : t “ 2

Out pπpGpV1qqq ≀St : t ą 2

with kernel πpLq X πpGq. If πpuq R πpLq, then the order of the image of πpuq is

ℓ | |Out pπpGpViqqq|t t! “ 2tt!

for some i P t1, 2u, by Propositions 3.16 and 3.18. Thus ℓ !n 1 since t ď n. On
the other hand, elements in πpLq have at least two Jordan blocks5, which also
rules out the case πpuq P πpLq. Indeed, if g1 P GpV1q and g2 P GpV2q are two
Jordan blocks, then g1 b g2 fixes the linearly independent vectors v1,1 b v2,1 and
v1,2 b v2,1 ´ v1,1 b v2,2, where vi,1, vi,2 are the first two elements of the standard
basis of Vi (i “ 1, 2).

Remark 3.43. A finer analysis in [SS97, pp. 374–375] shows that taking ℓ ě 5 is
sufficient.

Class C5. Consider the morphism

H Ñ πpHq Ñ πpHq{pZ{rmq – Sp2mpFrq.

Since u has order ℓ ‰ r, the image of u in Sp2mpFrq still has order ℓ, hence

ℓ | | Sp2mpFrq| “ rm
2pr2 ´ 1qpr4 ´ 1q . . . pr2m ´ 1q ď rmp2m`1q,

which implies that ℓ !n 1 because n “ rm.

5Since the center of GLnpFλq is the group of scalar matrices, it makes sense to speak of the
number of Jordan blocks of an element in PGLnpFλq.
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3.4.8. Excluding almost simple groups. Let us now assume there exists a
nonabelian simple group S such that

S “ πpT q E πpHq “ H̃ ď AutpSq,

with T E H ď SLnpFλq and T acting irreducibly on F
n
λ. We assume moreover (see

the hypotheses of Theorem 3.34) that H contains a unipotent element u with a
single Jordan block, so in particular |H|, |H̃| ě ℓ as above.

Reduction to groups of Lie type in characteristic ℓ. Theorem 3.39 is a direct con-
sequence of [LP11, Theorem 0.2] (see [LP11, Theorem 0.3]), exploiting the theory
of algebraic groups.

Let us nonetheless show how it also follows from the classification of finite
simple groups ([GLS94, no. 1, p. 6]). According to the latter, S can be:

(1) An alternating group Altpmq of degree m ě 5.

(2) A simple group of Lie type over a finite field Fr:

a) A classical group of type An (n ě 1), Bn (n ě 2), Cn (n ě 3) or Dn

(n ě 4).

b) A Chevalley/Steinberg group:

– Exceptional type: E6, E7, E8, F4, G2.

– Twisted type: 2An (n ě 2),2Dn (n ě 4).

– Exceptional twisted type: 2E6,
3D4.

c) A Suzuki-Ree group: 2B2p22n`1q, 2F 4p22n`1q over F22n`1 , or 2G2p33n`1q
over F33n`1 .

(3) A sporadic group.

Thus, it suffices to prove:

Proposition 3.44. If S is sporadic, alternating or of Lie type in characteristic
coprime to ℓ, then ℓ !n 1.

Proof. First note that we have |AutpSq| !n 1:

– If S is sporadic, this is clear.

– If S “ Altpmq (with m ě 5), then Wagner [Wag77, Theorem 1.1] showed
that the dimension of a faithful modular representation of S is at most n`2.
Since S ď H̃ ď PSLnpFλq, it follows that m ď n` 2, so |AutpSq| !n 1.

– If S is of Lie type of rank l over a field Fr of characteristic distinct from ℓ,
then the main theorem of Landazuri-Seitz [LS74] shows that r, l !n 1, so
that |AutpSq| !n 1.

Hence ℓ ď |H̃| ď |AutpSq| !n 1.
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Groups of Lie type in characteristic ℓ. Assume now that S is a group of Lie type
of rank l over Fr, with r “ ℓa. The first difficulty to overcome is that we do not
know a priori whether S itself contains a regular unipotent element. However, we
can show:

Proposition 3.45. If ℓ "n 1, then πpuq P S and T contains as well an element
with a single Jordan block.

We prove this proposition in the following paragraphs. Recall that we have an
exact sequence

1Ñ S – InnpSq Ñ AutpSq Ñ OutpSq Ñ 1,

an inclusion S ď H̃ ď AutpSq, and πpuq P H̃ of order ℓ. If πpuq R S, then its
image in OutpSq has order ℓ and so ℓ divides |OutpSq|. Thus, it suffices to show
that |OutpSq| !n 1 to rule out this possibility.

Lemma 3.46. We have
|OutpSq| “ Na

with N P t1, 2, 6, 8, 12u unless

– S “ Alprq with l ě 3 odd, where we have |OutpSq| “ 2apl ` 1, r ´ 1q, or

– S “ 2Alprq with l ě 3 odd, where we have |OutpSq| “ 2apl ` 1, r ` 1q.

Proof. See Propositions 3.17, 3.18 and Table 3.2: there are a field automorphisms,
1, 2 or 3 graph automorphisms, and less that 4 diagonal automorphisms, except
for Al and 2Al which have respectively pl ` 1, r ´ 1q and pl ` 1, r ` 1q diagonal
automorphisms.

Letting mpSq be the minimal dimension of a faithful irreducible projective rep-
resentation of S over an algebraically closed field of characteristic ℓ, the following
result lets us bound the rank of S and the degree of its defining field:

Lemma 3.47. We have

l ď mpSq ď nprFλ:Fℓs,aq{a,

whence l, a !n 1. In particular, for n fixed, there is only a finite number of
possibilities for S.

Proof. The bounds follow from [Lie85, (2.1)–(2.2)] and the fact that S ď H̃ ď
PSLnpFλq. Since mpSq ě 2 (see Table 3.1), we have a ď logn

rFλ:Fℓs log 2 !n 1, so that
l, a !n 1.

Remark 3.48. This is to be compared with the fact that SLnpCq has no nontrivial
irreducible complex representation of dimension ă n (and no nontrivial finite-
dimensional unitary representation).

Remark 3.49. By a result of Seitz [Sei88, Corollary 6], one could actually assume
that a “ 1.
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S mpSq
Al,

2Al l ` 1 ě 2

Bl 2l ` 1 ě 5

Cl 2l ě 6

Dl,
2Dl 2l ě 6

3D4 8

G2 7

F4 26

E6,
2E6 27

E7 56

E8 248

Table 3.1: Minimal dimension of a faithful irreducible projective representation of
a simple group of Lie type over an algebraically closed field in the same charac-
teristic p ą 3, according to [Lie85, Table 2] or [KL90a, Table 1].

By Lemmas 3.46 and 3.47,

|OutpSq| ď 12apl ` 1q !n 1,

which concludes the proof of Proposition 3.45.

The next difficulty is that we do not know whether the action of T on Fnλ
is the action induced by T ď H ď SLnpFλq, i.e. if the inclusion T Ñ SLnpFλq
is the standard representation. However, thanks to Proposition 3.45 and the
irreducibility of the action of T on V , we can now apply the following:

Theorem 3.50. Let T ď SLnpFλq be a finite group of Lie type in characteristic
ℓ ě 5, of simply connected type and acting absolutely irreducibly on Fnλ. Assume
that T contains an element with a single Jordan block. Then either (up to conju-
gacy):

(1) T “ SLnpFλq, SpinnpFλq for n odd or SpnpFλq for n even, with the standard
embedding in SLnpFλq.

(2) T “ SUnpF1q with the standard embedding in SLnpFλq, if F1 ď Fλ is a subfield
such that |F1| “ |Fλ|1{2.

(3) T “ G2pFλq and n “ 7, with T ď SL7pFλq the unique 7-dimensional irre-
ducible representation.

This is a version of [Sup95, Theorem (1.9)] for finite groups of Lie type6. To
prove this variant, we use the lifting theorem of Seitz and Testerman:

Theorem 3.51 ([ST90, Theorem 1, case G “ SLn]
7). Let H be a simple algebraic

group over Fλ, with a Steinberg endomorphism F : H ÑH, and X “ rHF ,HF s
perfect. If ϕ : X Ñ SLnpFλq is a morphism such that ϕpXq lies in no proper

6Suprunenko remarked herself in the article that the results could be “easily transferred to
irreducible Fℓ-representations of finite Chevalley groups over fields of characteristic ℓ.” It seems
however that we need to restrict to absolutely irreducible representations.

7See also [MT11, Section 29.2].
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F -stable parabolic subgroup of SLnpFλq, then ϕ can be extended to a morphism of
algebraic groups ϕ : H Ñ SLnpFλq with ϕ |X“ ϕ.

Proof of Theorem 3.50. By hypothesis, T “ T F for T a simple algebraic group
over Fℓ and F : T Ñ T a Steinberg endomorphism. We consider the absolutely
irreducible representation ϕ : T Ñ SLnpFλq. By irreducibility, the image of T
is not contained in a proper parabolic subgroup of SLnpFλq. Theorem 3.51 thus
shows the existence of a morphism ϕ : T Ñ SLnpFℓq extending ϕ and which is still
an irreducible representation. We can then apply [Sup95, Theorem (1.9)], and the
classification of Steinberg endomorphisms [MT11, 22.1–22.2] gives the result.

Remark 3.52. Again, compare Theorem 3.50 with the fact that the only non-
trivial irreducible representations of SLnpCq of dimension ď n are the standard
representation and its dual.

If n is odd, the cases T “ SpinnpFλq, G2pFλq and SUnpF1q can be excluded
by the hypothesis (2) of Theorem 3.13, since these fix a nondegenerate bilinear or
unitary form on V (see the proof of Theorem 3.27 page 53; note that we use here
that T Ñ SLnpFλq is the natural representation). If n is even, there are no other
cases than T “ SpnpFλq. This concludes the proof of Theorem 3.34.

3.4.9. Concluding remarks.

Katz’s classification theorem. We note that Katz’s Theorem 3.24, leading to the
determination of monodromy groups over C of Kloosterman sheaves, follows from
Suprunenko’s result [Sup95, Theorem (1.9)].

Further classification theorems. Let K be an algebraically closed field of char-
acteristic ℓ ě 0 and let G be a classical group over K (e.g. G “ SLnpKq or
G “ SpnpKq) with associated vector space V .

Saxl and Seitz [SS97] classified maximal closed subgroups H ď G of positive
dimension acting irreducibly on V and containing a regular unipotent element of
G (see Remark 3.38). In particular, this generalizes [Sup95, Theorem (1.9)]. A
simplified8 version can be stated as follows:

Theorem 3.53 ([SS97, Theorem B]). Let H ď G as above, and assume that ℓ “ 0

or ℓ " 1. Then either:

(1) H is imprimitive on V , ℓ ą 0, G ‰ SO2npKq and

H “ StabGpV1 K ¨ ¨ ¨ K Vtq

for an orthogonal decomposition V “ V1 K ¨ ¨ ¨ K Vt with t a power of ℓ.

(2) H0 is tensor indecomposable on V and H ď G is either

a) SL2pKq ď G,

8In [SS97], H is actually assumed to be reductive, but not necessarily irreducible. By [MT11,
Corollary 17.14] a maximal closed subgroup of positive dimension H ď G is either parabolic
(which is excluded if it acts irreducibly on V ), or H0 is reductive. The condition ℓ " 1 is not
present in [SS97], but was added here to simplify the statement.
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S |OutpSq|

Alprq

$
’&
’%

2a : l “ 1

2a : l ě 2 even

2apl ` 1, r ´ 1q : l ě 3 odd

2Alprq
#
2a : l even

2apl ` 1, r ` 1q : l odd

Blprq, Clprq 2a

Dlprq

$
’’’’&
’’’’%

12a : l “ 4

8a : l ą 4 even

8a : l ě 5 odd, r ” 1 pmod 4q
4a : l ě 5 odd, r ” 3 pmod 4q

2Dlprq

$
’&
’%

4a : r ” 1 pmod 4q
8a : r ” 3 pmod 4q, l odd

4a : r ” 3 pmod 4q, l even
3D4prq a

E6prq
#
6a : r ” 1 pmod 3q
2a : r ” 2 pmod 3q

2E6prq
#
2a : r ” 1 pmod 3q
6a : r ” 2 pmod 3q

E7prq 2a

E8prq a

F4prq a

G2prq a

Table 3.2: Outer automorphism groups of finite simple groups of Lie type over Fr,
with r “ qa odd, q ą 3.

b) SppV q ď SLpV q with dimV even,

c) SOpV q ď SLpV q with dimV odd,

d) Spin7pKq ď SO8pKq, the smallest faithful irreducible representation of
Spin7pKq.

As we already mentioned, this also uses the classification of Liebeck-Seitz
[LS98]. Because of the positive-dimensional assumption, one can actually assume
that H is itself simple in the almost simple case of Theorem 3.13 (observe the
sketch of the proof of Theorem 3.13 in [MT11, Theorem 18.6]). Since H is closed,
it is a simple linear algebraic group, and the classification can be finished by using
weight theory.

Remark 3.54. Our classification theorem 3.34 over Fλ cannot be simply deduced
from Theorem 3.53 by descent, avoiding the use of the classification of finite simple
groups. Indeed, taking a maximal (proper) subgroup H ď SLnpFλq containing a
regular unipotent element and acting irreducibly on F

n
λ, we do not know whether

there exists a positive-dimensional closed subgroup H 1 ď SLnpFλq. Showing this
would actually be more or less equivalent to our proof of Theorem 3.34: note that
if H is allowed to be 0-dimensional in Theorem 3.53, one has to consider almost
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simple subgroups and not only simple ones, which is the additional difficulty we
need to deal with in the proof of Theorem 3.34.

More generally, Testerman and Zalesski [TZ13, Theorem 1.2] show that con-
nected reductive linear algebraic groups containing a unipotent element with a
single Jordan block are irreducible. Combined with [SS97], this gives a classifica-
tion of semisimple subgroups H of simple algebraic groups G containing a regular
unipotent element of G ([TZ13, Theorem 1.4]).

3.5. Further monodromy groups

In the next sections, we give further monodromy groups of sheaves from Section
2.4, most of them determined by Katz in [Kat90] (see in particular [Kat90, Main
ℓ-adic Theorem 7.2.7]).

Remark 3.55. Except for characters and functions counting points on families of
curves, we will consider in the following only monodromy groups over C. In fur-
ther work, we hope to generalize our technique used for the finite monodromy
groups of Kloosterman sheaves to hypergeometrics and sheaves associated to gen-
eral exponential sums, but this would require to extend classification results of
Kostant, Kostant-Zahrin, Gabber or Kazhdan-Margulis in positive characteristic,
which seems difficult.

3.5.1. Characters.

Proposition 3.56. (1) Let Lψpfq be an Artin-Schreier sheaf of A-modules as
in Proposition 2.44. The arithmetic and geometric monodromy groups are
equal to µppAq.

(2) Let Lχpfq be a Kummer sheaf of A-modules as in Proposition 2.45, where χ
has order d. The arithmetic and geometric monodromy groups are equal to
µdpAq.

3.5.2. Hypergeometric sheaves. The connected component at the identity
G0

geom of the geometric monodromy group of the hypergeometric sheaf Hpχ,ρq
from Proposition 2.50 is computed in [Kat90, Theorems 8.11.2, 8.11.3], and can
be SLnpCq, SpnpCq, SOnpCq, plus some exceptional cases in low rank. Moreover,

G0
geom “ G

0,der
geom.

The distinction between the possible cases is not straightforward (see [Kat90,
p. 291]), and we will for simplicity only consider two situations where G0

geom is
determined without ambiguity.

Proposition 3.57. For the hypergeometric sheaf Hpχ,ρq of Proposition 2.50, we
have G0

geom “ G
0,der
geom “ SLpCq if either

(1) n “ m is odd and Λ “ ś
i χi “ 1, or

(2) n´m ě 3 is odd.

Proof. This is [Kat90, Theorems 8.11.2, 8.11.3].
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3.5.3. Supermorse functions and sums of the form (2.5).

Proposition 3.58 (Katz). Let us consider the ℓ-adic sheaf Gf over Fq associated
by Proposition 2.53 to a supermorse function f P FqpXq. For Zf 1 the set of zeros
of f 1 in P1pFpq and kf “ |Zf 1 |, we assume that p ą 2kf ` 1 and either:

– pHq If s1 ´ s2 “ s3 ´ s4 with si P fpZf 1q, then s1 “ s3, s2 “ s4 or s1 “ s2,
s3 “ s4.

– pH 1q f is odd, and if s1´s2 “ s3´s4 with si P fpZf 1q, then s1 “ s3, s2 “ s4
or s1 “ s2, s3 “ s4 or s1 “ ´s4, s2 “ ´s3.

Then

G0
geompGf q “ G0,der

geompGf q “
#
SLkf pCq if pHq holds,

Spkf pCq if pH 1q holds.

Proof. This is [Kat90, 7.9.6, 7.9.7, 7.10].

Remark 3.59. This makes sense in the symplectic case since pH 1q implies that kf
is even.

Examples 3.60. The following examples are given in [Mic98, p. 229], [FM03, p.
7] and [Kat90, 7.10], where more details can also be found. In all cases, since f
arises from the reduction of a polynomial in ZrXs, its degree as a morphism of
P1 ˆ Fq is bounded independently from q.

(1) The polynomial f “ aXr`1` bX with a, b, r P Z and ab ‰ 0 verifies kf “ |r|
and #

pHq : |r| ě 3 odd,

pH 1q : r ‰ 0 even.

(2) Let g P ZrXs be monic of degree r with full Galois group Sr (a “generic”
condition by [vdW34]), and let f P QrXs be the unique primitive of g withřr
i“1 fpαiq “ 0, where α1, . . . , αr are the zeros of f . Assuming that r ě 6 is

even, we have that pHq holds for f and kf “ n.

(3) For n ě 3 and a P Z nonzero, the polynomial f “ Xn ´ naX satisfies pHq
or pH 1q with kf “ n´ 1.

3.5.4. Sums of the form (2.3) with f “ X, χ “ 1, h polynomial..

Proposition 3.61 (Katz). Let Gh be the ℓ-adic sheaf over Fq of Proposition 2.54
associated to the polynomial h “ řn

i“1 aiX
i of degree n ě 3. We assume that

an´1 “ 0. The geometric monodromy group GgeompGhq is

(1) SLn´1pCq if n´ 1 is odd,

(2) If n´ 1 R t6, 8u is even:

– Spn´1pCq if hpxq ` hp´xq is constant (i.e. h has no monomial of even
positive degree),

– SLn´1pCq otherwise.
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Proof. See [Kat90, 7.12.4.2] (also [Kat87]).

Example 3.62. For the Birch sums (2.4), we have h “ X3 and the corresponding
monodromy group is Sp2pCq “ SL2pCq.

3.5.5. Sums of the form (2.3) with f polynomial, χ ‰ 1.

Proposition 3.63 (Katz). Let G be the ℓ-adic sheaf over Fq associated to f, g, h, χ
from Proposition 2.55. We assume furthermore that h and f are odd and that
there exists L P QpXq even or odd with Lpxqr “ gpxqgp´xq. If either N ‰ 7, 8 or
|n´ d| ‰ 6, then GgeompGq is given by

(1) SpN pCq if L is even,

(2) SON pCq if L is odd and n ą d.

Proof. See [Kat90, 7.13 (Sp-example(2)) and 7.14 (O-example(2))].

3.5.6. Families of hyperelliptic curves.

Proposition 3.64.

(1) Let F be the normalized sheaf of Qℓ-modules over Fq from Proposition 2.57
(3). We have GgeompFq “ GarithpFq “ Sp2gpCq

(2) Assume that
?
q P Zℓ and let pF be the normalized sheaf of Fℓ-modules over

Fq from Proposition 2.57 (3). We have Ggeomp pFq “ Garithp pFq “ Sp2gpFℓq.

Proof. (1) By [KS99, Theorem 10.1.16], the geometric monodromy group is sym-
plectic. Since we normalized, [KS99, Lemma 10.1.9] shows that the arith-
metic monodromy group preserves the sames pairing (without normalization,
it is a symplectic similitude with multiplicator q).

(2) This is a theorem of Yu, also proven in [Hal08] with Theorem 3.32: in-
deed, by Proposition 2.57 (1)b, the geometric monodromy group contains a
transvection.

3.5.7. Arithmetic and geometric monodromy groups. In the previous sec-
tions, often only the geometric monodromy group Ggeom “ GgeompFq of a sheaf
F , or its connected component

G0
geom ď Ggeom ď Garith “ GarithpFq,

were given. However, as we see in Proposition 3.4 and Deligne’s equidistribution
Theorem 3.6, we are interested in Ggeom, and it is desirable to have Ggeom “ Garith.

As it is explained in [Kat90, 7.11–7.14] and [Mic98], it is usually possible to
get

G0
geom “ Ggeom “ Garith,

up to twisting F by a rank 1 sheaf, or even, ideally, a constant:
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– (Symplectic case) This is the simplest case. Proving that G0
geom “ SpnpCq

with the techniques in [Kat90, Chapter 7] actually shows that the sheaf is
itself symplectically self-dual (see [Kat90, 7.13, p. 244]), as for Kloosterman
sheaves (see Proposition 3.19 (4)). Hence Garith Ă SpnpCq and thus Ggeom “
Garith “ SpnpCq.

– (Special orthogonal case) Similarly, proving thatG0
geom “ SOnpCq (or OnpCq)

with the techniques of [Kat90, Chapter 7] actually shows that Garith Ă
OnpCq (see [Kat90, 7.14, O-Example(2)]). Hence, there exists α P t˘1u
such that F 1 “ α1{n b F has GgeompF 1q “ GarithpF 1q “ SOnpCq.

– (Special linear case) This is the hardest case. Assume that G0
geom “ G

0,der
geom “

SLnpCq. We can determine the geometric determinant detpFq and twist it
by a rank one sheaf L to make it geometrically trivial, hence arithmetically
isomorphic to α b Qℓ, for a Weil number α of weight 0 (which may be
difficult to determine explicitly). If we let F 1 “ α´1{n b L b F , we have
GarithpF 1q Ă SLnpCq and SLnpCq “ G0

geom Ă G0
geompF 1q since G0

geom is equal
to its derived subgroup and L has rank one. This gives

GgeompF 1q “ GarithpF 1q “ SLnpCq.

Moreover, it happens in some cases that L is arithmetically constant, so that
F 1 “ α´1{n b F is simply a renormalization of F .

We will apply this strategy to the sheaves studied above in Section 5.5.





Chapter 4

Probabilistic models

In this chapter, we develop the probabilistic models that will be used to study
the distribution of values and sums of trace functions (in C or in residue fields of cy-
clotomic fields), inspired by Deligne’s equidistribution Theorem 3.6 and [Lam13],
[LZ12]. We then introduce the tools that we will use to show that they are accu-
rate (in the sense of convergence in law).

In this chapter, we fix an ℓ-adic coefficient ring A and an isomorphism ι : AÑ
C if A “ Qℓ, ι “ id : AÑ A otherwise.

4.1. Probabilistic models

We consider an ℓ-adic sheaf of A-modules F over Fq, lisse on a dense open U ,
corresponding to a representation

ρF : π1,q Ñ GLpV q “ GLnpιpAqq.

We are interested in the distribution of the images of the compositions

ρF ˝ Frob : UpFqq Frob //

tF --

G
7
arith

tr

��
ιpAq,

or in other words in the G7
arith-valued (resp. ιpAq-valued) random variable

´
ρF pFrobxq

¯
xPUpFqq,

(4.1)

resp.
´
tF pxq

¯
xPFq

(4.2)

(with the uniform measure on Fq).

Convention 4.1. Note that if x P SingpFq, then ρF pFrobxq belongs to GLpV Ixq7,
and not GLpV q7, which is why exclude the singularities in (4.1). To simplify the
notations, we will only implicitly restrict all expressions containing local Frobenius
to unramified points. For example, we will write pρF pFrobxqqxPFq

for (4.1). This
will have no impact since any estimate of a sum of trace functions starts by
restricting to the set of lissity (see Section 2.2).

4.1.1. Model for (4.1). Deligne’s equidistribution Theorem 3.6 suggests to model
(4.1) as the random variable

Y “ πpXq,
where X is a random variable uniformly distributed in a maximal compact sub-
group K of GarithpCq with respect to the normalized Haar measure and π : K Ñ
K7 is the projection.

67
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Remark 4.2. When A is finite, note that K “ Garith with the counting measure.

Remark 4.3. In [Lam13], the values of Dirichlet characters of order d are modeled
by random variables uniformly distributed in the unit circle, while in [LZ12] and
in our model, uniform random variables in the roots of unity of order d are used.
Since the moments are the same (see Remark 5.23), this will make no difference.

4.1.2. Model for (4.2). We shall then naturally model the random variable (4.2)
by the ιpAq-valued random variable Z “ trY .

In other words, the measure corresponding to Z is the pushforward of the
normalized Haar measure through the map tr ˝π : K Ñ ιpAq.

4.1.3. Model for shifts. Similarly, for I Ă Fq of size L ě 1, we will model the
random vector ´

pρF pFrobx`aqqaPI

¯
xPFq

by the random vector pY1, . . . , YLq, for Yi independent distributed like Y , and
correspondingly the random vector

´
ptF px` aqqaPI

¯
xPFq

by pZ1, . . . , ZLq, for Zi independent distributed like Z.

Therefore, the sum of shifts

´
SptF , I ` xq

¯
xPFq

“
˜

ÿ

yPI
tF py ` xq

¸

xPFq

will be modeled by the random walk SpLq “ Z1 ` ¨ ¨ ¨ ` ZL, as in [Lam13] and
[LZ12].

4.2. Sums of products

To show that the models defined above are accurate (in the sense of convergence
in law), we will need to estimate precisely “sums of products” of the form

ÿ

xPFq

Lź

i“1

tipxq, (4.3)

where t1, . . . , tL : Fq Ñ ιpAq are trace functions over Fq. More precisely:

– In the case A “ Qℓ, the method of moments will lead to sums of the form

ÿ

xPFq

ź

aPI
tpx` aqkatpx` aqra (4.4)

for t : Fq Ñ C a trace function, I Ă Fq and ka, ra ě 0 integers.
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– In the finite case (A is a residue field), we can directly work with density
functions by using the second orthogonality relations, and this will lead to
sums of the form ÿ

xPFq

ź

aPI
χapρpFrobx`aqq (4.5)

for ρ : π1,q Ñ Garith the representation corresponding to a trace function over
Fq, with monodromy group Garith, I Ă Fq, and χa : Garith Ñ C characters
of irreducible representations. We will see that this can be reinterpreted as
a sum of products of trace functions.

In the rest of this chapter, we present how to achieve such estimates through
the ℓ-adic formalism, building upon [FKM15b] and [Kat88].

Note that we here critically need to keep track of the dependency of implicit
constants with respect to conductors, because those will be unbounded as the
parameters grow, which is not the case in [FKM15b].

4.2.1. General sums of products.

Proposition 4.4. Let pFiq1ďiďL be a tuple of sheaves of Qℓ-modules over Fq, with
corresponding trace functions pti : Fq Ñ ιpAqq1ďiďL. Then

ÿ

xPFq

t1pxq . . . tLpxq “ q ¨ tr
´
Frobq | Fπgeom

1,q

¯
`OprLLc2?qq

for F “ b1ďiďLFi, c “ max1ďiďL condpFiq, r “ max1ďiďL rankpFiq, and an ab-
solute implicit constant. In particular, the error term is Opc3L?qq, and OpLc2?qq
if r “ 1.

Proof. First, we pass from the product of trace functions to the trace function of
the product of the corresponding sheaves. By Proposition 2.23 (2), we have

ÿ

xPFq

t1pxq . . . tLpxq “
ÿ

xPFq

tF pxq `O p||t1||8 . . . ||tL||8|E|q

“
ÿ

xPFq

tF pxq `O prankpFq|E|q

where E “ tx P Fq : t1pxq . . . tLpxq ‰ tF pxqu, the second equality following from

Proposition 2.15. We have E Ă S, where S “ ŤL
i“1pSingpFiq X A1pFqqq. Hence,

ÿ

xPFq

t1pxq . . . tLpxq “
ÿ

xPFq

tF pxq `O prankpFq|S|q . (4.6)

For x P SingpFq, we have SwanxpFq ď rankpFqřL
i“1 SwanxpFiq by Proposition

2.23. Thus, by Theorem 2.28,
ÿ

xPFq

tF pxq “ q ¨ dim
´
Fπgeom

1,q

¯
`O pEpFq?qq

with

EpFq “ rankpFq
˜
|S| ´ 1`

ÿ

xPS

Lÿ

i“1

SwanxpFiq
¸
! rLLc2.
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Remark 4.5. Note that the error term is exponential in L, with basis r. If we
had used the bound EpFq ! condpFq2, we would have gotten the error term
Opc4L?qq, which is exponential even when r “ 1. For other applications, it may
be interesting to know whether one could do better, e.g. an error term polynomial
in r, L, c. We investigate this question in Appendix A.

4.2.2. Sums of products arising from a single sheaf. As we see in (4.4) and
(4.5), we will need to handle the case where the trace functions t1, . . . , tL in (4.3)
are obtained from a single sheaf by additive change of variable, multiplication,
conjugation, or composition with a representation of the monodromy group. To
do so, we will use the following:

Lemma 4.6. Let pFiq1ďiďL be a family of sheaves of Qℓ-modules over Fq, corre-
sponding to representations pρi : π1,q Ñ GLpViqq1ďiďL. Let G “ À

1ďiďLFi be the
direct sum, which corresponds to the representation

ρG “
à

i

ρi : π1,q Ñ GLp‘iViq “
ź

i

GLpViq.

If Λ is a Qℓ-representation of GarithpGq as a Qℓ-algebraic group then the composi-
tion

Λ ˝ ρG : π1,q //

..

ρGpπ1,qq // GarithpGq
Λ

��

//
ś
iGLpViq

GLpW q

corresponds to an ℓ-adic sheaf GpΛq over Fq of dimension dimΛ such that

GpΛqπ1,q “ ΛGarithpGq, GpΛqπgeom
1,q

“ ΛGgeompGq.

Proof. This is clear by Proposition 2.8.

Remark 4.7. More precisely, by Tannakian duality, the map Λ ÞÑ Λ ˝ ρG yields an
equivalence of Tannakian categories between the category of sheaves of A-modules
over Fq generated by the Fi and the category of representations of GarithpGq (see
[Sza09, Theorem 6.5.3, Proposition 6.5.15] and [FKM15b, Proposition 2.5]).

4.2.3. Sums of products of the form (4.4).

Proposition 4.8. Let F be a sheaf of Qℓ-modules over Fq with monodromy groups
G “ GarithpFq “ GgeompFq. For L ě 1, let a1, . . . , aL P Fq be distinct. We
assume that the arithmetic and geometric monodromy groups of

G “
à

1ďiďL
r`ais˚F

coincide and are as big as possible, i.e. isomorphic to GL. Then, for all k, r P NL,
the sheaf

Gk,r “
â

1ďiďL

´
r`ais˚Fbki bDpr`ais˚Fqbri

¯
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satisfies

tr
´
Frobq | pGk,rqπgeom

1,q

¯
“

ź

1ďiďL
mult1

´
Stdbki bDpStdqbri

¯
,

where Std is the standard representation of G in GLnpCq.

Remark 4.9. Recall that there is an equivalence of categories between the Qℓ-
representations of the monodromy groups as Qℓ-algebraic group and their rep-
resentations as complex algebraic groups (see Corollary 3.3). Thus, it does not
matter if we view G as a an algebraic group over C or Qℓ in the statement of
Proposition 4.8. By the same reference, the multiplicity can also be computed in
a maximal compact subgroup.

Proof. We apply Lemma 4.6 with Fi “ r`ais˚F , observing that Gk,r “ GpΛq for
the representation

Λ “
ò

1ďiďL

´
Stdbki bDpStdqbri

¯
.

Since we assume that GgeompGq “ GarithpGq “ GL, we have as in Proposition 3.4

tr
´
Frobq | pGk,rqπgeom

1,q

¯
“ dim

`
ΛGgeompGq

˘
“ dim

`
ΛGarithpGq

˘
“ dimΛGL

“ dim
ò

1ďiďL

´
Stdbki bDpStdqbri

¯
G

“
ź

1ďiďL
mult1pStdbki bDpStdqbriq,

where the last equality holds by Schur’s Lemma.

By combining Proposition 4.4 with Proposition 4.8, we immediately get our
desired estimates about sums of products of the form (4.4). It also applies to
Kummer sheaves by multiplicativity (for which a bit more care is needed when
the character is composed with a rational function).

Definition 4.10. For F an ℓ-adic sheaf over Fq and I Ă Fq, we say that F is
I-compatible if, in the case where F is a Kummer sheaf Lχpfq with degpfq ą 1,
we have that

řm
i“1 xi ‰ 0 for all 1 ď m ď degpfq and x1, . . . , xm P I. If F is not

such a Kummer sheaf, it is always I-compatible.

Corollary 4.11. Let F be a sheaf of Qℓ-modules over Fq with monodromy groups
G “ GarithpFq “ GgeompFq and let a1, . . . , aL P Fq be distinct. Assume that
either:

(1) F and the ai verify the hypotheses of Proposition 4.8, or

(2) F is a ta1, . . . , aLu-compatible Kummer sheaf Lχpfq.

Then, for all k, r P NL, the sum of products

1

q

ÿ

xPFq

ź

1ďiďL
tF px` aiqkitF px` aiq

ri
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is equal to
ź

1ďiďL
mult1pStdbki bDpStdqbriq `OprSpk,rqSpk, rqc2q´1{2q

where the implicit constant is absolute, r “ rankpFq, c “ condpFq, and Spk, rq “řL
i“1pki ` riq.

Proof. It remains to treat the case of a Kummer sheaf Lχpfq for χ : Fˆ
q Ñ C of

order d and f P FqpT q. By multiplicativity, the sum is equal to

1

q

ÿ

xPFq

χpgpxqq “ 1

q

ÿ

xPFq

tLχpgqpxq

where gpXq “ ś
1ďiďL fpX ` aiqki´ri . Writing f “ f1{f2 and g “ g1{g2 with

fi, gi P FqrXs, we see that

degpg1q ` degpg2q ď Spk, rqpdegpf1q ` degpf2qq ď Spk, rq condpFq.

By Proposition 2.45 and Corollary 2.31, it follows that

1

q

ÿ

xPFq

χpgpxqq “ δg is a d´power `OpSpk, rqc2q´1{2q.

Observe that
mult1pStdbki bDpStdqbriq “ δd|ki´ri ,

so that the claim is clear if f “ X. Otherwise, the compatibility assumption
shows that1 there exists a zero x of f such that fpx` aq ‰ 0 for all a P I. Indeed,
otherwise, for any zero x of f and any df ě 0, there would exist a1, . . . , adf P Fq

with x` a1, . . . , x`
řdf
i“1 ai distinct zeros of f , which is impossible. This implies

that g cannot be a d-power if d ∤ ki ´ ri for some i.

Example 4.12. A Kummer sheaf Lχpfq is I-compatible if:

– If I Ă r1 . . . ps – Fp with maxaPI a ă p{degpfq.

– More generally, if I Ă r1 . . . pse – Fq with maxaPI πipaq ă p{degpfq for all
1 ď i ď e, where πi : Fq Ñ r1 . . . ps are the projections.

4.2.4. Sums of products of the form (4.5). Let now F be a sheaf of Fλ-
modules over Fq, corresponding to a representation ρ : π1,q Ñ GLnpFλq, and with
monodromy groups G “ GgeompFq “ GarithpFq ď GLnpFλq. We want to handle
sums of the form

1

q

ÿ

xPFq

ź

aPI
χapρpFrobx`aqq (4.7)

for I Ă Fq and χa : GÑ C characters of irreducible representations.

Definition 4.13. We fix an isomorphism of fields ι : CÑ Qℓ and:

(1) For σ P AutpFλq, we let σpFq be the sheaf of Fλ-modules corresponding to
the representation σ ˝ ρ : π1,q Ñ GLnpFλq.

1This idea appears on page 9 of the published version of [LZ12].
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(2) For η : G Ñ GLpV q a complex representation, we let Fη be the sheaf of
Qℓ-modules over Fq corresponding to the representation

ι ˝ η ˝ ρ : π1,q Ñ GÑ GLpV q Ñ GLpιpV qq.

Remark 4.14. Since G is discrete, there are no issues with the continuity of the
composition ι ˝ η ˝ ρ, even if ι is not continuous.

Note that the trace function of Fη at unramified points is precisely χ˝ρ˝Frob,
where χ is the character of η.

As for Proposition 4.8/Corollary 4.11, we obtain:

Proposition 4.15. We consider F be as above. For L ě 1, let a1, . . . , aL P Fq
be distinct, and let ηi be complex irreducible representations of G, not all trivial,
with characters χi p1 ď i ď Lq. We assume that either:

(1) The arithmetic and geometric monodromy groups of

à

1ďiďL
r`ais˚Fηi

coincide and are as big as possible, i.e. isomorphic to
ś

1ďiďLG{ ker ηi, or

(2) F is a ta1, . . . , aLu-compatible Kummer sheaf Lχpfq.

Then the sum of products (4.7) is

! q´1{2 condpFq2|G|δ
˜

Lź

i“1

dim ηi

¸
Lÿ

i“1

dim ηi

with δ “ 0 in case (1) and δ “ 1 otherwise.

Proof. (1) As in Theorem 3.6, note that dimpFηq “ dim η, SingpFηq Ă SingpFq
and SwanxpFηq ď dim η SwanxpFq. By Proposition 4.4 (with the error term
given in the proof) and Lemma 4.6 applied with Fi “ r`ais˚Fηi , the sum
(4.7) is thus

ź

1ďiďL
dimpFG

ηi
q `O

˜
q´1{2 condpFq2

˜
Lź

i“1

dim ηi

¸
Lÿ

i“1

dim ηi

¸
.

By Schur’s Lemma, dimpFG
ηi
q “ δηi trivial.

(2) For every i “ 1, . . . , L, there exists an integer 0 ď bi ă d such that ηi is the
one-dimensional representation x ÞÑ xbi . By multiplicativity,

1

q

ÿ

xPFq

Lź

i“1

χipρpFrobx`aiqq “
1

q

ÿ

xPFq

tGpxq

where G “ Fχpgq with gpXq “ śL
i“1 fpX ` aiqbi . Since

condpGq ď 1` degpgq ď 1` Ld degpfq,
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Corollary 2.31 gives

1

q

ÿ

xPFq

tGpxq “ δg is a d´power `OpLd degpfqq´1{2q

and the conclusion follows as in the proof of Corollary 4.11.

4.3. Goursat-Kolchin-Ribet criteria

In this section, we investigate when the hypotheses of Propositions 4.8 and
4.15 hold, namely given an ℓ-adic sheaf F over Fq with monodromy group G “
GgeompFq “ GarithpFq, an integer L ě 1 and a1, . . . , aL P Fq distinct, when do the
arithmetic and geometric monodromy groups of

G “
à

1ďiďL
r`ais˚Fi

coincide and are as big as possible (i.e. isomorphic to GL), where Fi “ F if
A “ Qℓ (resp. Fi “ Fηi for some irreducible representation ηi of G if A “ Fλ).

In the case A “ Qℓ, this is handled by the Goursat-Kolchin-Ribet criterion of
Katz. After reviewing the latter, we give an analogue for sheaves of Fλ-modules.

4.3.1. Preliminaries. First, recall the classical Goursat Lemma:

Lemma 4.16 (Goursat). Let G1, G2 be groups (resp. Lie algebras) and H ď G1ˆ
G2 be a subgroup (resp. Lie subalgebra) such that the two projections pi : H Ñ Gi
pi “ 1, 2q are surjective.

G1
// G1{ ker p2

H //

77♦♦♦♦♦♦♦♦♦

''❖❖
❖❖

❖❖
❖❖

❖ G1 ˆG2
//

p1
OO

p2��

pG1{ ker p2q ˆ pG2{ ker p1q

OO

��
G2

// G2{ ker p1

Then the image of H in G1{ ker p2 ˆ G2{ ker p1 is the graph of an isomorphism
G1{ ker p2 – G2{ ker p1. In particular, if G1, G2 are simple, then either H “
G1 ˆG2, or H is the graph of an isomorphism G1 – G2.

Proof. See for example [Rib76, Lemma 5.2.1].

Lemma 4.17 ([Rib76, Lemma 5.2.2 and p. 791]). Let G1, . . . , Gn be either

(1) finite groups with no nontrivial abelian quotients, or

(2) simple finite-dimensional Lie algebras,

and let G ď G1 ˆ ¨ ¨ ¨ ˆGn be such that every projection G Ñ Gi ˆGj pi ‰ jq is
surjective. Then G “ G1 ˆ ¨ ¨ ¨ ˆGn.
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Definition 4.18. Let k be a field. A pair pGi Ñ GLpViqqi“1,2 (or pGi Ñ
PGLpViqqi“1,2) of faithful group representations over k is Goursat-adapted if every
potential isomorphism G1 – G2 is of the form

#
X ÞÑ AσpXqA´1 for an isomorphism A : V1 Ñ V2 or

X ÞÑ AσpXq´tA´1 for an isomorphism A : V ˚
1 Ñ V2

with σ P Autpkq, σ “ id unless k is finite.

Examples 4.19. (1) Let G P tSLn`1pCq, Sp2npCq, SOn`1pCqu ´ tSO8pCqu for
some n ě 1, and assume that G1, G2 are conjugate to G. Then pGi, Stdqi“1,2

is Goursat-adapted by Propositions 3.16 and 3.18. Indeed, Outpslnq – Z{2
(with the negative-transpose map) if n ą 2, while Outpspnq and Outpso2n`1q
are trivial. Similarly, Outpso2nq – Z{2 (with conjugation by an orthogonal
matrix) when n ‰ 4 (but Outpso8q – S3).

(2) Similarly, for k a finite field, G P tPSLn`1pkq,PSp2npkqu for n ě 1, and
G1, G2 are conjugate to G, the tuple pGi, Stdqi“1,2 is Goursat-adapted by
Propositions 3.17 and 3.18

4.3.2. Complex case. First we recall the Goursat-Kolchin-Ribet criterion of
Katz for Lie groups of positive dimension:

Proposition 4.20 (Goursat-Kolchin-Ribet criterion, [Kat90, Chapter I.8]). Let
ρi : π Ñ GLpViq be finitely many complex irreducible representations of a topologi-
cal group π, with monodromy groups Gi “ ρipπq ď GLpViq (where ¨ denotes Zariski
closure). Consider the representation ρ “ ‘ ρi : π Ñ GLp‘Viq –

ś
GLpViq with

monodromy group G “ ρpπq.

π
ρi //

ρ��

ρipGq // Gi // GLpViq

G

��ś
Gi

��ś
GLpViq

BB

Assume that:

(1) G
0,der
i acts irreducibly on Vi and LiepG0,der

i q is simple.

(2) For every i ‰ j,
´
G

0,der
l Ñ GLpVlq

¯
l“i,j

is Goursat-adapted.

(3) For every i ‰ j, there is no isomorphism

ρi – χb ρj or ρi – χbDpρjq

for χ a 1-dimensional representation of π.

Then G0,der is as large as possible, i.e. G0,der “ ś
G

0,der
i .
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Proof (idea). The group G is reductive, so G0,der is semisimple (see e.g. [Mil12,
Theorem 1.29]). Without loss of generality, we can assume G “ G0,der and Gi “
G

0,der
i (the 1-dimensional representations in (3) arise through this reduction). By

Lie theory, it is enough to prove that LiepG0,derq “ ś
LiepG0,der

i q. By Lemma
4.17, it is enough to treat the case n “ 2. By Goursat’s Lemma 4.16, either
the conclusion holds or LiepG0,derq is the graph of an isomorphism LiepG0,der

1 q –
LiepG0,der

2 q. By Goursat-adaptedness, this gives an isomorphism as in (3).

Example 4.21. By Example 4.19, this holds when there is

G P tSLn`1pCq, Sp2npCq, SOn`1pCqu ´ tSO8pCqu

for some n ě 1 such that every Gi is conjugate to G.

4.3.3. Finite cases.

Goursat-Kolchin-Ribet for finite groups of Lie type. In the case of a finite mon-
odromy group (i.e. a 0-dimensional Lie group), the Lie group is not connected
and the Lie algebra is zero (thus not simple), so the above does not apply. We
can however give a finite analogue, where quasisimplicity replaces semisimplicity.

Proposition 4.22 (Goursat-Kolchin-Ribet for quasisimple groups). Let ρi : π Ñ
GLpViq be finitely many representations over a finite field k of a topological group
π, with finite monodromy groups Gi “ ρipπq ď GLpViq, and let ηi : Gi Ñ GLpWiq
be nontrivial representations over a field F . Consider the representation ρ “
‘pηi ˝ ρiq : π Ñ GLp‘Wiq –

ś
GLpWiq with monodromy group G “ ρpπq.

π
ρi //

ρ��

Gi
ηi // ηipGiq // GLpWiq

G

��ś
ηipGiq –

śpGi{ ker ηiq
��ś

GLpWiq

==

Assume that:

(1) The groups Gi are quasisimple, i.e. they are perfect pGi “ Gder
i q and G1

i “
Gi{ZpGiq is simple.

(2) For every i ‰ j,
`
G1
l Ñ PGLpVlq

˘
l“i,j is Goursat-adapted.

(3) For every i ‰ j, there is no isomorphism

ρi – χb σpρjq or ρi – χbDpσpρjqq

for χ a 1-dimensional representation of π over k and σ P Autpkq.

Then G is as large as possible, i.e. G “ śpGi{ ker ηiq.

Proof. Since Gi is quasisimple, note that we have either:
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– Gi “ ZpGiq ker ηi. By taking derived subgroups, this gives Gder
i “ Gi ď

pker ηiqder ď ker ηi, so ker ηi “ Gi and ηi is trivial, which is excluded;

– ker ηi ď ZpGiq.

For H any group, let us continue to denote H 1 “ H{ZpHq. By perfectness, it
is enough to show that G1 “ śpGi{ ker ηiq1 –

ś
G1
i.

Since a quasisimple group has no nontrivial abelian quotient (the derived sub-
group is the smallest normal subgroup with an abelian quotient), it is enough to
treat the case n “ 2 by Lemma 4.17.

By Goursat’s Lemma 4.16 and the simplicity of G1
i, either G1 “ G1

1ˆG1
2, or G1

is the graph of an isomorphism G1
1 – G1

2. In the second case, since the center of
GL is the group of scalar matrices, the isomorphism given by hypothesis (2) lifts
to an isomorphism contradicting (3).

Remark 4.23. The setting of Proposition 4.22 is more general than that of Propo-
sition 4.20. This is to allow us to compute the monodromy group of sums of
ℓ-adic representations composed with representations of the monodromy group,
as in Section 4.2.4. Condition (3) is assumed on the original sheaves, and not also
on the compositions.

Remark 4.24. In Proposition 4.20, the 1-dimensional representations appear when
passing from G to G0,der, while in Proposition 4.22 they appear when passing from
G to G1.

Example 4.25. Let k be a finite field and n ě 1 be an integer. By [MT11, The-
orem 24.17], SLnpkq and Sp2npkq are quasisimple as soon as |k| ą 3. Hence,
by Example 4.19, conditions (1) and (2) of Proposition 4.22 hold if there exists
G P tPSLn`1pkq,PSp2npkqu for some n ě 1 such that every Gi is conjugate to G.

Goursat-Kolchin-Ribet for µd (d prime). Lastly, we give a version of the Goursat-
Kolchin-Ribet criterion for cyclic groups of prime order.

Proposition 4.26. Let ρi : π Ñ kˆ be finitely many one-dimensional representa-
tions over a field k of a topological group π, with monodromy groups Gi “ ρpπq –
Z{d (d prime), and let ηi : Gi Ñ Fˆ be nontrivial representations over a field F .
Consider the representation ρ “ ‘pηi ˝ ρiq : π Ñ

ś
Fˆ with monodromy group

G “ ρpπq. If there is no isomorphism of the form

ρi – ρba
j for i ‰ j, 1 ď a ă d,

then G is as large as possible, i.e. G – ś
Z{d.

Proof. Since Z{d is simple, we can apply Lemma 4.17 to reduce to the case of
two representations as before. By Goursat’s Lemma 4.16, either G is as large as
possible, or it is the graph of an isomorphism G1 Ñ G2. Since AutpZ{dq – pZ{dqˆ,
this proves the statement.

4.4. Coherent families

Being given Corollary 4.11 and Proposition 4.15 — that we will use to prove
the accuracy of our models — and the criteria from Section 4.3 — which give
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sufficient conditions to apply the former — we can now make precise the notion
of good/natural families we mentioned in Section 1.2.4.

4.4.1. Definitions.

Definition 4.27 (Complex case). We fix a prime ℓ and an isomorphism of fields
ι : Qℓ Ñ C. A family pFqqq of geometrically irreducible sheaves of Qℓ-modules
over Fq (for q varying over powers of primes distinct from ℓ) is coherent if:

(1) (Conductor) condpFqq is uniformly bounded (i.e. independently from q),

and either:

(2) Kummer case: For every q, Fq is a Kummer sheaf, and the associated char-
acters are either all real-valued or all complex-valued.

(21) Classical case: There exists G P tSLn`1pCq, Sp2npCq, SOn`1pCqu´tSO8pCqu
for some n ě 1 such that for every sheaf Fq over Fq in the family:

a) (Monodromy groups) The geometric and arithmetic monodromy groups
of Fq coincide and are conjugate to G in GLnpCq.

b) (Independence of shifts) There is no geometric isomorphism

r`as˚Fq – Fq b L or r`as˚Fq – DpFqq b L (4.8)

for a sheaf L of rank 1 over Fq and a P GmpFqq.

Definition 4.28 (Finite case). A family pFq of irreducible sheaves of Fλ-modules
over finite fields Fq (with Fλ and Fq varying, of distinct characteristic) is coherent
if:

(1) (Conductor) condpFq is uniformly bounded for all F in the family,

and either:

(2) Kummer case: Every F in the family is a Kummer sheaf.

(21) Cyclic simple case: For every sheaf F of Fλ-modules over Fq in the family:

a) (Monodromy groups) The geometric and arithmetic monodromy group
of F coincide and are equal to µdpFλq for some prime d.

b) (Independence of shifts) There is no geometric isomorphism of the form

r`as˚F – Fbi p1 ď i ă d, a P Fˆ
q q.

(22) Classical case: There exists G P tSLn`1, Sp2nu for some n ě 1 such that for
every sheaf F of Fλ-modules in the family:

a) (Monodromy groups) The geometric and arithmetic monodromy groups
of F coincide and are conjugate to GpFλq in GLnpFλq.

b) (Independence of shifts) There is no geometric isomorphism of the form

r`as˚F – Lb σpFq or r`as˚F – LbDpσpFqq (4.9)

for a P GmpFqq, σ P AutpFλq and L a rank 1 sheaf.
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Remark 4.29. Note that we fix the structure of the monodromy group in the
classical case (in particular the rank) but we let eventually the order of the char-
acter/monodromy group vary otherwise. By keeping track of the dependency of
the conductor with respect to the rank we could also let the latter vary, but this
is not a natural aspect in applications.

Remark 4.30. In the finite case, we let the coefficient ring vary to study the
reductions of the trace function (whose image often does not depend on λ) modulo
various ideals. See Chapter 6 for more details.

Remark 4.31. By Theorem 2.41 and Proposition 2.42, the geometric irreducibility
and conductor conditions are stable by Fourier transform. As always, if the sheaf
is not geometrically irreducible, one may decompose it by Proposition 2.27.

Remark 4.32. When the monodromy group is equal to µdpCq (resp. µdpFλq) with
d nonprime, Proposition 4.20 (resp. Propositions 4.22 and 4.26) cannot be applied
because the Lie algebra is not simple (resp. the group is not quasisimple). Thus,
we assume that the sheaf is a Kummer sheaf to handle sums of products via
multiplicativity instead.

4.4.2. Sums of products. Finally, we sum up the previous sections by showing
how sums of products of the form (4.4) and (4.5) can be controlled for coherent
families.

Complex case.

Proposition 4.33. Let pFqqq be a coherent family of sheaves of Qℓ-modules over
Fq, with monodromy group G ď GLnpCq. Let a1, . . . , aL P Fq be distinct. If Fq is
ta1, . . . , aLu-compatible, then for all k, r P NL,

1

q

ÿ

xPFq

ź

1ďiďL
tFqpx` aiqkitFqpx` aiq

ri “
ź

1ďiďL
mult1pStdbki bDpStdqbriq

`O
´
rSpk,rqSpk, rqq´1{2

¯

where the implicit constant does not depend on q, Spk, rq “ řL
i“1pki ` riq, and

Std is the standard representation of G.

Proof. In the classical case, the Goursat-Kolchin-Ribet criterion (Proposition 4.20)
and Example 4.21 show that the arithmetic and geometric monodromy groups ofÀ

1ďiďLr`ais˚Fq coincide and are conjugate toGL. Hence, we can apply Corollary
4.11. Under the compatibility assumption, the latter also applies to Kummer
sheaves.

Finite case.

Proposition 4.34. Let pFq be a coherent family of sheaves of Fλ-modules over
finite fields Fq (with Fq and Fλ varying, of distinct characteristic). Let F be a
sheaf in the family, corresponding to a representation ρ : π1,q Ñ GLnpFλq, and let
a1, . . . , aL P Fq be distinct. If F is ta1, . . . , aLu-compatible, then for all nontrivial
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irreducible complex characters χ1, . . . , χL of the monodromy group G of F ,

1

q

ÿ

xPFq

ź

1ďiďL
χipρpFrobx`aiqq ! q´1{2|G|δ

˜
Lź

i“1

dim ηi

¸
Lÿ

i“1

dim ηi,

where the implicit constant does not depend on q, and δ “ 1 in the Kummer case,
δ “ 0 otherwise.

Proof. Let ηi be the representation corresponding to χi. We apply Proposition
4.15. In the classical and cyclic simple cases, it suffices to show that the geometric
and arithmetic monodromy groups of the sheaf

ÀL
i“1r`ais˚Fηi coincide and are

isomorphic to
śL
i“1G{ ker ηi. For the classical case, by Proposition 4.22 (see also

Remark 4.23), it suffices to show that for i ‰ j there is no geometric isomorphism

r`ais˚F – Lb r`ajs˚σpFq or r`ais˚F – Lb r`ajs˚σpDpFqq

for some rank 1 sheaf L and σ P AutpFλq. This would give an isomorphism of the
form (4.9) for some a P Fˆ

q , which is excluded by the independence of shifts. For
the cyclic simple case, proceed similarly with Proposition 4.26. The Kummer case
is handled by the compatibility assumption.

4.4.3. Examples. In Section 2.4 and Chapter 3, we already encountered families
of sheaves with fixed large known monodromy groups and uniformly bounded
conductors:

(1) Hyper-Kloosterman sheaves of fixed rank (Propositions 2.46 and Theorem
3.23), in the complex and finite cases.

(2) Families of additive or multiplicative characters, eventually with varying
order, pre-composed with the reduction of a fixed rational polynomial in
QpXq, in Sections 2.4.1 and 3.5.1, in the complex and finite cases.

(3) Hyper-geometric sums of fixed rank, in the complex case.

(4) The three families of general exponential sums of Sections 2.4.3 and 3.5,
where the rational functions arise from the reduction of fixed rational poly-
nomials in QpXq, in the complex case.

(5) The sheaves from Propositions 2.57 and 3.64, associated to zeta functions of
hyperelliptic curves in a family, when f therein arises from the reduction of
a fixed squarefree f P ZrXs.

Remark 4.35. According to Remark 3.55, we do not consider the finite cases for
the last two families, even though one may be able to do so in the future.

To show that these are coherent families, it would remain to show the inde-
pendence of shifts and the equality of the arithmetic and geometric monodromy
groups. This study will be carried out in the next two chapters, respectively for
the complex and finite cases.

We saw in Section 3.5.7 that the second condition could usually be achieved
up to twisting the sheaf. In the next section, we will give criteria for the first
condition.
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4.5. Independence of shifts

Showing that a geometric isomorphism of the form (4.8) or (4.9) does not exist
can usually be done by looking at the ramification on both sides. In this section,
we give some general techniques that we will apply in the next chapter.

Lemma 4.36. Let F be a nontrivial ℓ-adic sheaf over Fq and let a P GmpFqq such
that there exists a geometric isomorphism of the form (4.8). Then

(1) SingpFq∆pSingpFq ´ aq Ă SingpLq Ă SingpFq Y pSingpFq ´ aq, where ∆

denotes the symmetric difference.

(2) If SingpFq X A1pFqq ‰ ∅, A1pFqq, there exists x P SingpFq X A1pFqq such
that FIx “ 0.

(3) If SingpFq ‰ ∅, t8u, the sheaf L is not geometrically trivial.

(4) If L is not geometrically trivial,

| SingpLq| `
ÿ

xPSingpLq
SwanxpLq ě 2. (4.10)

(5) If F has unique break t P Rě0 at x P P1pFqq, then the break decomposition
of F b L at x is

F b L “

$
’&
’%

pF b LqpSwan8pLqq : t ă Swan8pLq
pF b Lqptq : t ą Swan8pLqř
zďtpF b Lqpzq : t “ Swan8pLq.

(4.11)

(6) If F has unique break t P Rě0 at 8, then Swan8pLq ď t. If t is not an
integer, then Swan8pLq ď ttu.

Proof. (1) This is clear.

(2) If x P SingpLq ´ SingpFq, then

FIx`a – pr`as˚FqIx – pF b LqIx “ F b LIx “ 0.

In particular, by (1), if y P SingpFq but y ´ a R SingpFq, then FIy “ 0. If
x P SingpFq X A1pFqq and A1pFqq Ć SingpFq, there exists an integer m ě 1

such that y “ x ´ pm ´ 1qa P SingpFq but x ´ma R SingpFq, whence the
conclusion.

(3) By (1), L is not lisse under the assumptions.

(4) The Euler-Poincaré formula (Theorem 2.37) gives that the left-hand side of
(4.10) is equal to

2` dimH1
c pUL ˆ Fq,Lq ě 2

if L is nontrivial.

(5) This follows from Proposition 2.23.
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(6) By (4.11), we have

Swan8pF b Lq “
#
rankpFqSwan8pLq : t ă Swan8pLq
rankpFqt : t ą Swan8pLq.

On the other hand, by (4.8),

Swan8pF b Lq “ Swan8pr`as˚Fq “ Swan8pFq “ t rankpFq,

which implies that the case t ă Swan8pLq cannot hold. The last statement
follows from the fact that the Swan conductor is an integer.

The following classification result will also be useful:

Lemma 4.37. Let F be a geometrically irreducible ℓ-adic sheaf over Fq.

(1) If SingpFq “ ∅, then F is geometrically trivial.

(2) If | SingpFq| “ 1 and F is tamely ramified, then F is geometrically trivial.

(3) If SingpFq “ tx, yu for x, y P P1pFqq distinct and F is tamely ramified,
then there exists a multiplicative character χ : Fˆ

q Ñ Cˆ and a geometric
isomorphism

F – LχppX´yq{pX´yqq.

(4) If SingpFq “ txu and SwanxpFq ď 1, there exists an additive character
ψ : Fq Ñ Cˆ and a geometric isomorphism

F –
#
Lψ : x “ 8
Lψp1{pX´xqq : x ‰ 8.

Proof. This follows from Theorems 2.33, 2.34 and 2.37, and can be found in
[FKM14a, Proposition 4.4.6].

Arguments with unipotent blocks.

Lemma 4.38. Let G an ℓ-adic sheaf over Fq such that SingpGq X A1pFqq ‰
∅, A1pFqq. For every s P SingpGq X A1pFqq, we consider the tame part of the
break decomposition of G at s,

Gpsqtame “
à
χ

`
Unip.bLχpX`sq

˘
(4.12)

(see Section 2.1.6), and we assume that either the trivial multiplicative character
χ “ 1 appears, or that at least two distinct characters χ1, χ2 appear. Then there
is no isomorphism of the form (4.8) with a ‰ 0.

Proof. Let us assume that there is an isomorphism of the form (4.8) for G with
a ‰ 0. If the break decomposition of G at some s P SingpGq X A1pFqq does not
contain a summand Unip.bLχpX`sq with χ trivial, we replace G by GbLχ1pX`sq,
where χ1 is a character appearing in (4.12). This new sheaf still satisfies the same
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hypotheses as G, with the same a in (4.8) (but with a different L), and with a
unipotent block in the break decomposition at s.

Recursively, we can hence assume that the tame part of G at any s P SingpGqX
A1pFqq contains a unipotent block.

By Lemma 4.36 (2), there exists s P SingpGq X A1pFqq such that GIs “ 0, a
contradiction.

Lemma 4.39. Let ψ : Fq Ñ Cˆ be a nontrivial additive character and let G “
FTψpFq where F is an ℓ-adic Fourier sheaf over Fq with rankpFq ă q ´ 1. For
all s P A1pFqq, we consider the break decomposition of F psq “ F b LψpsXq at 8:

F psq “
à

tPRě0

F psqptq “ F psq,tame ‘ F psq,wild

“
˜

à
χ

`
Unippχ, sq b LχpX`sq

˘
¸
‘

˜
à

tą0

F psqptq
¸

(4.13)

(see Section 2.1.6). We assume that

– The decomposition (4.13) at s “ 0 contains at least one break t P r0, 1s.

– For all s P A1pFqq such that the decomposition (4.13) contains a break t P
r0, 1q, either the trivial multiplicative character appears in the tame part, or
the latter contains at least two distinct characters.

Then there is no isomorphism of the form (4.8) for G with a ‰ 0.

Proof. By [Kat88, Corollary 8.5.8] (see also [Kat90, Corollary 7.4.5]), the first
assumption and the condition on the rank of F imply that SingpGq X A1pFqq ‰
∅, A1pFqq. Moreover, s P SingpGq X A1pFqq if and only if the decomposition
(4.13) contains a break t P r0, 1q. By [Kat90, 7.4.4(3)], the tame part of the break
decomposition of G at s is in this case

à
χ

`
Unippχ, sq b LχpX`sq

˘

(with the same unipotent blocks). It suffices to apply Lemma 4.38 to conclude.

Arguments for sheaves of the form (2.3). In this section, we consider sheaves from
Proposition 2.52, giving rise to general exponential sums of the form (2.3).

The following criterion generalizes the argument of [FKM15b] for Birch sums
to sums of the general form (2.3) and allows to reduce to the case of L being an
Artin-Schreier sheaf.

Lemma 4.40. In the setting of Proposition 2.52, we assume that f is a polynomial
of order d ě 1, n “ Swan8pF1q ą d, and pn, dq “ pd, pq “ 1. If there is a
geometric isomorphism of the form (4.8) for G “ FTψpF2q with a ‰ 0, then

Swan8pLq P
"
0, 1, . . . ,

Z
n

n´ d

^*
.

If n ą 2d, there exists an additive character ψ1 : Fq Ñ Cˆ such that L – Lψ1
.
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Proof. By [Kat90, 7.7], F2 has unique break n{d at 8, thus

Swan8pF2q “ pn{dq rankpF2q “ n.

Moreover, G is lisse on A1 ˆ Fq. By Lemma 4.36 (1), SingpLq Ă t8u. We may
assume that L is not geometrically trivial, the conclusions being clear otherwise.
By Lemma 4.36 (4), it follows that SingpLq “ t8u and Swan8pLq ě 1.

By [Kat90, 7.4.1(1)], G has unique break n
n´d at 8, with multiplicity

n´ d
n

Swan8pF2q “ n´ d.

The break n
n´d is not an integer since we assume that pn, dq “ 1, and the first

conclusion follows from Lemma 4.36 (6). For the second one, note that n
n´d ă 2

if n ą 2d and use Lemma 4.37 (4).

The next lemma consequently considers isomorphisms of the form (4.8) when
L is an Artin-Schreier sheaf.

Lemma 4.41. In the setting of Proposition 2.52, let us assume that there is an
isomorphism of the form (4.8) for G with a P Fˆ

q and L “ Lψ1
for some additive

character ψ1 : Fq Ñ Cˆ. Then

(1) SingpF2q “ t8u or A1pFqq Ă SingpF2q.

(2) If f “ X, then either χ ‰ 1 and g is constant, or χ “ 1 and h is a polynomial
of degree at most 2.

Remark 4.42. Since we consider families of sheaves whose conductors are bounded
uniformly from q, the condition A1pFqq Ă SingpF2q is clearly exceptional.

Proof. Let b P Fq such that ψ1pxq “ ψpbxq (x P Fq) and let us assume that we
have a geometric isomorphism

r`as˚G – G b LψpbXq

with a P Fˆ
q . Taking Fourier transform on both sides of the isomorphism and

using that

r`as˚ FTψpFq – FTψpF b LψpaXqq
FTψpFTψpFq b LψpbXqq – rx ÞÑ ´b´ xs˚F

for any Fourier sheaf F (see Theorem 2.41), we get a geometric isomorphism

F2 b LψpaXq – r`p´bqs˚F2. (4.14)

Then:

– If b “ 0, taking determinants shows that a “ 0.

– Since the Artin-Schreier sheaf is ramified at most at 8, we have SingpF2qX
A1pFqq “ pSingpF2q X A1pFqqq ` b. If b ‰ 0, this yields

SingpF2q “ ∅, t8u, or A1pFqq Ă SingpF2q

because for any y P Fq, b P Fˆ
q , the map Fq Ñ Fq, x ÞÑ y`xb, is a bijection.

By Lemma 4.37, SingpF2q ‰ ∅ because we assume that F2 is geometrically
irreducible and not geometrically trivial.
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If f “ X and b ‰ 0, the geometric isomorphism (4.14) becomes

LψphpXq´hpX´bq`aXq – LχpgpX´bq{gpXqq.

Since the Kummer sheaf is tame while the Artin-Schreier sheaf is not, we must
have χ “ 1 or x ÞÑ gpx´ bq{gpxq constant on Fq. If χ “ 1, then

x ÞÑ hpxq ´ hpx´ bq ` ax is constant on Fq,

i.e. hpxq “ ´ab´1x2{2`ax{2`constant. On the other hand, if x ÞÑ gpx´bq{gpxq
is constant, then g is constant.

The case with a geometric isomorphism r`as˚G – DpGqbLψpbXq is similar.





Chapter 5

Gaussian distribution of short sums of trace functions

In this chapter, we apply our probabilistic model to prove the results intro-
duced in Section 1.3, extending works of Davenport-Erdős [DE52], Mak-Zaharescu
[MZ11] and Lamzouri [Lam13].

Reminder on notations. For a function t : Fq Ñ C and a subset I Ă Fq, recall
that

Spt, Iq “
ÿ

yPI
tpyq

is the partial sum over I. For a family ptq : Fq Ñ Cqq of functions, we are interested
in the distribution of the complex random variable

`
Sptq, I ` xq

˘
xPFq

(with respect to the uniform measure on Fq) as q, |I| Ñ `8, where I`x “ ty`x :

y P Iu is the translate of I. We will write Sqpx, Iq :“ Sptq, I ` xq.

Example 5.1. When q “ p, the finite field Fp can be identified with the interval
r1 . . . ps. For an interval IH “ r1 . . . Hs Ă r1 . . . ps and 1 ď x ď p an integer, we
have the partial sum of length H starting at x` 1

Spt, x,Hq :“ Spt, IH ` xq “
ÿ

xăyďx`H
tpyq.

This is the situation considered in the works mentioned above. More generally,
when q “ pe, we can look at “boxes” in Fq – Fep.

5.1. Statement of the results

The general result is the following:

Theorem 5.2. Let ptq : Fq Ñ Cqq be a family of ℓ-adic trace functions, arising
from a coherent family pFqqq of ℓ-adic sheaves over Fq (see Definition 4.27), with
monodromy group G ď GLnpCq, and denote by Std the standard representation of
G in GLnpCq.

Let pIqqq be a family of subsets Iq Ă Fq such that Fq is Iq-compatible. Then,
with respect to the uniform measure on Fq, the random variable

˜
SqpIq, xqa

|Iq|

¸

xPFq

(5.1)

converges in law to a normal distribution in C – R2 with mean 0 and covariance
matrix

Γ “
ˆ
1 0

0 0

˙
if Std is self-dual, and Γ “ 1

2

ˆ
1 0

0 1

˙
otherwise, (5.2)

when
q, |Iq| Ñ 8 with log |Iq| “ oplog qq. (5.3)

87
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Remark 5.3. In particular, the limit has independent real and imaginary parts.

Remark 5.4. The trace functions tq in Theorem 5.2 can be complex- or real-valued
(the latter occurring for example for hyper-Kloosterman sums of even rank and

Birch sums). Let us write Γ “
´

Γ11 Γ22

Γ21 Γ22

¯
. Of course, if tq is real valued, we expect

that Γ22 “ 0. Actually, we will see that Γ22 “ 1
2
p1´mult1pStdb2qq, so tq is indeed

real-valued if and only if Γ22 “ 0 by Proposition 3.9.

Remark 5.5. We recall that the I-coherence of F is a restriction only for Kummer
sheaves Lχpfq with f ‰ X, and holds if I Ă r1 . . . p{degpfqqe Ă Fq – Fep by
Example 4.12.

5.1.1. Quantitative version. As in [Lam13], we also get the following quanti-
tative version, about the joint distribution function:

Theorem 5.6 (Quantitative version). In the notations and hypotheses of Theorem
5.2, fix ε P p0, 1{2q and let R “ rankpGq. For any closed rectangle A Ă C – R2

with sides parallel to the coordinate axes and Lebesgue measure µpAq, the proba-
bility

P

˜
Sqpx, Iqqa

|Iq|
P A

¸
“ |tx P Fq : Sqpx, Iqq{

a
|Iq| P Au|

q

is given by

P pN P Aq `Oε
˜
µpAq

˜
q´ 1

2
`ε `

ˆ
log |Iq|
log q

˙β

` 1a
|Iq|

¸¸

when q, |Iq| Ñ 8 with

$
&
%
log |Iq| “ oplog qq : self-dual and Kummer cases

|Iq| “ o
´
plog qq

2R
p2R´1qp1`εq

¯
: otherwise,

where N is a normal random variable in C with mean 0 and covariance matrix Γ

as in Theorem 5.2, and

β “
#
1{2´ ε : self-dual and Kummer cases
R´1
2R´1

: otherwise.

Remark 5.7. In the self-dual case, Theorem 5.6 recovers the bound and the range
of [Lam13], with an improvement on the power of |I| (from 1{4 to 1{2), thanks to
a modification of the method.

Remark 5.8. In the non-self-dual case, we recover the bound valid for Dirichlet

characters when the rankRÑ8, but under the weaker range |Iq| “ o
´
plog qq

R
R´1

¯

than the one for which Theorem 5.2 is valid. We will explain the reason for this
later on.

5.1.2. Moments of traces of random matrices in classical groups. As
we will see, an important ingredient in the proof of Theorem 5.6 is the following
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result on moments1 of traces of random matrices in maximal compacts2 of classical
groups with respect to the Haar measure:

Proposition 5.9. For n ě 1, let G be SLn`1pCq, Sp2npCq or SOn`1pCq with
standard representation Std. Then, for R “ rankpGq (namely n, n and tpn` 1q{2u
respectively):

(1) If Std is self-dual (i.e. in the symplectic case),

mult1pStdbkq “ 0 pk ě 0 oddq, (5.4)

mult1pStdbkq “ pk ´ 1q!! p0 ď k ď R evenq, (5.5)

mult1pStdbkq ď pk ´ 1q!! pk ě 1q. (5.6)

(2) Otherwise,

mult1pStdbkbDpStdbkqq “ k! p0 ď k ď Rq, (5.7)

mult1pStdbkbDpStdbrqq “ 0 p0 ď k ‰ r ď Rq, (5.8)

mult1pStdbkbDpStdbrqq ď
?
k!r! pk, r ě 0q, (5.9)

where mult1p ¨ q denotes the multiplicity of the trivial representation in a represen-
tation of K.

In other words, these moments correspond to that of a Gaussian3 in R2 – C
if the order of the moment is small enough with respect to the rank. This has
been known and exploited for example by Diaconis-Shahshahani [DS94], Pastur-
Vasilchuk [PV04], as well as Larsen [Lar90] in the context of trace functions.

A new aspect is that we will moreover need the bounds (5.6) and (5.9) on the
large order moments.

Remark 5.10. Recall that (see Section 5.3.3):

– For k, r ě 0 distinct integers, the pk, rqth moment of a standard Gaussian
in R2 – C is zero (see (5.12)).

– For k odd, the kth moment of a standard Gaussian in R is zero.

In the self-dual case, odd moments are zero even for high rank, but in the non-self-
dual case, we will see that there are infinitely many nondiagonal terms. This is
the reason for the restricted range in the non-self-dual case of Theorem 5.6 noted
in Remark 5.8.

5.1.3. Examples. At the end of this chapter, we will finish to prove that the

families of Qℓ-sheaves of Section 4.4.3 are coherent, so that Theorems 5.2 and 5.6
apply to them.

Recall that these families include (as trace functions):

1For a complex-valued random variable X, we consider here the moments EpXkXrq (and
not EppReXqkpImXqrq); see Remark 5.12 below.

2Recall that by Corollary 3.3, the moments can be computed in G or in a maximal compact
subgroup K of GpCq (this is Weyl’s unitary trick).

3Still in the sense of Footnote 1.
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(1) Dirichlet characters pre-composed with a rational function f (this is the case
of [Lam13] when f “ id and q “ p).
If f ‰ X, we must assume that I has no zero-m-sum for m ď degpfq, e.g.
I Ă r1 . . . p{degpfqqe Ă Fq – Fep.

(2) Hyper-Kloosterman sums and hypergeometric sums.

(3) General exponential sums of the form (2.3), including Birch sums and Fouvry-
Michel sums.

(4) Point counting on families of hyperelliptic curves.

Note that to make the arithmetic and geometric monodromy groups coincide,
we may eventually need to replace a family pFqqq by the twisted family pαqbFqqq
for αq P Qℓ a Weil number of weight 0. This has simply the effect of multiplying
the trace function by αq, and the covariance matrix Γ of Theorems 5.2 by the
orthonormal matrix ˆ

Reαq ´ Imαq
Imαq Reαq

˙
,

where we identify αq with its image through the fixed isomorphism ι : Qℓ Ñ C.

5.2. Proof of Theorem 5.2

5.2.1. Strategy and comparison with other approaches. The idea of the
proof of Theorem 5.2 is the following:

(1) By the method of moments, it suffices to show that the moments of the
random variable (5.1) tend to that of the Gaussian N .

(2) We show that the probabilistic model of Chapter 4 is accurate, in the sense
that the moments of (5.1) converge to that of the model.

(3) To conclude, it suffices to apply the central limit theorem (with convergence
of moments) to the model.

This is to be compared with the approaches of earlier works which do not use
the central limit theorem:

– Davenport-Erdős [DE52] and Mak-Zaharescu [MZ11] directly show that the
moments of (5.1) are asymptotically Gaussian and apply the method of
moments.

– Lamzouri [Lam13] first proves that his probabilistic model is accurate as in
step (2) above. He then remarks that the random variable X modeling the
values of the Dirichlet characters itself has moments bounded by those of
a Gaussian. That allows to approximate the characteristic function of the
model for the sums by that of a Gaussian. By using a method of Selberg,
this finally gives an approximation for the joint characteristic function. We
will comment more on this approach in Section 5.3.

We shall see that with the ℓ-adic formalism, the proof that the model is accu-
rate becomes very natural and does not involve explicit computations of moments
of random matrices.
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5.2.2. Moments of the model. Recall from Chapter 4 that we model (5.1) by
the random variable

SpHq “ Z1 ` ¨ ¨ ¨ ` ZH
where H “ |I| and Zi are independent uniformly distributed like trpπpXqq, for X
uniformly distributed in a maximal compact subgroup K of GpCq (with respect
to the Haar measure) and π : K Ñ K7 the projection.

Proposition 5.11 (Probabilistic moments). For all integers k, r ě 0 and H ě 1,
the moment

Mprobpk, r;Hq :“ EpSpHqkSpHqrq
is equal to

ÿ

k1`¨¨¨`kH“k
kiě0

ÿ

r1`¨¨¨`rH“r
riě0

ˆ
k

k1 . . . kH

˙ˆ
r

r1 . . . rH

˙

ˆ
Hź

i“1

mult1pStdbki bDpStdbriqq.

Proof. By independence and the multinomial formula, Mprobpk, r;Hq equals

ÿ

k1`¨¨¨`kH“k
kiě0

ÿ

r1`¨¨¨`rH“r
riě0

ˆ
k

k1 . . . kH

˙ˆ
r

r1 . . . rH

˙ Hź

i“1

EpZkii Zrii q.

By the Peter-Weyl Theorem,

EpZki Zri q “
ż

C
xkxrdptr˚ µqpxq “

ż

K7

trpgqktrpgqrdµpgq

“ mult1pStdbkbDpStdbrqq,

where µ is the normalized Haar measure on K, since tr (resp. tr) is the character
associated to the standard representation of G (resp. its dual).

Remark 5.12. The covariance matrix (5.2) of Theorem 5.2 is given with respect
to the standard basis 1, i of C as R-vector space, and a nice feature of the result
is that the matrix is diagonal, i.e. the real and imaginary parts are independent.
However, it will be more natural for the proof to make the linear transformation`
Z
Z

˘
“

`
1 i
1 ´i

˘ `
ReZ
ImZ

˘
and consider as in Proposition 5.11 the moments EpZkZrq

instead of EppReZqkpImZqrq. The reason is that conjugation has the algebraic
interpretation of dualization of representations, characters, and trace functions. In
the self-dual case (i.e. when the trace function takes only real values, see Remark
5.4), there is no difference.

Lemma 5.13. The covariance matrix of the random vector Z “ pReZ, ImZq is
equal to the one given in (5.2), and EpZq “ 0.

Proof. Since the sheaf is geometrically irreducible, Std is irreducible, so that
EpZq “ mult1pStdq “ 0 by Schur’s Lemma. Moreover, for every integer r ě 0 we
have

mult1pStdbrq “
ż

K

trpgqrdµpgq “
ż

K

trpgqrdµpgq “ mult1pDpStdqbrq
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where the second equality follows from the fact that mult1pStdbrq is an integer.
Using this, we find that the covariance matrix of Z is

Γ “ 1

2

ˆ
mult1pStdb2q ` 1 0

0 1´mult1pStdb2q

˙
.

Finally, again by Schur’s Lemma,

mult1pStdb2q “ mult1pStdbDpDpStdqq “ δStd self-dual.

5.2.3. Accuracy of the model.

Proposition 5.14. Under the hypotheses of Theorem 5.2, for all integers k, r ě 0

and I Ă Fq of size H, the moment

Mqpk, r; Iq :“ E
´
Sqpx, IqkSqpx, Iqr

¯

satisfies

Mqpk, r; Iq “Mprobpk, r;Hq `O
´
c3pk`rqq´1{2Hk`r

¯

with c “ maxq condpFqq.

Proof. As in Proposition 5.11, the moment Mqpk, r; Iq equals

ÿ

k1`¨¨¨`kH“k
kiě0

ÿ

r1`¨¨¨`rH“r
riě0

ˆ
k

k1 . . . kH

˙ˆ
r

r1 . . . rH

˙

1

q

ÿ

xPFq

Hź

i“1

tqpx` aiqkitqpx` aiqri ,

where I “ ta1, . . . , aHu. By Proposition 4.33, this is equal to

ÿ

k1`¨¨¨`kH“k
kiě0

ÿ

r1`¨¨¨`rH“r
riě0

ˆ
k

k1 . . . kH

˙ˆ
r

r1 . . . rH

˙

ˆ
ź

1ďiďH
mult1pStdbki

i bDpStdiqbriq

`O
´
c3pk`rqq´1{2Hk`r

¯

for all integers k, r ě 0, recalling that
ř
k1`¨¨¨`kH“k, kiě0

`
k

k1...kH

˘
“ Hk. The

conclusion follows from Proposition 5.11.

We make the normalizations

S̃qpx, Iq “ Sqpx, Iq{
a
|I| and S̃pHq “ SpHq{

?
H,

and for k, r ě 0 we denote by M̃qpk, r; Iq, M̃probpk, r;Hq the corresponding mo-
ments, so that Proposition 5.14 becomes:

M̃qpk, r; Iq “ M̃probpk, r;Hq `O
´
c3pk`rqq´1{2H

k`r
2

¯
. (5.10)
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5.2.4. Central limit theorem.

Proposition 5.15. Under the hypotheses and notations of Theorem 5.2, the ran-
dom variable S̃pHq converges in law to the random variable N when H Ñ 8.
Moreover,

lim
HÑ8

M̃probpk, r;Hq “MN pk, rq,

for all integers k, r ě 0, where MN pk, rq is the pk, rq-th moment of N .

Proof. This follows from the two-dimensional central limit theorem and Lemma
5.13. To obtain the convergence of moments, it suffices to show that S̃pHq is
uniformly integrable (see e.g. [Gut05, Chapter 5.5]), which follows from [Gut05,
Theorem 7.5.1].

By (5.10), this immediately implies:

Corollary 5.16 (Moments are asymptotically Gaussian). Under the hypotheses
and notations of Theorem 5.2, we have for all integers k, r ě 0 that

lim
q,|I|Ñ8

M̃qpk, r; Iq “MN pk, rq.

5.2.5. Method of moments and proof of Theorem 5.2. To conclude the
proof of Theorem 5.2, it now suffices to apply the method of moments:

Proposition 5.17 (Method of moments for complex-valued random variables).
Let pXnqně0 be a sequence of complex random variables with moments MXnpk, rq.
If

lim
nÑ8

MXnpk, rq “MX0
pk, rq

for all integers k, r ě 0 and if

lim sup
k`rÑ8

|MX0
pk, rq|

1
k`r

k ` r ă 8,

then Xn converges in law to X0.

Proof. See for example [Gut05, Chapter 5.8.4].

Corollary 5.18 (Method of moments for normal convergence). Let pXnqně0 be
a sequence of complex random variables. If for all integers k, r ě 0, the moment
MXnpk, rq converges to the corresponding moment of a normal random variable
N as nÑ8, then Xn converges in law to N .

Hence, by Corollary 5.18, Theorem 5.2 follows directly from Corollary 5.16.

5.3. Quantitative version: proof of Theorem 5.6

5.3.1. Review of Lamzouri’s method. An improvement of [Lam13] on previ-
ous results is the ability to give a bound on the error term for the joint distribution
function:



94 Chapter 5. Gaussian distribution of short sums of trace functions

Theorem ([Lam13, Theorem 1]). If χp is a non-real Dirichlet character modulo
p and A Ă C a rectangle with edges parallel to the axes, the probability

1

p

ˇ̌
ˇ̌
ˇ

#
x P Fp :

Spχp, x,Hqa
H{2

P A
+ˇ̌

ˇ̌
ˇ

is given by

P pN P Aq `O
˜
µpAq

˜
H´1{4 `

d
logH

log p
` p´1{8

¸¸

when logH “ oplog pq, for N a normal random variable in C with mean 0 and
unit covariance matrix, and µ the Lebesgue measure.

The idea is to study more precisely the random variable Z modeling the values
of the Dirichlet character and remark that its moments are bounded by those of
a Gaussian. In particular, this implies that if SpHq “ Z1 ` ¨ ¨ ¨ ` ZH with Zi
independent distributed like Z as above, we have

E
´
pReSpHqq2kpImSpHqq2r

¯
! pk ` rq!Hk`r

(see [Lam13, (3.5)]), which is a square-root cancellation over the trivial bound
H2pk`rqp2k` 2rq!. This implies that one can approximate the characteristic func-
tion of pSpχp, x,HqqxPFp asymptotically by that of the probabilistic model when
p,H Ñ 8 (see the proof of [Lam13, Theorem 3.1]). Lamzouri then proceeds as
follows:

(1) As in the classical proof of the central limit theorem, the characteristic func-
tion of the model is approximated by that of a Gaussian ([Lam13, Lemma
3.2]).

(2) Combining these, this gives an asymptotic approximation of the character-
istic function of pSpχp, x,HqqxPFp by that of a Gaussian ([Lam13, Theorem
3.1]).

(3) Using a smooth approximation for the sign function involving characteristic
functions, due to Selberg ([Lam13, (4.4)]), one gets an approximate expres-
sion of the joint distribution function from the characteristic function, which
allows to conclude.

5.3.2. Generalization to trace functions. It turns out that this can be gen-
eralized to trace functions because traces of random matrices in maximal compact
subgroups of SLnpCq, Sp2npCq and SOn`1pCq have Gaussian moments as the rank
tends to infinity, and can be well bounded when the rank is fixed: this is Propo-
sition 5.9.

One actually needs only bounds on the moments, but exploiting the fact that
they become exactly Gaussian allows to improve the error terms as the rank tends
to infinity.

Hence, we use a different phenomenon than the averaging of the central limit
theorem: the random variables modeling the values of the trace function are them-
selves “close to Gaussian”.
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We will however proceed a bit differently than Lamzouri, skipping steps (1)–(2)
above and:

(1) Directly use step (3) to approximate the joint distribution function of the
random variable (5.1) by that of the model.

(2) Apply a generalization to higher dimensions of the Berry-Esseen theorem
appearing in [BRR86], to obtain an approximation of the joint distribution
function of the model.

We first prove Theorem 5.6 conditionally on Proposition 5.9, before taking
care of the latter.

5.3.3. Characteristic function of a Gaussian. Let us recall that if Z is a
normal random variable in R with mean 0 and variance σ2, its moments are

EpZkq “
#
0 if k ě 1 is odd

σkpk ´ 1q!! if k ě 0 is even

and its characteristic function is

u ÞÑ EpeiuZq “ e´ 1
2
σ2u2 .

Hence, if Z is a normal random variable in C – R2 with mean 0 and diagonal
covariance matrix σ2 p 1 0

0 1 q, then its characteristic function is

pu, vq ÞÑ φ̃pu, vq “ E
´
eipuReZ`v ImZq

¯
“ e´σ2

2
pu2`v2q.

As we explained in Remark 5.12, we will continue to rather work with moments
of the form EpZkZrq and characteristics functions of the form

pu, vq ÞÑ φpu, vq “ E
´
eipuZ`vZq

¯
,

which renders the computations easier and more natural in our setting. Note that

φpu, vq “ φ̃pu` v, ipu´ vqq and

φ̃pu, vq “ φ

ˆ
u´ iv

2
,
u` iv

2

˙
(5.11)

for all u, v P C. Hence, φpu, vq “ e´2σ2uv, so that4

E
`
ZkZr

˘
“ p2σ2qkk!δk“r. (5.12)

5.3.4. Approximation of characteristic functions through moments.

Lemma 5.19. Let X1, X2 be complex random variables with moments Mjpk, rq “
EpXk

jX
r
j q and characteristic functions pu, vq ÞÑ φjpu, vq “ EpeipuXj`vXjqq for

u, v P C and k, r ě 0 integers. Assume that

M1pk, rq “M2pk, rq `Opgpk, rqq
4This is a nice combinatorial identity to prove directly, if one does not use characteristic

functions.
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for all k, r ě 0 with some g : N2 Ñ R. Then for any fixed even integer N ě 1 and
u P C, we have

φ1pu, uq “ φ2pu, uq `O
ˆ |u|N
N !

p|M1pN{2, N{2q| ` |M2pN{2, N{2q|q
˙

`O
˜

ÿ

năN

|u|n
n!

nÿ

a“0

ˆ
n

a

˙
|gpa, n´ aq|

¸
.

In particular, if gpk, rq “ hpk ` rq for all k, r ě 0 for some h : NÑ R, we have

φ1pu, uq “ φ2pu, uq `O
ˆ |u|N
N !

p|M1pN{2, N{2q| ` |M2pN{2, N{2q|q
˙

`O
ˆ
max
năN

|hpnq|p1` |u|N q
˙
.

If X1, X2 are random variables in R, then a similar relation holds for φ1pu, 0q
and φ2pu, 0q with u P R.

Proof. It suffices to use the expansion eix “ ř
năN

inxn

n!
` O

´
|x|N
N !

¯
valid for x P

R.

5.3.5. Bounding moments. In order to apply Lemma 5.19, we will need bounds
on the moments MprobpN,N ;Hq, provided by Proposition 5.9. Recall that by
Proposition 5.11, we have

MprobpN,N ;Hq “ N !2
ÿ

k1`¨¨¨`kH“N
kiě0

ÿ

r1`¨¨¨`rH“N
riě0

Hź

i“1

EpZkii Zrii q
ki!ri!

.

Note that if all Zi were normal variables in C with mean 0 and covariance ma-
trix σ2 p 1 0

0 1 q (resp. σ2 p 1 0
0 0 q), then this would be equal to p2σ2qNN !HN (resp.

σ2N p2N ´ 1q!!HN ).

Proposition 5.20 (Non-self-dual case). If the conclusions of Proposition 5.9 hold,
then in the non-self-dual case,

MprobpN,N ;Hq ď pN `H ´ 1qNHN .

Proof. By the Cauchy-Schwarz inequality,

MprobpN,N ;Hq ď

¨
˚̊
˝

ÿ

k1`¨¨¨`kH“N
kiě0

N !?
k1! . . . kH !

˛
‹‹‚

2

ď HN pN `H ´ 1q!
pH ´ 1q! ,

since the number of weak H-compositions5 of N is equal to
`
N`H´1
H´1

˘
. Finally, we

use that pN`H´1q!
pH´1q! ď pN `H ´ 1qN .

5Recall that a weak H-composition of an integer N is a tuple of nonnegative integers
pk1, . . . , kHq such that k1 ` ¨ ¨ ¨ ` kH “ N .
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Remark 5.21. In Remarks 5.8 and 5.10, we explained that the reason for the
restriction on the range in Theorem 5.6 for the non-self-dual case came from the
fact that Xi may have infinitely many nonzero nondiagonal moments. If (5.8)
in Theorem 5.6 held for all distinct k, r ě 0, then we would get the bound HN

instead of HN pN `H ´ 1qN . We will see later how this additional exponential in
H modifies the aforementioned range.

For Dirichlet characters, we can achieve the following better bound:

Proposition 5.22 (Non-self-dual case, Kummer sheaves). In the case of Kummer
sheaves, we have

MprobpN,N ;Hq ď N !HN .

Proof. If Z is a random variable uniformly distributed in µdpCq, then

EpZkZrq “ 1

d

d´1ÿ

i“0

ζ
ipk´rq
d “ δk“r, so

MprobpN,N ;Hq ď N !
ÿ

k1`¨¨¨`kH“N
kiě0

N !

pk1! . . . kH !q2
ď N !HN .

Remark 5.23. Actually, Lamzouri [Lam13] models Z as a random vector uniformly
distributed on the unit circle S1. This is equivalent since the moments are then

EpZkZrq “ 1

2π

ż 2π

0

eiθpk´rqdθ “ δk“r pk, r ě 0q.

Proposition 5.24 (Self-dual case). If the conclusions of Proposition 5.9 hold,
then in the self-dual case,

MprobpN,N ;Hq ď p2N ´ 1q!!HN .

Proof. Since pk ´ 1q!! “ k!
2k{2pk{2q! for k ě 1 odd,

MprobpN,N ;Hq ď
ÿ

k1`¨¨¨`kH“2N
kiě0 even

p2Nq!
k1! . . . kH !

Hź

i“1

ki!

2ki{2pki{2q!

“ p2Nq!
N !2N

ÿ

m1`¨¨¨`mH“N
miě0

ˆ
N{2

m1 . . .mH

˙
“ p2N ´ 1q!!HN .

5.3.6. Approximation of joint distribution functions through charac-
teristic functions. The following result appears in [Lam13], and follows from a
smooth approximation of the sign function (and thus of the characteristic function
of a rectangle in R2) by Selberg in [Sel92].
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Proposition 5.25. Let X be a complex random variable with characteristic func-
tion φXpu, vq “ E

`
eipuReX`v ImXq˘ pu, v P Rq and A “ ra, bsˆrc, ds be a rectangle

in R2 – C. Then, for any real number t ą 0,

P pX P Aq “ 1

2
Re

ż t

0

ż t

0

Gpu{tqGpv{tq
´
φXp2πu,´2πvqfa,bpuqfc,dpvq

´φXp2πu, 2πvqfa,bpuqfc,dpvq
¯du
u

dv

v

`O
ˆ
1

t

ż t

0

p|φXp2πu, 0q| ` |φXp0, 2πuq|qdu
˙

where Gpuq “ 2u
π
` 2p1 ´ uq cotpπuq for u P r0, 1s and fα,βpuq “ pep´αuq ´

ep´βuqq{2 for u P C, α, β P R.

Proof. See [Lam13, Section 4].

Corollary 5.26. If X,Y are complex random variables such that there exists a
positive continuous function g : R2 Ñ R with

φXp2πu, 2πvq “ φY p2πu, 2πvq `Opgp|u|, |v|qq

for all u, v P R, then we have

P pX P Aq “ P pY P Aq

`O
ˆż t

0

ż t

0

gpu, vqdudv ` 1

t

ż t

0

pgpu, 0q ` gp0, uqqdu
˙

`O
ˆ
1

t

ż t

0

p|φXp2πu, 0q| ` |φXp0, 2πuq|qdu
˙
.

5.3.7. Central limit theorem and sums of quasi-normal random vari-
ables.

Lemma 5.27. For H ě 1, let X1, . . . , XH be independent identically distributed
random variables and consider

SpHq “ X1 ` ¨ ¨ ¨ `XH?
H

.

Assume that for 0 ď k, r ď N , the moments Mpk, rq “ EpXk
1X

r
1q of X1 correspond

to the moments of a normal random variable in C with mean 0 and covariance
matrix σ2 p 1 0

0 1 q, respectively
`
σ2 0
0 0

˘
. Then the characteristic function φHpu, vq “

E
´
eipuSpHq`vSpHqq

¯
of SpHq satisfies

φHpu, uq “ e´2σ2|u|2
ˆ
1`O

ˆ |u|N
HpN´1q{2

˙˙
,

when u P C with |u| ď H
N´2
2N , respectively

φHpu, 0q “ e´ 1
2
σ2u2

ˆ
1`O

ˆ |u|N
HpN´1q{2

˙˙

when u P R with |u| ď H
N´2
2N .
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Proof. By independence of the Xi, we have φHpu, vq “ φ
´

u?
H
, v?

H

¯H
where

φpu, vq “ E
´
eipuX1`vX1q

¯
is the characteristic function of X1. Then

φHpu, uq “
ˆ
e´2σ2|u|2{H `O

ˆ |u|N
HpN`1q{2

˙˙H

“ e´2σ2|u|2
ˆ
1`O

ˆ |u|N
HpN´1q{2

˙˙

in the first case, since pea `Opa2qqH “ eaHp1`Opa2Hqq if a2H ď 1. The second
case is similar.

5.3.8. Normal approximation. Below, we give a particular case of the gener-
alization of the Berry-Esseen Theorem in higher dimensions appearing in [BRR86].

Proposition 5.28. Let X1, . . . , XH be independent and identically distributed
random vectors in R2, satisfying

EpX1q “ 0, and Ep||X1||4q ă 8,

and let SpHq “ X1`¨¨¨`XH?
H

. Then for any A Ă R2 Borel-measurable,

P pSpHq P Aq “ P pN P Aq `OpµpAqH´1{2q,

where N is a normal random vector in R2 with mean 0 and covariance CovpX1q.

Proof. This follows from [BRR86, Theorem 13.2] taking d “ 2 and f “ 1A. Note
that, under the notations of the latter,

δH !
H logH

eCH
and ω˚

f p27{2π´1{324{3ρ3H
´1{2 : Φq ! µpAq?

H

for some absolute constant C ą 0. Thus, for Φ the density function of N ,

ˇ̌
ˇ̌
ż

A

dpSpHq ´ Φq
ˇ̌
ˇ̌ ! ωf pR2q

ˆ
1?
H
` logH

H
` 1

H
?
logH

` 1

eCH
?
H logH

˙

`ω˚
f p27{2π´1{324{3ρ3H

´1{2 : Φq
! µpAqH´1{2.

5.3.9. Proof of Theorem 5.6. Combining the above results, we can finally
prove Theorem 5.6, conditionally on Proposition 5.9. Let us consider the charac-
teristic functions

φq,Ipu, vq “ E

ˆ
eipuS̃qpx,Iq`vS̃qpx,Iqq

˙
pu, v P Cq

of the normalized complex-valued random variable pS̃qpx, IqqxPFq and

φHpu, vq “ E
´
eipuSpHq`vSpHqq

¯
pu, v P Cq
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of the random model

SpHq “ X1 ` ¨ ¨ ¨ `XH?
H

,

where H “ |I|. Recall that by (5.10), we have for all integers k, r ě 0

M̃qpk, r; Iq “ M̃probpk, r;Hq `O
´
c3pk`rqq´1{2H

k`r
2

¯
.

Let us fix 0 ă ε ă 1{2 and let

N “ 2M ď ε
log q

logpc6Hq (5.13)

be an even integer, so that in particular c6Mq´1{2HM ď q´1{2`ε and

M̃qpM,M ; Iq “ M̃probpM,M ;Hq `Opq´1{2`εq.

By Lemma 5.19, we find the following relation between the characteristic func-
tions:

φq,Ipu, uq “ φHpu, uq

`O
ˆ |u|N
N !

|M̃probpM,M ;Hq| ` q´1{2`εp1` |u|N q
˙
.

Let t “ Mα{p2πq for some α ą 0 to be determined later. We apply Corol-
lary 5.26 after making a change of variable with (5.11) to consider characteristic
functions arising from pu, vq ÞÑ uReX ` v ImX pu, v P Rq instead of pu, vq ÞÑ
uX ` vX pu, v P Cq. For all u, v P R, we then have by Hölder’s inequality

P pS̃qpx, Iq P Aq “ P pSpHq P Aq

`O
ˆ
1

t

ż t

0

p|φHpπu, πuq| ` |φHpiπu,´iπuq|qdu
˙

`O
ˆż t

0

ż t

0

gpu, vqdudv
˙

`O
ˆ
1

t

ż t

0

pgpu, 0q ` gp0, uqqdu
˙

(5.14)

where

gpx, yq “ p2πqN
„
xN ` yN

N !
|M̃probpM,M ;Hq| ` q´1{2`εp1` xN ` yN q


.

Let us bound the three error terms in (5.14) one after another:

(1) For the first one, note that

1

t

ż t

0

|φHp2πu, 2πuq|du ď
1

t

ż

R
|φHp2πu, 2πuq|du.

Using Lemma 5.27 and the assumptions on the moments, we have

φHpu, uq “ e´u2{2
ˆ
1`O

ˆ |u|R
HpR´1q{2

˙˙

for |u| ď H
R´1
2R . Since

ş
R e

´u2{2 ă 8, the error term becomes Op1{tq “
O pM´αq under the condition

2πt ď H
R´1
2R , i.e. M ď H

R´1
2Rα . (5.15)
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(2) The second term
şt
0

şt
0
gpu, vqdudv is bounded (up to a constant) by

M̃probpM,M ;Hq
p2Mq!

p2πtq2M`2

M

`q´1{2`ε
ˆ
p2πtq2 ` p2πtq

2M`1

M

˙
. (5.16)

By Propositions 5.20 (non-self-dual case), 5.22 (Kummer case) and 5.24 (self-
dual case),

M̃probpM,M ;Hq ď

$
’&
’%

pM `H ´ 1qM non-self-dual case

M ! Kummer case

p2M ´ 1q!! self-dual case.

By Stirling’s approximation, the first summand of (5.16) is bounded (up to a
constant) by:

– In the Kummer case:
MMp2α´1q`2α´1.

– In the self-dual case:

M
2α´ 3

2
`M

´
2α´1` logpe{2q

logM

¯

.

– In the non-self-dual case:

M2α´ 3
2

ˆ
e4

4

`
M2α´1 `HM2α´2 ´M2α´2

˘˙M

!M2α´ 3
2 (5.17)

if α ă 1{2 and under the additional condition M " H
1

2´2α . With (5.13),
this imposes the more restrictive range

H “ o
´
plog qq

2´2α
1`εp2´2αq

¯
(5.18)

and the condition

1

2´ 2α
ď R´ 1

2Rα
, i.e. α ď R´ 1

2R´ 1
(5.19)

because of (5.15).

By (5.15), the second summand of (5.16) is

O
´
q´ 1

2
`2ε

¯

if logH{ log q ď ε since

p2πtq2 ď H
R´1
R “ q

logH
log q

R´1
R and

p2πtq2M`1 ď H3M R´1
2R ď q

3pR´1q
4R

ε.

(3) Under the same conditions, the last error term 1
t

şt
0
pgpu, 0q ` gp0, uqqdu of

(5.14) is bounded by the first one.
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Hence, the error term in (5.14) is:

– In the self-dual and Kummer cases

O

ˆ
M´α `M2α´1`M

´
2α´1` logpe{2q

logM

¯

` q´ 1
2

`2ε

˙
.

We optimize by taking α “
M

´
1´ logpe{2q

logM

¯
`1

2M`3
, which leads to an error term of

O
´
M´ 1

2
`ε ` q´ 1

2
`2ε

¯
.

– In the non-self-dual case,

O
´
M´α ` q´ 1

2
`2ε

¯

(since 2α ´ 3{2 ď ´α when α ď 1{2). By (5.19), we optimize by taking
α “ R´1

2R´1
and we obtain the error term

O
´
M

´ R´1
2R´1 ` q´ 1

2
`2ε

¯

for the range

H “ o
´
plog qq

2R
p2R´1qp1`2εq

¯
.

Finally, after letting

M “
R
min

ˆ
H

R´1
2Rα ,

ε

2

log q

logpc6Hq

˙V
Ñ `8,

we can apply Proposition 5.28 to SpHq, and combining with (5.14) gives Theorem
5.6.

5.4. Traces of random matrices in classical groups

In this section, we prove Proposition 5.9, which will conclude the proof of
Theorem 5.6. In comparison to earlier works, recall that it is important for us to
obtain bounds on moments of high order with respect to the rank.

5.4.1. Special linear case.

Proposition 5.29. Let N ě 2 and let X “ tr θ, where θ is a random variable
uniformly distributed in SUN pCq with respect to the Haar measure. For k, r ě 0

integers, let us consider the moment Mpk, rq “ EpXkXrq. Then:

(1) We have

Mpk, rq “ δN |k´r
ÿ

λ$k
lpλqďN,λNě´a

dimSλ dimSλ`paN q

where a “ pk ´ rq{N and Sλ — respectively Sλ`a — is the Specht Sk-
module (resp. Sr-module) associated to the partition λ — resp. λ` paN q “
λ` pa, . . . , aq.
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(2) Mpk, rq ď
?
k!r!.

(3) Mpk, kq “ k! if k ď N .

(4) Mpk, rq “ 0 if k, r ă N and k ‰ r.

Proof. We use the same technique as in [DS94], but we also need to handle the
case k, r ě N .

Let Std be the standard representation of SUN pCq in GLN pCq. Recall that the
irreducible representations of SLN pCq (and hence of its maximal compact subgroup
SUN pCq) are the Schur-Weyl modules SλpStdq indexed by partitions λ of length
lpλq ď N (see [FH91, 15.3]). Moreover, the character of SλpStdq is given by the
Schur polynomial sλ evaluated on the eigenvalues (see [Mac95, I.3] or [FH91, 6.1]).
For λ “ pλ1, . . . , λlq, recall the power symmetric polynomials

pλ “ pλ1 . . . pλl where pm “ xm1 ` ¨ ¨ ¨ ` xmN for any m P N.

By the representation theory of the symmetric group and the theory of sym-
metric polynomials (see [Mac95, I.7.8]), we have the decomposition of pλ into the
basis of Schur polynomials: for any partition λ of length ď k,

pλ “
ÿ

µ$k
χµpλqsµ,

where χµpλq is the character of the irreducible Specht Sk-module Sµ corresponding
to λ, evaluated on the conjugacy class corresponding to λ. In particular,

px1 ` ¨ ¨ ¨ ` xN qk “
ÿ

µ$k
lpµqďN

dimSµsµpx1, . . . , xN q.

Since px1 ` ¨ ¨ ¨ ` xN qk (resp. sµpx1, . . . , xN q) is the character of Stdbk (resp. of
the irreducible representation SµpStdq) evaluated at a matrix whose eigenvalues
are x1, . . . , xN , we get by orthogonality that Mpk, rq is equal to

ż

SUN pCq
trpgqktrpgqrdg “

ÿ

µ1$k
lpµ1qďN

ÿ

µ2$r
lpµ2qďN

dimSµ1 dimSµ2δSµ1
pStdq–Sµ2

pStdq.

(5.20)
The Cauchy-Schwarz inequality yields

Mpk, rq2 ď
ÿ

µ1$k
lpµ1qďN

pdimSµ1q2
ÿ

µ2$r
lpµ2qďN

pdimSµ2q2 ď k!r! (5.21)

since the Specht modules Sµ (µ $ k) give the irreducible representations of the
symmetric group Sk (see [Mac95, I.7]). Hence we obtain (2).

Next, note that Sµ1pStdq – Sµ2pStdq if and only if µ2 “ µ1 ` paN q for some
a P Z (see [FH91, p. 223]). If the latter holds, we have N | k ´ r, a “ pk ´ rq{N ,
lpµ1q ď N and pµ1qN ě ´a. Thus (5.20) becomes

Mpk, rq “
ÿ

λ$k
lpλqďN,λNě´a

dimSλ dimSλ`paN q
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if N | k ´ r and 0 otherwise. This gives (1).

Let us now assume that k ď N . We then automatically have lpλq ď k ď N

for every partition λ of k. If moreover k “ r, then a “ 0 and

Mpk, kq “
ÿ

λ$k
pdimSλq2 “ k!,

which is (3). Finally, if 0 ď k, r ă N are distinct, then N ∤ k´ r and Mpk, rq “ 0,
which is (4).

Remark 5.30. (see also Remarks 5.8 and 5.10). The second bound we have given
in (5.21) is not asymptotically tight for k ‰ r. However, replacing it by a bet-
ter asymptotic would not improve the results (or in particular recover the range
logH “ oplog qq in the non-self-dual case of Theorem 5.6). Indeed, Regev [Reg81,
Corollary 4.4] used the hook-length formula to show that as k Ñ8, we have

ÿ

λ$k
lpλqďN

pdimSλq2 „ CpNq N2k

kpN2´1q{2 ,

where

CpNq “ NN2{2
˜
N´1ź

n“1

n!

¸ ˆ
1?
2π

˙N´1 ˆ
1

2

˙N2´1
2

.

For all ε ą 0, we get by (5.21) the bound

Mpk, rq ď p1` εqCpNq Nk`r

pkrqN2´1

and the bound of Proposition 5.20 becomes

MprobpM,M ;Hq ď H2M p1` εqHCpNqHN2M ,

which still has an additional factor of HM . Hence, the bound (5.17) becomes

pp1` εqCpR` 1qqHM2α´ 3
2

`
HM2α´2pR` 1q2

˘M
,

for which we still need the restricted range M ą H
1

2´2α .

5.4.2. Symplectic case.

Proposition 5.31. Let N ě 1 and X “ tr θ, where θ is a random variable
uniformly distributed in USp2N pCq “ Sp2N pCq XU2N pCq with respect to the Haar
measure. For k ě 0 an integer, let us consider the moment Mpkq “ EpXkq. Then

(1) Mpkq “ 0 if k is odd.

(2) Mpkq ď pk ´ 1q!! if k is even, with equality if k ď N .

Proof. Let Std be the standard representation of Sp2N pCq. As in the simple
linear case, recall that the irreducible representations of Sp2N pCq (and hence of
USp2N pCq) are given by the Weyl modules SxµypStdq indexed by partitions µ with
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lpµq ď N ([FH91, 17.3]). By Peter-Weyl, Mpkq “ mult1pStdbkq. By [Sun86,
Theorem 6.15], we have the decomposition

Stdbk “
à
µ

lpµqďN

fkµpNqSxµypStdq,

where fkµpNq is the number of sequences of partitions p∅ “ µ0, . . . , µk “ µq such
that

(a) two consecutive partitions differ by exactly one box in their Young diagrams,
and

(b) lpµiq ď N for all i.

Hence, Mpkq “ fk0 pNq, so that (1) is clear. By [Sun86, Lemma 8.3], when k is
even, the number fkµ of sequences of partitions p∅ “ µ0, . . . , µk “ µq verifying (a)

satisfies fk0 “ pk ´ 1q!!, whence (2) since f2k0 pNq ď f2k0 , with equality if k ď N

since then lpµiq ď i ď k.

Remark 5.32. When k ď N , this is proven in [DS94, Theorem 6] by using the
analogue for Sp of the Schur-Weyl duality, through the Brauer algebra Df p´2Nq,
following results of Wenzl and Ram (see in particular [Ram95, Theorem 4.4 (c),
Corollary 4.5 (c)]). However, this cannot be exploited when k ą N sinceDf p´2Nq
is not semisimple in that case.

5.4.3. Special orthogonal case.

Proposition 5.33. Let N ě 2 and X “ tr θ, where θ is a random variable
uniformly distributed in SON pRq with respect to the Haar measure. Let us consider
the moment Mpkq “ EpXkq for k ě 0 an integer. Then:

(1) Mpkq “ 0 if k is odd.

(2) Mpkq ď pk ´ 1q!! if k is even, with equality if k ď tN{2u.

Proof. This is similar to the symplectic case. Let Std be the standard represen-
tation of SON pRq.

(1) (Case N “ 2N 1 ` 1 odd). By [Sun90, Theorem 4.2], we have the decompo-
sition

Stdbk “
à
µ

lpµqďN 1

F kµ pN 1qSrµspStdq,

where SrµspStdq is the irreducible representation of SO2N 1`1pRq associated
to the partition µ (obtained from the Weyl module, see [FH91, 19.5]) and
F kµ pN 1q is the number of sequences of partitions p∅ “ µ0, . . . , µk “ µq such
that

(a) two consecutive partitions either differ by exactly one box in their
Young diagrams, or are equal of length N 1, and

(b) lpµiq ď N 1 for all i.
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Hence, Mpkq “ F k0 pN 1q. Clearly, F k0 pN 1q ď fk0 pN 1q ď fk0 with equality if
k ď N 1, where fk0 pN 1q and fk0 are as in the proof of Proposition 5.31. The
result follows then from the latter.

(2) (Case N “ 2N 1 even). By [Pro90, Corollary 4], we have for SO2N 1pRq the
decomposition

Stdbk “
à
µ

lpµqďN 1

GkµpN 1qSrµspStdq,

where GkµpN 1q is the number of sequences of partitions p∅ “ µ0, . . . , µk “ µq
such that:

a) two consecutive partitions differ by exactly one box in their Young
diagrams, and

b) for every 0 ď i ď k, the sum of the length of the first two columns in
the Young diagram of µi is ď N 1.

Thus, we have again GkµpN 1q ď fk0 pN 1q ď fk0 with equality if k ď N 1, since
the Young diagram of µi contains at most i ď k boxes.

Remark 5.34. As for the symplectic case (see Remark 5.32), this is proved when
k ď N in [DS94, Theorem 4], by using [Ram95, Theorem 4.4 (b), Corollary 4.5
(b)], but again this method cannot be used when k ą N .

The idea of Sundaram in [Sun86] and [Sun90] is to define tableaux general-
izing the Robinson-Schensted-Knuth correspondence and to prove a generalized
insertion scheme. The symplectic case actually goes back to Berele, and the odd-
dimensional orthogonal case is an extension of the latter. For orthogonal groups,
there are also generalized tableaux by King-Welsh, Koike-Terada and Fulmek-
Krattenhalter, but these do not have at first an easy combinatorial description.

5.5. Examples: coherent families

In this final section, we finish the proof that the families of sheaves of Section
4.4.3 are coherent (eventually up to twisting by Weil numbers of weight 0), and
hence satisfy Theorems 5.2 and 5.6 (eventually up to multiplying the covariance
matrix by an orthonormal matrix).

For each of them, except Kummer sheaves, it remains to show:

(1) The independence of shifts (see Section 4.5).

(2) The equality of arithmetic and geometric monodromy groups, eventually up
to twisting (see Section 3.5.7).

5.5.1. Kummer sheaves.

Proposition 5.35. A family pFqq of Kummer sheaves Lχpfq, where degpfq bounded
independently from q and f has no zero or pole of order divisible by ordpχ), is co-
herent.

Proof. This is Propositions 2.45 and 3.56.
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5.5.2. Kloosterman sheaves.

Proposition 5.36. Let n ě 2 be an integer. The family pKln,qqq of ℓ-adic Kloost-
erman sheaves over Fq (see Proposition 2.46) is coherent.

Proof. The geometric irreducibility, conductor bound, and condition on the mon-
odromy groups follow from Proposition 2.46 and Theorem 3.23. The independence
of shifts follows from Lemma 4.39, which can be applied thanks to Proposition
3.19 (1).

5.5.3. Hypergeometric sheaves.

Proposition 5.37. Let n ě m ě 0 be integers with m ` n ě 1 and let χq “
pχi,qq1ďiďn, ρq “ pρj,qq1ďjďm be tuples of pairwise distinct characters of Fˆ

q . We
assume that Λ “ ś

i χi,q “ 1 and either:

(1) n “ m is odd and Γ “ ś
j ρj,q “ 1 is constant, or

(2) n´m ě 3 is odd.

Then the family pHpχq,ρqqqq of hypergeometric sheaves (see Proposition 2.50) is
coherent.

Proof. The geometric irreducibility and conductor bound follow from Proposition
2.50.

By Proposition 3.57, we have G0
geom “ G

0,der
geom “ SLnpCq under the assump-

tions. To make the arithmetic and geometric monodromy group coincide, we use
the strategy of Section 3.5.7. By the computation of the arithmetic determinant
in [Kat90, 8.12], there is an explicit Weil number α “ αpχ,ρq P Qℓ of weight 0
such that

detHpχ,ρq – αb L

with

L “

$
’&
’%

LΛ b rx ÞÑ 1´ xs˚LΓ{Λ if n “ m,

Lψ b LΛ if n´m “ 1,

LΛ if n´m ě 2.

Under the assumptions of the proposition, L is arithmetically trivial and α “ 1.
The break decomposition of the hypergeometric sheaf is determined recursively

in [Kat90, Theorem 8.4.2(6)], and the independence of shifts is then a consequence
of Lemma 4.39.

Thus, families of hypergeometric sums of the form

p´1qr´1

qpr´1q{2

ÿ

xPFn
q ,yPFn

q

Npxq“tNpyq

˜
n´1ź

i“1

χipxix´1
n qρipyiy´1

n q
¸
e

ˆ
trpT pxq ´ T pyqq

p

˙
pt P Fqq

with n odd or

p´1qr´1

qpr´1q{2

ÿ

xPFn
q ,yPFm

q

Npxq“tNpyq

˜
nź

i“1

χipxix´1
n q

mź

j“1

ρjpyjq
¸
e

ˆ
trpT pxq ´ T pyqq

p

˙
pt P Fqq

with n´m ě 3 odd, are coherent.
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5.5.4. Supermorse functions and sums of the form (2.5).

Proposition 5.38. Let f P QpXq and let Zf 1 be the set of zeros of f 1 in C. We
assume that either

– pHq: kf “ |Zf 1 | is even, β “ ř
zPZf 1

fpzq “ 0, and if s1 ´ s2 “ s3 ´ s4 with

si P fpZf 1q, then s1 “ s3, s2 “ s4 or s1 “ s2, s3 “ s4.

– pH 1q: f is odd, and if s1´s2 “ s3´s4 with si P fpZf 1q, then s1 “ s3, s2 “ s4
or s1 “ s2, s3 “ s4 or s1 “ ´s4, s2 “ ´s3.

For q large enough, let pGf,qqq be the family of ℓ-adic sheaves of Proposition 2.53,
with trace functions

x ÞÑ ´1?
q

ÿ

yPFq

e

ˆ
trpxfpyqq

p

˙
px P Fqq.

There exist Weil numbers αq P Qℓ of weight 0 such that the family of ℓ-adic sheaves
pαq b Gf,qqq is coherent. Moreover, we can take αq “ 1 in the pH 1q case.

Proof. The geometric irreducibility and conductor bound follow from Proposition
2.53. The computation of G0

geom was recalled in Proposition 3.58. By Section
3.5.7, we get Ggeom “ Garith “ Spkf pCq in the pH 1q case. In the pHq case, we use
the determination (geometrically) of the determinant of Gf from [Kat90, 7.10.4]:
there is a geometric isomorphism

detpGf q – Lψp´βXq b Lχ,

where χ “ χ
kf
2 for χ2 the character of order 2 of F

ˆ
q and β is viewed in Fq. Under

pHq or pH 1q, this sheaf is geometrically trivial, and it suffices to apply Proposition
2.16.

It remains to show the independence of shifts. We consider the case of a
geometric isomorphism

r`as˚Gf – Gf b L (5.22)

for L a rank 1 sheaf and a P Fq, the argument with DpGf q being similar. We adapt
the multiplicative case treated in the proof of [Mic98, Théorème 2.3]. By Lemma
4.36 (1) and Proposition 2.53, we must have SingpLq “ t0,´a,8u or t0,´au.
Moreover, by [Kat90, 7.5.4(5)], the ramification of L at 0 and ´a is tame. By
[Kat90, 7.9.4], Gf as I8-representation is

Gf p8q –
à

zPZf 1

`
LψpfpzqXq b LχzpXq

˘

where χz is a multiplicative character, and we view Zf 1 in Fq. Hence, by Propo-
sition 2.23 (2) all the breaks are at 1 and as representations of the wild inertia
group P8, we have

Gf p8q –
à

zPZf 1

LψpfpzqXq.

We distinguish two cases:
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– If 8 R SingpLq, then Lemma 4.37 (3) implies that there is a multiplicative
character χ1 such that

L – Lχ1ppX`aq{Xq.

Hence, there exists some β P C of unit norm such that

β
ÿ

yPFq

e

ˆ
trppx` aqfpyqq

p

˙
“

ÿ

yPFq

e

ˆ
trpxfpyqq

p

˙
χ1

ˆ
x` a
x

˙

for all x P Fˆ
q . If a ‰ 0, taking x “ ´a gives βq “ 0, a contradiction.

– Assume that 8 P SingpLq. By Proposition 2.23, Swan8pLq P t0, 1u because
all the breaks of Gf at 8 are at 1. If Swan8pLq “ 1, the break-depression
lemma [Kat88, 8.5.7] implies that L – ptame at 8qbLψpbXq for some b P Fˆ

q .
On the other hand, L is by definition tame at 8 if Swan8pLq “ 0. In both
cases, the restriction of the isomorphism (5.22) to P8 gives

à

zPZf 1

LψpfpzqpX`aqq –
à

zPZf 1

Lψppfpzq`bqXq

for some b P Fq. Thus the sets tfpzqpX ` aq : z P Zf 1u and tpfpzq ` bqX :

z P Zf 1u are equal, which implies that a “ 0 (and b “ 0q.

Example 5.39. In particular, the families of Example 3.60 are coherent, under the
condition r ě 2 even for (1).

Remark 5.40. Lemma 4.40 does not apply here because F1 is trivial.

Remark 5.41. Note that there is a misprint in [FM02, Section II.1]: αf,q therein
actually depends on a, unless further assumptions are made. This is not important
in [FM02], but in our situation we need to select examples so that α precisely does
not depend on a.

5.5.5. Sums of the form (2.3) with f “ X, χ “ 1, h polynomial..

Proposition 5.42. Let h “ řn
i“1 aiX

i P ZrXs be a polynomial of degree n ě 3,
n R t6, 8u, with an´1 “ 0. For q large enough, let pGh,qqq be the family of ℓ-adic
sheaves of Proposition 2.54, corresponding to the trace functions

x ÞÑ ´1?
q

ÿ

yPFq

e

ˆ
trpxy ` hpyqq

p

˙
px P Fqq.

There exist Weil numbers αq P Qℓ of weight 0 such that the family pαq b Gh,qqq is
coherent. Moreover, αq “ 1 if n is odd and h has no monomial of even positive
degree.

Proof. The geometric irreducibility and conductor bound are given in Proposition
2.54.

The geometric monodromy group was given in Proposition 3.61. In the sym-
plectic case, Section 3.5.7 gives that Ggeom “ Garith “ Spn´1pCq. In the special
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linear case, the hypothesis an´1 “ 0 implies that the geometric determinant of G
is trivial by [Kat90, Section 7.12], and the statement follows from Section 3.5.7.

The independence of shifts follows directly from Lemmas 4.40 and 4.41, simi-
larly to Kloosterman sheaves.

5.5.6. Sums of the form (2.3) with f polynomial, χ ‰ 1.

Proposition 5.43. Let f, g, h P QpXq and pχqqq be as in Proposition 3.63, and
consider for q large enough the associated family pGqqq of ℓ-adic sheaves with trace
functions

x ÞÑ ´1?
q

ÿ

yPFq

e

ˆ
trpxfpyq ` hpyqq

p

˙
χpgpyqq px P Fqq.

Assume that n ą 2d, either g is nonconstant or h R ZrXs, and either N ‰ 7, 8 or
|n´d| ‰ 6. Then there exist αq P t˘1u such that the family pαqbGqqq is coherent.
Moreover, αq “ 1 if L is odd.

Proof. Proposition 2.55 gives the geometric irreducibility and the conductor bound.
The geometric monodromy groups are given by Proposition 3.63 under the

above assumptions, and the statement follows by Section 3.5.7.
We finally show the independence of shifts. Let us assume that there is a

geometric isomorphism of the form (4.8) for G with a ‰ 0. By Lemmas 4.40 and
4.41, we have SingpF2q “ t8u or A1pFqq Ă SingpF2q. Since condpF2q is bounded
independently from q, the last possibility is excluded for q large enough.

Let us then assume that SingpF2q “ t8u. By Proposition 2.52 and the fact
that f is a polynomial, we have SingpF1q Ă t8u. Since the Kummer sheaf is
tamely ramified everywhere while the Artin-Schreier sheaf is totally wild at all
ramified points, this implies that h P ZrXs and that g is constant.

5.5.7. Families of hyperelliptic curves.

Proposition 5.44. Let f P ZrXs be a squarefree polynomial of degree 2g ě 2.
For q large enough, the family pFf,qqq of ℓ-adic sheaves over Fq from Proposition
2.57 is coherent.

Proof. The geometric irreducibility and bound on the conductor can be found in
Proposition 2.57, and the computation of the monodromy group in Proposition
3.64. It remains to show the independence of shifts. Let us assume that there exists
an isomorphism of the form (4.8) for Fq. By Lemma 4.36 (2), if q is large enough,
there exists x P SingpFq X A1pFqq such that FIx

q “ 0, which is a contradiction
with Proposition 2.57.

Remark 5.45. More generally, this argument for the independence of shifts applies
to all sheaves with pseudoreflection monodromy.



Chapter 6

Trace functions with image in the cyclotomic integers

As we explained in the introduction (see Section 1.4), the goal of this chapter
is to study the reduction of trace functions modulo prime ideals in the cyclotomic
rings of integers in which they lie, or more generally distribution questions for
sheaves of Fλ-modules over Fq.

Under some technical assumptions (i.e. the corresponding reduced family is
coherent), we will get:

– An equidistribution result for values and/or shifted sums of such trace func-
tions (Section 6.4).

– Generalizations of [LZ12] to the distribution of families of sums of reduced
trace functions (Section 6.5). In particular, this gives an analogue of the re-
sults Chapter 5 and a generalization of [LZ12] to all multiplicative characters
and to Kloosterman sums.

– Zero-density estimates for arguments where the trace functions take values in
some algebraic subsets of the cyclotomic integers (Section 6.6). For example,
for m ě 2, we show that if p is large enough, then Kln,ppxq R Qpζ4pqm for all
x P Fˆ

p .

This applies in particular to multiplicative characters of any order, Klooster-
man sums and trace functions counting points on families hyperelliptic curves (see
Section 2.4).

This chapter is structured as follows:

– In Section 6.1, we recall the technical setup to handle reductions of trace
functions in the ℓ-adic formalism, the examples we will consider, and finish
to prove that the latter are coherent.

– In Section 6.2, we prove that the probabilistic model we developed in Chapter
4 is accurate for coherent families.

– In Section 6.3, we make preliminary computations and observations in the
model, in particular regarding “Gaussian sums” in monodromy groups.

– In Sections 6.4, 6.5 and 6.6, we transfer the results from the model to the
actual probability space to get the results mentioned above.

6.1. Setup and examples

We start by reviewing the general setup and the examples we will examine.

111



112 Chapter 6. Trace functions with image in the cyclotomic integers

6.1.1. Reduction of sheaves of Zrζdsλ-modules. Let Fq be a finite field of
odd characteristic p. For an integer d ě 2, let E “ Qpζdq be the dth cyclotomic
field with ring of integers O. We fix an auxiliary prime ℓ ‰ p and a prime ideal
q E O above ℓ, corresponding to a valuation λ of E extending the ℓ-adic valuation
on Z. Let Eλ and Oλ be the completions, and let

π : Oλ Ñ Oλ{qOλ – Fλ

be the reduction map.
We consider a sheaf F of Oλ-modules over Fq, corresponding to an ℓ-adic

representation
ρ “ ρq,λ : π1,q Ñ GLnpOλq,

and with trace function t : Fq Ñ Oλ.
We are interested in the reduction modulo q of the latter, namely t̂ “ π ˝ t :

Fq Ñ Fλ.

GLnpOλq tr //

π

��

Oλ

π

��

π1,q

ρ 55❥❥❥❥❥❥❥❥❥❥❥❥

pρ ))❚❚❚
❚❚

❚❚
❚❚

❚❚
❚ Fq

t
hh◗◗◗◗◗◗◗◗◗◗◗◗

t̂vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠

GLnpFλq tr // Fλ

By reduction of F modulo q, we get a sheaf of Fλ-modules corresponding to the
representation

pρ : π1,q Ñ GLnpFλq,
and with trace function equal to pt.

Remark 6.1. By the theory of ramification in cyclotomic fields, we have |Fλ| “ ℓm

with m the multiplicative order of ℓ modulo d (see [Was97, Theorem 2.13]). In
particular,

|Fλ| ” 1 pmod dq, d ă |Fλ|,
and Fλ “ Fℓ (i.e. ℓ splits completely) if and only if ℓ ” 1 pmod dq.

Remark 6.2. In practice, t : Fq Ñ Oλ will actually have image in O (or Oα for
some α P Ozq when we normalize), but this cannot be assumed in general and
will play no role in the arguments except for the large sieve in the last section.
Nonetheless, if tpFqq Ă Oα, we can study the reduction of t modulo any prime
ideal q E O such that α R q. This is the reason why we allow λ to vary in the
definition of a coherent family in the finite case (see Section 4.4).

E // Eλ

O // Oα
// Oq

OO

// Oλ
mod q //

OO

Fλ

6.1.2. Examples. Our arguments will apply to families of sheaves of Zrζdsλ-
modules whose reductions form a coherent family:

Proposition 6.3 (Multiplicative characters). A family pLχpfqq of Kummer sheaves
of Fλ-modules, with degpfq bounded uniformly, is coherent.
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Proof. This is Propositions 2.45 and 3.56.

Proposition 6.4 (Kloosterman sums). Let n ě 2 be fixed and let pKlnq be a
family of Kloosterman sheaves of Fλ-modules of rank n over Fq, where λ lies
above a prime ℓ "n 1 with ℓ ” 1 pmod 4q and pn, rFλ : Fℓsq “ 1 (as in Theorem
3.27). Then the family is coherent. The same result holds true without restriction
on ℓ pmod 4q if p ” 1 pmod 3q or if n is odd, with O “ Zrζps.

Proof. This is Proposition 2.46 (construction) and Theorem 3.27 (monodromy
groups), the independence of shifts being proven as in Proposition 5.36.

Proposition 6.5 (Point counting on families of hyperelliptic curves). Let f P
ZrXs be a squarefree polynomial of degree 2g ě 2. A family pFq of sheaves of
Zℓ-modules with respect to the reductions of f as in Proposition 2.57 is coherent.

Proof. This is Propositions 2.57 and 3.64, the argument for the independence of
shifts being as in Proposition 5.44.

Note that this setup also applies to hypergeometric sums (Proposition 2.50)
and general exponential sums (Section 2.4.3), as sheaves of Fλ-modules, but we did
not compute their finite monodromy groups (see Remark 3.55). If we showed that
they are still classical groups (or more particularly special linear and symplectic
groups), the results would hold as well.

6.2. Accuracy of the model

Let F be a sheaf of Fλ-modules over Fq, with monodromy groups Gλ “
GgeompFq “ GarithpFq, corresponding to a representation ρ : π1,q Ñ GLnpFλq,
and with trace function t : Fq Ñ Fλ. Recall from Chapter 4 that for any I Ă Fq
of cardinality L ě 1, we model the random vector

´
ρpFrobx`aqaPI

¯
xPFq

(see also Convention 4.1) by the random vector pY1, . . . , YLq, where the Yi are
independent uniformly distributed in the set G7

λ of conjugacy classes of Gλ. The
random vector ´

ptpx` aqqaPI
¯
xPFq

is then modeled by pZ1, . . . , ZLq, where Zi “ trYi.

We now prove that this model is accurate in the sense of convergence in law
(with respect to some ranges of the parameters).

6.2.1. Statements.

Definition 6.6. For G a finite group and m ě 1 an integer, we let dmpGq “ř
χP pGpdimχqm, where pG is the set of characters of irreducible complex represen-

tations.

Theorem 6.7. We assume that F as above is part of a coherent family. Let
I Ă Fq of cardinality L and h : pG7

λqL Ñ R any function. If F is I-compatible,
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then

E
´
h

`
ρpFrobx`aq

˘
aPI

¯
“ E phpY1, . . . , YLqq `O

´
L||h||8q´1{2EpGλ, Lq

¯
,

where

EpGλ, Lq “

$
’&
’%

|Fλ|Lβ`pGλq`2β´pGλq : classical case

dL : cyclic simple case

dL`1 : Kummer case,

with β˘pGλq “ pdimGλ ˘ rankGλq{2 given in Table 6.1. Moreover, if h takes
values in Rě0, then

E
´
h

`
ρpFrobx`aq

˘
aPI

¯
“ E phpY1, . . . , YLqq

´
1`OpLq´1{2EpGλ, Lqq

¯
,

Remark 6.8. Again, we recall that the I-compatibility of F is a restriction only for
Kummer sheaves Lχpfq with f ‰ X, and holds if I Ă r1 . . . p{degpfqqe Ă Fq – Fep
by Example 4.12.

Remark 6.9. When I “ t0u, this is Chebotarev’s theorem as it appears for example
in [Kow06b].

G dimG rankG αpGq β`pGq β´pGq
SLn n2 ´ 1 n´ 1 n2´1

2
n2`n´2

2
npn´1q

2

Spn (n even) npn`1q
2

n
2

npn`2q
8

npn`2q
4

n2

4

SOn (n odd) npn´1q
2

n´1
2

n2´1
8

pn`1qpn´1q
4

pn´1q2
4

SO˘
n (n even) npn`1q

2
n
2

npn¯2q
8

n2

4
npn´2q

4

Table 6.1: Constants for the groups considered.

Corollary 6.10. Under the hypotheses of Theorem 6.7, for any function h : FLλ Ñ
R, we have

E
´
h

`
tpx` aq

˘
aPI

¯
“ E phpZ1, . . . , ZLqq `O

´
L||h||8q´1{2EpGλ, Lqq

¯
.

and if h takes values in Rě0,

E
´
h

`
tpx` aq

˘
aPI

¯
“ E phpZ1, . . . , ZLqq

´
1`OpLq´1{2EpGλ, Lqq

¯
.

Proof. Apply the previous result with h ˝ tr.

Remark 6.11. Note that we must in particular take L ă q1{2 to have EpGλ, LqL “
opq1{2q as q Ñ `8.

6.2.2. Proof of Theorem 6.7. For I “ ta1, . . . , aLu Ă Fq, we write

1

q

ÿ

xPFq

hpρpFrobx`a1q, . . . , ρpFrobx`aLqq “
ÿ

vPpG7
λ

qL
hpvq |Dpvq|

q

where
Dpvq “ tx P Fq : ρpFrobx`aiq “ vi p1 ď i ď Lqu.



6.2. Accuracy of the model 115

Lemma 6.12. Under the notations above, we have

|Dpvq|
q

“
śL
i“1 |vi|
|Gλ|L

»
——–1`

ÿ

χ1,...,χLP pGλ
not all trivial

˜
Lź

i“1

χipviq
¸

1

q

ÿ

xPFq

Lź

i“1

χipρpFrobx`aiqq

fi
ffiffifl ,

where |v| denotes the size of a conjugacy class v P G7
λ.

Proof. By the second orthogonality relations in the finite group Gλ,

|Dpvq|
q

“ 1

q

ÿ

xPFq

Lź

i“1

δρpFrobx`ai
q“vi

“ 1

q

ÿ

xPFq

Lź

i“1

¨
˝ |vi|
|Gλ|

ÿ

χP pGλ

χpρpFrobx`aiqq

˛
‚χpviq

“
śL
i“1 |vi|
|Gλ|L

ÿ

χ1,...,χLP pGλ

1

q

ÿ

xPFq

Lź

i“1

χipρpFrobx`aiqqχipviq.

Since

EphpY1, . . . , YLqq “
1

|Gλ|L
ÿ

vPpG7
λ

qL
v“pv1,...,vLq

˜
Lź

i“1

|vi|
¸
hpvq,

it suffices to show that the error term in Lemma 6.12 is small. Under the hypothesis
of coherence (and compatibility for Kummer sheaves), Proposition 4.34 gives that

ÿ

χ1,...,χLP pGλ
not all trivial

1

q

ÿ

xPFq

Lź

i“1

χipρpFrobx`ai v
´1
i q ! Lq´1{2d1pGλqL´1d3pGλq1`δ,

with δ “ 1 in the Kummer case, δ “ 0 otherwise. Theorem 6.7 then follows from
Lemma 6.13 below.

6.2.3. Upper bounds for group constants.

Lemma 6.13. For any finite group G, d1pGq ď |G|1{2|G7|1{2, d2pGq “ |G| and
for every m ě 3, dmpGq ď |G|m{2|G7|. Moreover:

(1) If G is abelian, dmpGq “ |G| for every m ě 1.

(2) If G ď GLnpkq is a finite classical group of Lie type over the finite field k,

we have d1pGq !n |k|
dimG`rankG

2 , d2pGq “ Θnp|k|dimGq, |G7| “ Θnp|k|rankGq,
and dmpGq !n |k|

m dimpGq`2 rankpGq
2 for every m ě 3.

(3) If G “ SLnpkq or Spnpkq (n even), the upper bounds can be improved to

dmpGq !n |k|
m dimpGq`p2´mq rankpGq

2 for every m ě 1.
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Proof. The relations for finite and finite abelian groups are well-known (see e.g.
[Kow08, Proposition 5.2]), the ones for classical groups follow from the former,
and [MT11, Corollary 24.6, Corollary 26.10], while the ones for SLn and Spn are
[Kow08, Proposition 5.4] (using Deligne-Lusztig theory).

Remark 6.14. According to Remark 4.29, we do not keep track of implicit con-
stants depending on the rank of the monodromy group in the classical case.

6.2.4. Comments on the ranges. Let us consider the above in the context
of Section 6.1 and Remark 6.2, i.e. when the sheaf of Fλ-modules over Fq from
Theorem 6.7 arises from the reduction of a sheaf of Zrζdsλ-modules, allowing to
study the reduction of a trace function t : Fq Ñ Zrζds modulo various ideals.

By Remark 6.1, recall that if Fλ is the residue field of Zrζdsλ at some prime
ideal above ℓ, then

d ă |Fλ| “ ℓordpℓPpZ{dqˆq.

Choice of the parameters. Thus, we may want to choose our parameters pq, ℓ, λ, dq
so that

d ă |Fλ| ă |Fq| “ pe.

Given p, ℓ and d, this is holds true for any λ above ℓ if e ě ϕpdq log ℓ
log p

.

Limitation. Together with the condition

L !
#

log q
log |Fλ| : Gλ classical
log q
log d

: Gλ “ µdpFλq

from Theorem 6.7, the relation d ă |Fλ| implies that L ! e if Gλ is classical
and d “ p (e.g. for Kloosterman sums). Hence, we must in this case take e

large enough with respect to L, which is a limitation of the method to keep in
mind. Note however that it is not unusual to encounter results stated in fixed
characteristic with the degree e going to infinity (see e.g. [KS99, Chapter 9] and
[Kat88, Chapter 3]).

6.3. Computations in the model

In this section, we carry out preliminary computations and observations in the
probabilistic model.

Throughout, we let Gλ ď GLnpFλq, X1, . . . , XL independent random variables
uniformly distributed in G, Yi “ πpXiq for π : Gλ Ñ G

7
λ the projection, and

Zi “ trYi.

6.3.1. Random walks in monodromy groups.

Proposition 6.15. For all A Ă Fλ and L ě 1, the probability P pZ1`¨ ¨ ¨`ZL P Aq
is given by

|A|
|Fλ|

`O

¨
˝ max

0‰ψPpFλ

ˇ̌
ˇ̌
ˇ
ÿ

aPA
ψp´aq

ˇ̌
ˇ̌
ˇ

ˇ̌
ˇ̌
ˇ

1

|Gλ|
ÿ

xPGλ

ψptrxq
ˇ̌
ˇ̌
ˇ

L
˛
‚.
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In particular, for a P Fλ,

P pZ1 ` ¨ ¨ ¨ ` ZL “ aq “ 1

|Fλ|
`O

¨
˝ max

0‰ψPpFλ

ˇ̌
ˇ̌
ˇ

1

|Gλ|
ÿ

xPGλ

ψptrxq
ˇ̌
ˇ̌
ˇ

L
˛
‚.

Proof. By the second orthogonality relations in Fλ,

P pZ1 ` ¨ ¨ ¨ ` ZL “ aq “ |v “ pv1, . . . , vLq P GLλ : tr
ř
vi “ a|

|Gλ|L

“ 1

|Gλ|L
ÿ

vPGL
λ

δtr
ř
vi“a

“ 1

|Fλ|
ÿ

ψPpFλ

ψp´aq
˜

1

|Gλ|
ÿ

vPGλ

ψptr vq
¸L

“ 1

|Fλ|

»
–1`

ÿ

0‰ψPpFλ

ψp´aq
˜

1

|Gλ|
ÿ

vPGλ

ψptr vq
¸L

fi
fl .

The first statement follows from summing the previous equation over a P A.

Gaussian sums. For ψ a nontrivial character of Fλ, the sum 1
|Gλ|

ř
vPGλ

ψptr vq is
a “Gaussian sum over Gλ”, which we expect to be small uniformly with respect to
ψ, say

1

|Gλ|
ÿ

vPGλ

ψptr vq ! |Fλ|´αpGλq (6.1)

with αpGλq ą 0 and square-root cancellation corresponds to αpGλq ě log |Gλ|
2 log |Fλ| .

Alternatively, we can also write
ÿ

vPGλ

ψptr vq ! |Gλ|α
1pGλq with α1pGλq ă 1. (6.2)

Similarly, if A is “well-distributed” in Fλ, we expect

1

|A|
ÿ

xPA
ψp´xq ! |Fλ|´αpAq (6.3)

for some αpAq ą 0, uniformly with respect to ψ P pFλ. The trivial bound corre-
sponds to αpAq “ 0.

Thus, we can rewrite Proposition 6.15 as:

Corollary 6.16. Let A Ă Fλ. If the bounds (6.1) and (6.3) hold, then

P pZ1 ` ¨ ¨ ¨ ` ZL P Aq “
|A|
|Fλ|

ˆ
1`O

ˆ
1

|Fλ|LαpGλq`αpAq´1

˙˙

for all L ě 1. In particular,

P pZ1 ` ¨ ¨ ¨ ` ZL “ aq “ 1

|Fλ|

ˆ
1`O

ˆ
1

|Fλ|LαpGλq´1

˙˙

uniformly for all a P Fλ.
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Author(s) Nontrivial if

Korobov (1989) d ě ℓ1{2`ε

Shparlinski (1991) d ě ℓ3{7`ε

Heath-Brown and Konyagin (2000) d ě ℓ1{3`ε

Konyagin (2002) d ě ℓ1{4`ε

Bourgain-Glibichuk-Konyagin (2006) d ě ℓε

Table 6.2: Bound on exponential sums over subgroups of Fˆ
ℓ of size d.

It is insightful to distinguish the following cases to analyze the ranges of the
parameters in Corollary 6.16:

(1) If either

– αpGλq ą 1, or

– αpGλq ď 1 and L ą 1{αpGλq,

we have asymptotic equidistribution of Z1 ` ¨ ¨ ¨ ` ZL in Fλ.

(2) If αpGλq ď 1 and L ď 1{αpGλq, then we have

P pZ1 ` ¨ ¨ ¨ ` ZL “ aq ! |Fλ|´LαpGλq,

which shows that Z1`¨ ¨ ¨`ZL is “not too concentrated” at any point a P Fλ.

Example 6.17. We will see that for Gλ “ SLnpFλq or SpnpFλq, we always have
αpGλq ą 1. On the other hand, αpµdpFλqq ă 1.

6.3.2. Gaussian sums in Gλ. Let us investigate bounds of the form (6.1) (or
(6.2)) for the monodromy groups Gλ we are interested in: roots of unity and
classical groups over finite fields.

Roots of unity: exponential sums over subgroups of Fˆ
λ . We assume that Fλ con-

tains a primitive dth root of unity. For Gλ “ µdpFλq ď Fˆ
λ , the sum (6.1) is a

“character sum with exponentials”

ÿ

vPµdpFλq
ψpvq “

dÿ

i“1

ψpζidq,

or equivalently a sum over a subgroup of Fˆ
λ .

For Fλ “ Fℓ, the latter appear in works of Korobov, Shparlinski, Heath-Brown-
Konyagin, Konyagin, Bourgain-Glibichuk-Konyagin and others, which give non-
trivial bounds for d not too small compared to ℓ (see Table 6.2). Square-root
cancellation corresponds to αpGλq ě log d

2 log ℓ
, and log d

log ℓ
ă 1 since ℓ ” 1 pmod dq.

We first review the results of Shparlinski and Heath-Brown-Konyagin which
give explicit bounds for d at least of the order of ℓ1{3.

Theorem 6.18 ([Shp91, Theorem 2]). Let H ď Fˆ
ℓ be a subgroup and ψ be a

nontrivial additive character of Fℓ. We have

1

|H|
ÿ

xPH
ψpxq ! |H|´7{12ℓ1{4
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uniformly with respect to ψ. Thus (6.1) for Gλ “ µdpFℓq holds with αpGλq P
p0, 1{12q if we restrict d " ℓ3{4`12αpGλq{4.

Theorem 6.19 ([HBK00, Theorem 1]). Let H ď Fˆ
ℓ be a subgroup and ψ be a

nontrivial additive character of Fℓ. We have the nontrivial bounds

1

|H|
ÿ

xPH
ψpxq !

$
’&
’%

ℓ1{8|H|´3{8 if ℓ1{3 ă |H| ! ℓ1{2

ℓ1{4|H|´5{8 if ℓ1{2 ă |H| ! ℓ2{3

ℓ1{2|H|´1 if ℓ2{3 ă |H| ! ℓ

uniformly with respect to ψ. Thus (6.1) for Gλ “ µdpFℓq holds with αpGλq “ α ą 0

in the following cases: $
’&
’%

d " ℓ1{3`8α{3 : α ď 1{16
d " ℓ2{5`8α{5 : α ď 1{6
d " ℓ1{2`α : α ď 1{2.

On the other hand, the results of Bourgain and others give (non-explicit)
bounds for d as small as desired:

Theorem 6.20 ([BK03, Theorem 2.1]). Let x, y P Fˆ
ℓ and d “ ordpy P Fˆ

ℓ q. For
every δ ą 0, there exists α “ αpδq ą 0 such that if d ě ℓδ, then

dÿ

i“1

ψpyixq ! dℓ´α

uniformly for all nontrivial ψ P pFℓ, with an absolute implicit constant. Thus, (6.1)
for Gλ “ µdpFℓq holds with αpGλq “ α if d ě ℓδ.

Remark 6.21. The αpδq arising from Theorem 6.20 are not estimated explicitly in
[BK03]1, but one typically expects them to be very small.

The situation is more complicated when Fλ has nonprime order.

By using the formalism of trace functions (or the properties of general Artin-
Schreier sheaves in the case of additive characters), we can get a result valid in
the range of Korobov’s:

Proposition 6.22. Let H be a subgroup of Fˆ
q of index k and t : Fq Ñ C be a

trace function corresponding to a geometrically irreducible ℓ-adic sheaf F over Fq.
If either rankpFq ą 1 or if the function x ÞÑ tpxkq is not constant on Fq, then

ÿ

xPH
tpxq ! condpFq2?q.

Proof. Since Fˆ
q is cyclic, we have H “ txk : x P Fˆ

q u and

ÿ

xPH
tpxq “ 1

k

ÿ

xPFˆ
q

tpxkq.

1This could be done with some effort using e.g. [Gar07] (see also [Kow11]).
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The sheaf F 1 “ rx ÞÑ xks˚F (see Proposition 2.24) is geometrically irreducible
and by Corollary 2.31,

ÿ

xPH
tpxq ! condpF 1q

k

?
q,

unless F 1 is geometrically trivial, which is excluded by hypothesis (see Proposition
2.16). It remains to observe that condpF 1q ! k condpFq2 by Proposition 2.24.

Corollary 6.23. The bound (6.1) for Gλ “ µdpFλq holds uniformly with respect
to all nontrivial ψ P pFλ with αpGλq “ α P p0, 1{2q whenever d ě |Fλ|1{2`α.

Remark 6.24. Alternatively, one could also proceed by completion as in [Kor89].

By [BC06], the strong results of Bourgain and others (Theorem 6.20) generalize
to all finite fields, up to adding an assumption involving subfields:

Theorem 6.25 ([BC06, Theorem 2]). For every δ ą 0, there exists α “ αpδq ą 0

such that (6.1) for Gλ “ µdpFλq holds with αpGλq “ α if

d

pd, |Fˆ|q ě |Fλ|
δ (6.4)

for every subfield F ę Fλ with logℓ |F | dividing logℓ |Fλ|.

Remark 6.26. Note that Condition (6.4) amounts to d ě |Fλ|δ in the following
situations:

– d is prime and Fλ “ Fℓpµdq, or

– logℓ |Fλ| is equal to 1 or is prime (e.g. Fλ “ Fℓ, recovering Theorem 6.20),
or

– δ ą 1{2 (recovering Corollary 6.23).

Classical groups. Let us now assume that Gλ is a finite classical group of Lie type
in GLnpFλq. By Lemma 6.13,

log |Gλ|
log |Fλ|

“ dimGλ `On
ˆ

1

log |Fλ|

˙
,

so square-root cancellation corresponds to αpGλq ą dimpGλq{2.

Proposition 6.27. Let Fλ be a finite field and n ě 2 be an integer. The bound
(6.1) holds for

Gλ αpGλq ą 0

GLnpFλq npn´1q
2

SLnpFλq n2´1
2

SpnpFλq, SO´
n pFλq (n even) npn`2q

8

SOnpFλq (n odd) n2´1
8

SO`
n pFλq (n even) npn´2q

8

Remark 6.28. Hence, by the dimensions given in Table 6.1, there is square-root
cancellation in the special linear case, but not for the others.
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Remark 6.29. By using Deligne’s analogue of the Riemann hypothesis over finite
fields for the restriction of a Lang torsor on An

2{Fλ (see [KR15, Example 7.17])
to Gλ, we could get ÿ

gPGλ

ψptrpgqq ! |Fλ|dimGλ´1{2

up to obtaining bounds on sums of Betti numbers (see Remark 2.36, and [Kat01,
Section II] for such bounds). Hence, Bound (6.1) would hold with αpGλq “ 1{2 by
Lemma 6.13. Proposition 6.27 improves that estimate (in particular as n grows).

Proof. We use the explicit evaluation of Gaussian sums over finite classical groups
carried out in [Kim97a], [Kim98a] and [Kim98b] using the Bruhat decomposition.
Let a P Fˆ

λ corresponding to ψ through the isomorphism pFλ – Fλ.

(1) By [Kim97a, Theorem 4.2], the Gaussian sum (6.1) for GLnpFλq is equal to

p´1qn|Fλ|
npn´1q

2 .

(2) By [Kim97a, Corollary 5.2], Deligne’s bound for hyper-Kloosterman sums
(Corollary 2.49) and Lemma 6.13, the Gaussian sum (6.1) for SLnpFλq is
equal to

|Fλ|p
n
2qKlnpanq
|Gλ|

!n |Fλ|
n2´n

2
`n´1

2
´n2`1 “ |Fλ|

´n2`1
2 .

(3) By [Kim98b, Theorem A], the Gaussian sum
ř
vPSp2mpFλq ψptr vq is equal to

Lm
2´1

tm{2uÿ

r“0

Lrpr`1q
ˆ
m

2r

˙

L

rź

i“1

pL2i´1 ´ 1q

ˆ
tm{2u´r`1ÿ

l“1

LlKl2pa2qm´2r`2´2l

ˆ
ÿ

j1,...,jl´1

pLj1 ´ 1q . . . pLjl´1 ´ 1q

for L “ |Fλ|, where the last sum is over integers 2l ´ 3 ď j1 ď m ´ 2r ´ 1,
2l ´ 5 ď j2 ď j1 ´ 2, . . . , 1 ď jl´1 ď jl´2 ´ 2 and

ˆ
m

r

˙

L

“
r´1ź

j“0

Lm´j ´ 1

Lr´j ´ 1
!m Lrpm´rq.

Using that

rź

i“1

pL2i´1 ´ 1q ă Lr
2

and

Kl2pa2qt`2´2l
ÿ

j1,...,jl´1

pLj1 ´ 1q . . . pLjl´1 ´ 1q !n Lpl´1qpt´pl´1qq

for t “ m´ 2r (see [Kim98b, Remark (1) p. 65] for the second one), we find
that the Gaussian sum is

!m

$
&
%
|Fλ|

3m2`m
2 : m even

|Fλ|
2m2`m´1

2 : m odd
ď |Fλ|

3m2`m
2

and the result follows by Lemma 6.13.
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(4) By [Kim98a, Theorem A],

ÿ

vPSO2m`1pFλq
ψptr vq “ ψp1q

ÿ

vPSp2mpFλq
ψptr vq,

the result follows by the previous bound and Lemma 6.13.

(5) Similarly, by [KL96, Theorem 4.3],

ÿ

vPSO`
2mpFλq

ψptr vq “ |Fλ|´m
ÿ

vPSp2mpFλq
ψptr vq.

(6) The is analogous to (3), using [Kim97b, Theorem A].

6.3.3. Gaussian sums in Fλ. We now look at Gaussian sums (6.3) in Fλ,
namely sums of the form

1

|A|
ÿ

xPA
ψp´xq

for some A Ă Fλ and ψ P pFλ nontrivial.

Squares. Let A “ Fˆ2
λ be the subgroup of squares in Fˆ

λ . If Fλ “ Fℓ, we can use
the Legendre symbol to write, for y P Fˆ

ℓ ,

ÿ

xPA
ψp´xyq “ 1` 1

2

ÿ

xPFˆ
ℓ

´
1`

´x
ℓ

¯¯
ψp´xyq

“ 1

2

¨
˝1`

ˆ´y
ℓ

˙ ÿ

xPFˆ
ℓ

´x
ℓ

¯
ψpxq

˛
‚

where ψpxq “ epx{ℓq (x P Fℓ). By the evaluation of the classical quadratic Gauss
sum,

ÿ

xPA
ψp´xyq “ 1

2

ˆ
1` εℓ

ˆ´y
ℓ

˙?
ℓ

˙
!
?
ℓ pεℓ P t1, iuq,

uniformly with respect to y. Hence (6.3) with αpAq “ 1{2, corresponding to
square-root cancellation since |A| “ pℓ´ 1q{2.

Multiplicative subgroups. More generally, if H ď Fˆ
ℓ is a multiplicative subgroup,

the results presented in Section 6.3.2 give a nontrivial bound (6.3) being given
that |H| is large enough (but can still be chosen arbitrarily small by the results
of Bourgain).

When H ď Fˆ
λ with Fλ non-necessarily of prime order, Corollary 6.23 gives a

nontrivial bound (6.3) with α P p0, 1{2q if |H| ą |Fλ|1{2`α.
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Definable subsets. For R a ring and ϕpxq a first-order formula in one variable in
the language of rings, we define

ϕpRq “ ta P R : ϕpaq holdsu.

In particular, we can consider the subsets ϕpFλq of Fλ.

Example 6.30. For ϕpxq “ pDy : x “ y2q, the set ϕpRq is the subset of squares,
which is the example of the previous section. More generally, we can take ϕpxq “
pDy : x “ gpyqq for any polynomial g P ZrY s.

Theorem 6.31 (Chatzidakis-van den Dries-Macintyre [CvdDM92]). For every
formula ϕpxq in one variable in the language of rings, there exists a finite set
Cpϕq Ă p0, 1s XQ such that for every finite field Fλ

|ϕpFλq| “ Cpλ, ϕq|Fλ| `Oϕp|Fλ|1{2q (6.5)

with Cpλ, ϕq P Cpϕq, or

|ϕpFλq| !ϕ |Fλ|´1{2.

where the implicit constants depend only on ϕ.

When ϕpxq “ pDy : fpyq “ xq for some polynomial f P ZrXs, Theorem 6.31
also appears in [BSD59] (using the Weil conjectures for curves) as:

Proposition 6.32. If f P FλrXs of degree d is such that fpXq ´ y P FλpyqrXs is
separable with full Galois group Sd over Fλpyq, then

|fpFλq| “
˜

dÿ

n“1

p´1qn`1

n!

¸
|Fλ| `O

´
|Fλ|1{2

¯
.

Hence, (6.5) holds with Cpϕq P p0, 1q.

This is extended to f P QpXq in [Coh70].

Remark 6.33. By [BSD59, Lemma 1], if f P ZrXs is such that the Galois group of
fpXq ´ y P Cpyq over Cpyq is equal to Sd, then for all but finitely many primes ℓ,
the reduction f pmod ℓq satisfies the hypotheses of Proposition 6.32. By [BSD59,
p. 422], the condition on f P ZrXs holds if discpdiscpfqq ‰ 0, so it does for almost
all polynomials of fixed degree.

The following combined with Theorem 6.31 shows that Gaussian sums over
definable subsets exhibit square-root cancellation:

Theorem 6.34 ([Kow07, Theorem 1, Corollary 12, Remark 19]). Let ϕpxq be a
formula in one variable in the language of rings such that |ϕpFλq| is not bounded
as |Fλ| Ñ `8. Then, if ψ P pFλ is nontrivial, the bound (6.3) for A “ ϕpFλq holds
with αpAq “ 1{2:

1

|ϕpFλq|
ÿ

xPϕpFλq
ψpxq !ϕ |Fλ|´1{2.
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6.4. Equidistribution of values and shifted short sums

As a first application of our probabilistic model in the finite case, we investigate
the distribution of shifted sums over a subset I Ă Fq of a reduced trace function
t : Fq Ñ Fλ, this is to say, we study the random variable

pSpt, I ` xqqxPFq
“

˜
ÿ

yPI
tpy ` xq

¸

xPFq .

This includes in particular the most natural case of the distribution of the values
ptpxqqxPFq

by taking I “ t0u. This particular case will also appear in the next
section.

6.4.1. Statement of the result.

Theorem 6.35. Let t : Fq Ñ Fλ be a trace function associated to a sheaf F in a
coherent family with monodromy group Gλ. For a P Fλ and I Ă Fq of size L such
that F is I-compatible, let us consider the probability

P
`
Spt, I ` xq ” a

˘
(6.6)

with respect to the uniform measure on Fq.

(1) If Gλ is classical, then the probability (6.6) is equal to

1

|Fλ|
`O

˜
1

|Fλ|LαpGλq `
L|Fλ|Lβ`pGλq`2β´pGλq´1

q1{2

¸
, (6.7)

uniformly with respect to a, where αpGλq, β˘pGλq ą 0 are given explicitly in
Table 6.1.

(2) If Gλ “ µdpFλq, for every δ P p0, 1q there exists α “ αpδq ą 0 such that the
probability (6.6) is

1

|Fλ|
`O

ˆ
1

|Fλ|Lα
` LdL`1

q1{2|Fλ|minpLα,1q

˙
(6.8)

uniformly with respect to a, when Condition (6.4) holds2 for every subfield
F ę Fλ with logℓ |F | | logℓ |Fλ|. Moreover:

– If δ ą 1{2, we can choose αpδq “ δ ´ 1{2. If d is prime, the factor dL`1

can be replaced by dL.

– If Fλ “ Fℓ, then Condition (6.4) is d ě ℓδ and explicitly, we can choose

αpδq “

$
’&
’%

3δ´1
8

if δ P p1{3, 1{2s
5δ´2
8

if δ P p1{2, 2{3s
δ ´ 2

3
if δ P p2{3, 1s.

(6.9)

Proof. By Corollary 6.10 and Proposition 6.15, we have for all a P Fλ that the
probability P pSpt, I ` xq ” aq is equal to

1

|Fλ|
`O

ˆ
1

|Fλ|LαpGλq `
LEpGλ, Lq

q1{2|Fλ|minpLαpGλq,1q

˙
(6.10)

In the classical case, note that αpGλq ą 1 by Table 6.1.
2See also Remark 6.26.
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6.4.2. Analysis of the ranges.

Case Gλ classical. Since αpGλq ą 1, the error term of (6.7) is negligible with
respect to the main term (i.e. with a ratio that is op1q) when

L|Fλ|Lβ`pGλq`2β´pGλq “ opq1{2q.

Note that:

– When L “ 1, this is |Fλ| “ o
`
q1{ dimpGλq˘.

– When d “ p (e.g. for Kloosterman sums), this implies that e ą 2pLβ`pGλq`
2β´pGλqq (see Section 6.2.4).

Case Gλ cyclic. The error term of (6.7) is negligible with respect to the main
term when

L ą 1{α ą 1 and LdL`1 “ opq1{2q.
In particular, 1 ă 1{α ă L ă log q{2.

6.4.3. Examples.

Kloosterman sums.

Corollary 6.36 (Kloosterman sums). For n ě 2, and q E Zrζ4ps a prime ideal
above a prime ℓ "n 1 with ℓ ” 1 pmod 4q and pn, rFq : Fℓsq “ 1, let

Kln,q : Fq Ñ Zrζ4psqpn´1q{2 Ñ Zrζ4psq{q – Fλ

be the reduction modulo q of the Kloosterman sum over Fq. For any I Ă Fq of
size L, the probability

P
`
SpKln,q, I ` xq ” a

˘

is given by

1

|Fλ|
`

$
’’&
’’%

On

ˆ
|Fλ|´L

n2´1
2 ` |Fλ|L

n2`n´2
2

`npn´1q´1q´ 1
2

˙
if n odd

On

ˆ
|Fλ|´L

npn`2q
8 ` |Fλ|L

npn`2q
4

`n2´2
2 q´ 1

2

˙
if n even

uniformly for all a P Fλ. In particular, the probability P pKln,qpxq ” aq is given by

1

|Fλ|
`

$
’’&
’’%

On

ˆ
|Fλ|´

n2´1
2 ` |Fλ|

3n2´n´4
2 q´ 1

2

˙
: n odd

On

ˆ
|Fλ|´

npn`2q
8 ` |Fλ|

3n2`2n´2
4 q´ 1

2

˙
: n even.

Remark 6.37. Replacing a by aqpn´1q{2 and using the uniformity with respect to
a, these results hold as well for unnormalized Kloosterman sums.

Point-counting on families of curves. With Fλ “ Fℓ, the case n even of Corollary
6.36 also applies to the point-counting on families of hyperelliptic curves from
Proposition 6.5 (normalized or not, see Remark 6.37).
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Multiplicative characters.

Corollary 6.38 (Multiplicative characters). Let d ě 2 be an integer, q E Zrζds
be a prime ideal,

χ : Fˆ
q Ñ Zrζds Ñ Zrζds{q – Fλ

be the reduction modulo q of a multiplicative character of order d, and f P QpXq
with a well-defined reduction modulo q, whose zeros and poles have order not di-
visible by d. Let δ P p0, 1q be such that3

d

pd, |Fˆ|q ě |Fλ|
δ

for every subfield F ę Fλ with logℓ |F | | logℓ |Fλ|.
Let I Ă Fq be of size L. If degpfq ą 1, we assume that L “ 1 or I Ă

r1 . . . p{degpfqqe Ă Fep – Fq. Then α “ αpδq ą 0 such that

P
`
Spχ ˝ f, I ` xq ” a

˘
“ 1

|Fλ|
`Of

ˆ
1

|Fλ|Lα
` LdL`1

q1{2|Fλ|minpLα,1q

˙
(6.11)

uniformly for all a P Fλ. In particular,

P
`
χpfpxqq ” a

˘
!f

1

|Fλ|α
ˆ
1` d2

q1{2

˙
. (6.12)

If d is prime, the factor dL`1 in (6.11) (respectively d2 in (6.12)) can be replaced
by dL (resp. d). When δ ą 1{2, we can choose αpδq “ 1{2´ δ, and more explicit
pairs pδ, αq are given by (6.9) when Fλ “ Fℓ.

Example 6.39. By Example 4.12, the condition on I if f ‰ X holds if I Ă
t1, . . . , Lu with L ă p{degpfq.

6.5. Distribution of families of short sums

As a second application of the probabilistic model developed above, we gen-
eralize the results of [LZ12] on the distribution of residues of sums over partial
intervals of the Legendre symbol to the distribution of coherent families of sums of
reduced trace functions in coherent families. As we have seen in Section 6.1.2, this
includes multiplicative characters of any order, Kloosterman sums and functions
counting points on families of hyperelliptic curves.

6.5.1. Families of short sums.

Definition and examples.

Definition 6.40. Let t : Fq Ñ Fλ be any function. A family of sums with respect
to t is a family ´

Spt, Ipkqq
¯
kPI

(6.13)

for a finite parameter space I with an injective map I Ñ PpFqq, k ÞÑ Ipkq.
3If Fλ “ Fℓ or if d is prime, this condition is simply d ě |Fλ|δ.
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Examples 6.41.

(1) (Intervals) When q “ p, we can study sums over the intervals

tIpkq “ r1 . . . ks : k P Iu

for a parameter set I Ă r1 . . . ps, identifying Fp with the latter interval.

(2) (Boxes) More generally, when q “ pe, Fq “ Fppαq – Fep, we can study sums
over the “boxes”4

Ipkq “ r1 . . . k1s ` r1 . . . k2sα` ¨ ¨ ¨ ` r1 . . . kesαe´1,

with k “ pk1, . . . , keq P I Ă r1 . . . pse.

(3) (Shifted subsets) For I, E Ă Fq, we can consider the translates

Ipxq “ E ` x “ ty ` x : y P Eu

of E by elements x P I.

(4) (Combining families) Given Ii Ñ PpFpq (i “ 1, . . . , e), we can form the
family I “ I1 ˆ ¨ ¨ ¨ ˆ Ie over Fq – Fep defined by

Ipk1, . . . , keq “
eź

i“1

Iipkiq Ă Fq.

Distribution questions. We are interested in the distribution of the random vari-
able (6.13) (with the uniform measure on I), asymptotically with respect to the
parameters q and |Fλ|. Thus, we are led to study the density

Φpt, I, aq :“ |tk P I : Spt, Ipkqq ” au|
|I| pa P Fλq.

Example 6.42. Let ℓ ě 2 be an integer and consider the family I of Example 6.41

(1) with t “
´

¨
p

¯
: Fp Ñ Fℓ the Legendre symbol, a multiplicative character of

order 2. As we mentioned in Section 1.4.5, one of the main results of [LZ12] is
that

Φpt, I, aq “ 1

ℓ
`O

˜ˆ
ℓ

log p

˙ 1
2

¸

uniformly with respect to a P Fℓ. Therefore, the random variable (6.13) converges
in law to the uniform distribution on Fℓ if ℓ is fixed, pÑ `8, and more generally
we have Φpt, I, aq „ 1

ℓ
if ℓ “ opplog pq1{3q.

Our goal is to generalize this result in different directions: for other reductions
of trace functions (such as multiplicative characters of any order, Kloosterman
sums and point-counting functions on families of curves), for other families of
short sums, and in the case q ą p.

Example 6.43. The study of Φpt, I, aq for the family of Example 6.41 (3) is the
finite analogue of the distribution questions considered in Chapter 5.

4Of course, one should not replace the sums over tr1 . . . ks : 1 ď k ď pu by the sums over
tr1 . . . ks : 1 ď k ď qu.
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6.5.2. Equidistribution on average/for shifted families. Given a rather
generic family I Ñ PpFqq, we could expect the random variable (6.13) to converge
to the uniform distribution on Fλ. Albeit we cannot show that in this most general
setting, we have nonetheless a result on average over shifts.

Definition 6.44. For a family I Ñ PpFqq, we denote by I 1 “ I ˆ Fq Ñ PpFqq
the shifted family defined by I 1pk, xq “ Ipkq ` x and we let the families

I ` x “ I 1p ¨ , xq : I Ñ PpFqq for x P Fq,
Ik “ I 1pk, ¨ q : Fq Ñ PpFqq for k P I.

Hence, for a family I Ñ PpFqq, we have I “ I ` 0 “ I 1p ¨ , 0q and

Φpt, I 1, aq “ 1

q

ÿ

xPFq

Φpt, I ` x, aq “ 1

|I|
ÿ

kPI
Φpt, Ik, aq, (6.14)

Φpt, I ` x, aq “ |tk P I : Spt, Ipkq ` xq ” au|
|I| px P Fqq,

Φpt, Ik, aq “ |tx P Fq : Spt, Ipkq ` xq ” au|
q

pk P Iq

for any function t : Fq Ñ Fλ and a P Fλ.

Definition 6.45. For a family I Ñ PpFqq, a real number α ą 0 and integers
n ą 0, d ě 0, we define the quantities

MI “
ˇ̌
ˇ

ď

kPI
Ipkq

ˇ̌
ˇ, mI “ max

kPI
|Ipkq|, GIpα, nq “

1

|I|
ÿ

dě1

gIpdq
nαd

,

gIpdq “ |tk P I : |Ipkq| “ du|, HIpα, nq “
1

|I|
ÿ

dě1

hIpdq
nαd

,

hIpdq “
ˇ̌
ˇtk1, k2 P I : k2 ‰ k2, |Ipk1q∆Ipk2q| “ du

ˇ̌
ˇ.

Theorem 6.46. Let t : Fq Ñ Fλ be a trace function associated to a sheaf F in a
coherent family with monodromy group Gλ and I be a family of sums with respect
to t. We assume that F is

Ť
kPI Ipkq-compatible. The averaged variance

V pq,Gλ, Iq “
ÿ

aPFλ

1

q

ÿ

xPFq

ˆ
Φpt, I ` x, aq ´ 1

|Fλ|

˙2

(6.15)

is equal to
1

|I|
´
1`O

´
Ṽ pq,Gλ, Iq

¯¯

with Ṽ pq,Gλ, Iq given by

HIpαpGλq, |Fλ|q
˜
1` MI

q1{2 ˆ
#
|Fλ|β`pGλqMI`2β´pGλq : Gλ classical

dMI`1 : Gλ cyclic

¸
,

for αpGλq, β˘pGλq ą 0 given in Table 6.1.
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Thus, V pq,Gλ, Iq should be small as |I| Ñ `8, and we have by the Cauchy-
Schwarz inequality

Φpt, I 1, aq “ 1

|Fλ|
`O

´
V pq,Gλ, Iq1{2

¯
(6.16)

uniformly with respect to a P Fλ. Note that the bound on V depends on the size
of I and on the size/structure of the subsets Ipkq.

6.5.3. Consequences. Using Theorem 6.46 in Equation (6.16), we can obtain
results for unshifted “complete” (i.e. parametrized by Fq) families by averaging
over an auxiliary family of appropriate size. This is the idea exploited in [LZ12]
for the family of Example 6.42.

Shifts of small subsets. First, we consider shifts of subsets of moderate size fol-
lowing Example 6.41 (3). The Gaussian distribution for complex-valued trace
functions from Chapter 5 becomes a uniform distribution when the latter are
reduced in Fλ:

Proposition 6.47 (Shifts of small subsets). Let t : Fq Ñ Fλ be a trace function
associated to a sheaf F in a coherent family with monodromy group Gλ. Let
ε, ε1 P p0, 1{2q, δ P p0, 1q, and let E Ă Fq. We assume that:

– |BE | ă q1{2´ε1
and BE Ă

śe
i“1r0, δpq Ă Fep – Fq, where BE is the bounding

box5 of E.

– If F “ Lχpfq is a Kummer sheaf, δ ă 1{degpfq.

– If Gλ “ µdpFλq with Fλ ‰ Fℓ and d is nonprime, then Condition (6.4) holds
(e.g. if d ě |Fλ|1{2`α for some α ą 0).

Then

P
`
Spt, E ` xq ” a

˘
“ 1

|Fλ|
`

$
’’&
’’%

O

ˆ
1

q1{4´ε{2 `
´

|E| log |Fλ|
log q

¯ 1
2

˙
: Gλ classical

O

ˆ
1

q1{4´ε{2 `
´

|E| log d
log q

¯ 1
2

˙
: Gλ cyclic

uniformly for all a P Fλ, where the implicit constants depend on ε, ε1, δ, and on
the type of Gλ in the classical case.

Remark 6.48. This is nontrivial if

|E| log |Fλ| “ oplog qq (resp. |E| log d “ oplog qqq.

Note that when the sheaf F of Fλ-modules from which t arises comes from the
reduction of a sheaf of Zrζ4psλ-modules (e.g. for Kloosterman sums), we must
thus take |E| “ opeq (see Section 6.2.4).

Remark 6.49. The first condition about BE in the statement can be included in
the second one by taking δ ă p´1{2´ε1

.

5See Lemma 6.63 for a precise definition.
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By taking E “ t0u, we get the following corollary, which should be compared
with the case I “ t0u of Theorem 6.35:

Corollary 6.50. Let t : Fq Ñ Fλ be a trace function associated to a sheaf F in
a coherent family with monodromy group Gλ and let ε P p0, 1{4q. We assume that
if Gλ “ µdpFλq with Fλ ‰ Fℓ and d nonprime, then Condition (6.4) holds (e.g.
d ě |Fλ|1{2`α for some α ą 0). The density

P
`
tpxq ” a

˘
“ |tx P Fq : tpxq ” au|

q

is given by

1

|Fλ|
`

$
’’&
’’%

O

ˆ
1

q1{4´ε{2 `
´
log |Fλ|
log q

¯ 1
2

˙
: Gλ classical

O

ˆ
1

q1{4´ε{2 `
´
log d
log q

¯ 1
2

˙
: Gλ cyclic

uniformly for all a P Fλ, where the implicit constants depend on ε, and on the type
of Gλ in the classical case.

Example 6.51. Proposition 6.47 and Corollary 6.50 apply to Kloosterman sums of
fixed rank (normalized or not, see Remark 6.37), multiplicative characters com-
posed with rational functions, and point-counting functions for families of hyper-
elliptic curves (normalized or not).

Partial intervals. The second example notably generalizes the result of [LZ12]
(see Example 6.42) to all multiplicative characters:

Proposition 6.52 (Partial intervals). Let t : Fp Ñ Fλ be a trace function asso-
ciated to a sheaf over Fp in a coherent family with monodromy group Gλ, and let
ε, ε1 ą 0. We assume that if Gλ “ µdpFλq with Fλ ‰ Fℓ and d nonprime, then
Condition (6.4) holds (e.g. d ě |Fλ|1{2`α for some α ą 0). The density

P
`
Spt, r1 . . . xsq ” a

˘
“ |t1 ď k ď p : Spt, r1 . . . ksq ” au|

p

is given by

1

|Fλ|
`

$
’’&
’’%

O

ˆ
1

p1{4´ε{2 `
´
log |Fλ|
log p

¯ 1
2 ` δSpt,Fpq‰0

´
|Fλ| log p
p log |Fλ|

¯ 1
2

˙
: Gλ classical

O

ˆ
1

p1{4´ε{2 `
´
log d
log p

¯ 1
2 ` δSpt,Fpq‰0

´
|Fλ| log p
p log d

¯ 1
2

˙
: Gλ cyclic

uniformly for all a P Fλ, where the implicit constants depend on ε, ε1.

Examples 6.53. (1) This applies to multiplicative characters of Fˆ
p of order d

composed with f P QpXq whose zeros and poles have orders not divisible by
d, as in Corollary 6.38. When χ is the Legendre symbol, this is the result
of [LZ12]. By the orthogonality relations, the third summand of the error
term vanishes if f “ X.

(2) With d “ 2 and Fλ “ Fℓ, this also applies to the point-counting functions on
families of hyperelliptic curves from Proposition 6.5. See also [MZ14] for an
analogue of [LZ12] to the counting of points of a plane curve in rectangles.
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Remark 6.54. We will see that it is unclear whether this can be generalized to the
case e ě 2 (see Example 6.41 (2)) because of “diagonal” terms in the errors. Since
the case d “ p, Gλ classical forces to take eÑ `8 (see Section 6.2.4 and Remark
6.48), Proposition 6.52 does not make sense for Kloosterman sums.

Even though Proposition 6.52 does not extend to “boxes” in Fq – Fep with
e ě 2, we nonetheless have the following for a family of type (4) from Example
6.41.

Proposition 6.55 (Partial intervals with shifts of small subsets). Let t : Fq Ñ Fλ
be a trace function associated to a sheaf F in a coherent family with monodromy
group Gλ. Let ε, ε1 P p0, 1{2q, δ P p0, 1q, and let E2, . . . , Ee Ă Fp. We assume that:

– |BE | ď q1{2´ε1
and Ei Ă r0, δpq for all 2 ď i ď e, where BE is the bounding

box of E “ E2 ˆ ¨ ¨ ¨ ˆ Ee in Fe´1
p .

– If F is a Kummer sheaf Lχpfq, δ ă 1{degpfq.

– If Gλ “ µdpFλq with Fλ ‰ Fℓ and d is nonprime, then Condition (6.4) holds
(e.g. if d ě |Fλ|1{2`α for some α ą 0).

Then the density

|tpx1, . . . , xeq P Fep – r1 . . . pse : Spt, r1 . . . x1s ˆ
śe
i“2pEi ` xiqq ” au|

q

(with respect to any Fp-basis of Fq) is equal to

1

|Fλ|
`

$
’’&
’’%

O

ˆ
1

q1{4´ε{2 `
´

|E| log |Fλ|
log q

¯ 1
2

˙
: Gλ classical

O

ˆ
1

q1{4´ε{2 `
´

|E| log d
log q

¯ 1
2

˙
: Gλ cyclic

uniformly for all a P Fλ, where the implicit constants depend on ε, ε1 and δ.

Example 6.56. As for Proposition 6.47, this applies to Kloosterman sums of fixed
rank, multiplicative characters composed with rational functions, and point-counting
functions on families of hyperelliptic curves.

We will prove Theorem 6.46 and its applications in the next sections.

6.5.4. Probabilistic model. Let F be a sheaf of Fλ-modules over Fq, part of
a coherent family, with monodromy group Gλ ď GLnpFλq. We first apply the
probabilistic model from Section 6.2 to study of the distribution of families of
short sums.

Again, we let X be a random variable uniformly distributed in Gλ, and Z be

its image through the map Gλ Ñ G
7
λ

trÝÑ Fλ. Moreover, let pZiqiPN be a sequence
of independent random variables distributed like Z.

For a finite subset I Ă N, we define the random variable

SpIq “
ÿ

iPI
Zi
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on the probability space GN
λ . For a finite parameter space I with a map I Ñ

Pf pNq, we consider for all a P Fλ the random variable

ΦpI, aq “ |tk P I : SpIpkqq ” au|
|I| .

In this setting, Corollary 6.10 gives information about the distribution of
Φpt, I, aq averaged over shifts of the family I by elements of Fq:

Proposition 6.57. In the above setting, if F is
Ť
kPI Ipkq-compatible, for any

function h : Fλ Ñ Rě0 and any a P Fλ, we have

E
´
hpΦpt, I ` x, aqq

¯
“ E

´
hpΦpI, aqq

¯ ˆ
1`O

ˆ
MIEpGλ,MIq

q1{2

˙˙
.

In other words, for all a P Fλ the random variable pΦpt, I`x, aqqxPFq converges
in law (with respect to the parameters, q, |Fλ|, I) to the random variable ΦpI, aq
if the error term is op1q as the parameters vary.

6.5.5. Expected value. We first consider the expected value of ΦpI, aq, which
gives a preliminary version of Theorem 6.46 and a motivation for the next section,
where the former will be improved by analyzing the variance. The improvement
will concern the quality of the error term, the uniformity with respect to a, and the
ability to obtain Proposition 6.52 by removing the shifts for some specific families.

Computation in the model.

Proposition 6.58. For a P Fλ, in the notations of Section 6.5.4, we have

E pΦpI, aqq “ 1

|Fλ|
`O pGIpαpGλq, |Fλ|qq .

Proof. By Corollary 6.16,

E pΦpI, aqq “ 1

|Fλ|
`O

˜
1

|I|
ÿ

kPI
|Fλ|´|Ipkq|αpGλq

¸
.

Conclusion. By Propositions 6.57 and 6.58, we get the following preliminary ver-
sion of Theorem 6.46:

Proposition 6.59. Let t : Fq Ñ Fλ be a trace function associated to a sheaf in a
coherent family with monodromy group Gλ and I be a family of sums such that F
is

Ť
kPI Ipkq-compatible. For all a P Fλ,

EpΦpt, I ` x, aqq “ 1

q

ÿ

xPFq

Φpt, I ` x, aq “ 1

|Fλ|
`Opεpq,Gλ, Iqq,

where

εpq,Gλ, Iq “ GIpαpGλq, |Fλ|q `
MIEpGλ,MIq

q1{2 .
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As a corollary, we obtain as well a preliminary version of Proposition 6.68
about unshifted “complete” families:

Corollary 6.60. In the setting of Proposition 6.59, assume that for all a P Fλ,
Φpt, Ik, aq does not depend on k. Then

Φpt, Ik, aq “
|tx P Fq : Spt, I 1

kpxqq ” au|
q

“ 1

|Fλ|
`Opεpq,Gλ, Iqq.

Proof. This follows by exchanging summations (see (6.14)).

Example 6.61. In particular, for the family I of Example 6.41 (3), we have for all
k P I that

tIpkq ` x : x P Fqu “ tE ` y ` x : x P Fqu “ tE ` x : x P Fqu,

so for all a P Fλ the density Φpt, Ik, aq does not depend on k. By choosing I as
an “averaging set” of appropriate size, we would obtain a preliminary version of
Proposition 6.47.

6.5.6. Approximate variance. As in [LZ12], we now consider the “approximate
variance” ˆ

ΦpI, aq ´ 1

|Fλ|

˙2

,

in the sense that we replace the true expected value of the random variable ΦpI, aq
by the approximation given by Proposition 6.58. This corresponds to the quantity

ˆ
Φpt, I, aq ´ 1

|Fλ|

˙2

,

and it is clear that bounding the latter gives a result about the distribution of
Φpt, I, aq, uniformly with respect to a P Fλ.

Computation in the model.

Proposition 6.62. In the notations of Section 6.5.4, we have

ÿ

aPFλ

E

˜ˆ
ΦpI, aq ´ 1

|Fλ|

˙2
¸
“ 1

|I|

ˆ
1`O

´
HIpαpGλq, |Fλ|q

¯˙
.

Proof. As in Proposition 6.15, we have by orthogonality that

ˆ
ΦpI, aq ´ 1

|Fλ|

˙2

“

ˇ̌
ˇ̌
ˇ̌
1

|I|
ÿ

kPI

1

|Fλ|
ÿ

0‰ψPpFλ

ψ pSpIpkqq ´ aq

ˇ̌
ˇ̌
ˇ̌

2

“ 1

|I|2|Fλ|2

ˇ̌
ˇ̌
ˇ̌

ÿ

0‰ψPpFλ

ψp´aq
ÿ

kPI
ψ pSpIpkqqq

ˇ̌
ˇ̌
ˇ̌

2

“ 1

|I|2|Fλ|2
ÿ

0‰ψ1,ψ2PpFλ

ψ1p´aqψ2p´aq

ˆ
ÿ

k1,k2PI
ψ1 pSpIpk1qqqψ2 pSpIpk2qqq.
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Again by orthogonality,
ř
aPFλ

`
ΦpI, aq ´ |Fλ|´1

˘2
is equal to

1

|I|

¨
˚̊
˝
|Fλ| ´ 1

|Fλ|
` 1

|I||Fλ|
ÿ

0‰ψPpFλ

ÿ

k1,k2PI
k1‰k2

ψpSpIpk1qqq
ψpSpIpk2qqq

˛
‹‹‚.

Since
SpIpk1qq ´ SpIpk2qq “ SpIpk1qzIpk2qq ´ SpIpk2qzIpk1qq

with Ipk1qzIpk2q, Ipk2qzIpk1q disjoint, we have by independence

ÿ

k1,k2PI
k1‰k2

E

„
ψ

´
SpIpk1qq ´ SpIpk2qq

¯
“

ÿ

k1,k2PI
k1‰k2

EpψpZqq|Ipk1qzIpk2q|

EpψpZqq|Ipk2qzIpk1q| .

By the bound on Gaussian sums (6.1),

E pψpZqq ,E pψp´Zqq ! |Fλ|´αpGλq

uniformly with respect to ψ, whence the result.

Conclusion. Theorem 6.46 then follows immediately from Proposition 6.57 and
Proposition 6.62.

6.5.7. Estimate and analysis of the error term. We now estimate and an-
alyze the error term

V pq,Gλ, Iq !
1

|I| `
HIpα, |Fλ|q

|I| ` HIpα, |Fλ|qMI

|I|
EpGλ,MIq

q1{2 (6.17)

in Equation (6.16), where α “ αpGλq.

Estimates for V pq,Gλ, Iq.

Lemma 6.63. In the notations of Definition 6.45, we have the bounds

MI ď |I|mI ,

HIpα, nq ! maxphIpdq : 1 ď d ď 2maxkPI |Ipkq|q
|I|nαAI

ď |I|
nαAI

,

where
1 ď AI “ min

k1,k2PI
k1‰k2

|Ipk1q∆Ipk2q| ď 2MI .

The bound for HIpα, nq can be improved for the following families:

(1) If I is totally ordered by some order ă with Ipk1q Ă Ipk2q for k1 ă k2, and
if I is determined by its cardinality, then

HIpα, nq !
1

nαAI

.

In particular, this holds for the family I Ă r1 . . . ps, Ipkq “ r1 . . . kse Ă Fep –
Fq of Example 6.41 (1).
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(2) For the family I of Example 6.41 (3), we have

HIpα, nq !
max0ďdă|E|

ˇ̌
ty P BI : |E X pE ` yq| “ du

ˇ̌

nαAI

where BI “ ty2 ´ y2 : y1, y2 P I distinctu. In particular, if

I Ă
eź

i“1

r0, p´max
xPE

xis, (6.18)

then

HIpα, nq !
|BE |
nαAI

,

where BE is the bounding box Fˆ
q Ą BE “

śe
i“1rminxPE xi,maxxPE xis Ą E.

This is an improvement over the previous bound if |I| ą |E|.

Proof. The trivial bound 1 ď hIpdq ď |I|2 gives the first bound for HIpαq.

(1) Under the first hypothesis,

hIpdq “ 2|tk1 ă k2 : |Ipk2q| “ |Ipk1q| ` du|.

for all d ě 1. If Ipkq is moreover is determined by its cardinality, then
hIpdq ď 2|I|.

(2) We have

hIpdq “
ˇ̌
ty1, y2 P I distinct : |E X pE ` py2 ´ y1qq| “ |E| ´ d{2u

ˇ̌

! |I| ¨
ˇ̌
ty P BI : |E X pE ` yq| “ |E| ´ d{2u

ˇ̌
,

whence the first statement. If y P śe
i“1r0, p ´ maxxPE xise Ă Fep – Fq (to

avoid reductions modulo p), then BE X pBE ` yq “ ∅ if y R BE , which gives
the second assertion.

Remark 6.64. For Lemma 6.63 (2), we may want to estimate

max
0ďdă|E|

ˇ̌
ty P BI : |BE X pBE ` yq| “ du

ˇ̌

more precisely than by |BE |. If Condition (6.18) holds, then we can bound the
former by

max
0ďdă|E|

τepdq !e,ε max
0ďdă|E|

dε ă |E|ε

for any ε ą 0 (see [IK04, Section 1.6]). However, if we keep track of the dependency
with e, this gives

max
0ďdă|E|

τepdq !m |E|
1
m pC log |E|q e

m´1
m

for some absolute constant C ą 0 and any m ě 1. If e Ñ `8, it is however less
convenient to deal with this better bound because of the exponential in e.
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Analysis of the parameters. The next lemma provides a general analysis of the
error term (6.17) that we will use to handle the various examples of Theorem 6.46.

Lemma 6.65. We have V pq,Gλ, Iq “ op1q if the following three conditions hold:

(1) |I| Ñ `8.

(2) HI :“ HIpαpGλq, |Fλ|q “ op|I|q.

(3) The sum

MI `
2 plogpMI{|I|q ` logHIq

logp|Gλ||G7
λ|q

(6.19)

is strictly smaller than

#
1

β`pGλq
log q

log |Fλ| ´
2β´pGλq
β`pGλq : Gλ classical

log q
log d

´ 1 : Gλ cyclic.

If we have
MI “ |I| and logHI ! logp|Gλ||G7

λ|q, (6.20)

this implies that #
log |Fλ| “ oplog qq : Gλ classical

log d “ oplog qq : Gλ cyclic.

Remarks 6.66.

(1) By Lemma 6.63, HI{|I| ď |Fλ|´αAI , so the second condition holds if |Fλ| Ñ
`8 or if HI “ Op1q (e.g. for the family of Lemma 6.63 (1)).

(2) If log |Fλ| “ oplog qq and p ă |Fλ|, note that we must take e Ñ `8 (see
Section 6.2.4).

Remark 6.67. The optimal size for MI is therefore

MI «
2ε log q ´ logp|Gλ|{|G7

λ|q
logp|Gλ||G7

λ|q

for some ε P p0, 1{2q, giving

V pq,Gλ, Iq !ε
´
mI `HIpαpGλq, |Fλ|q

¯ logp|Gλ||G7
λ|q

log q
` 1

q1{2´ε .

6.5.8. Removing the shifts. The general setting to obtain asymptotic equidis-
tribution for unshifted “complete” families from Theorem 6.46 is the following:

Proposition 6.68. Under the hypotheses of Theorem 6.46, assume furthermore
that:

(1) For some family I2 and functions f1 : Fq ˆ I Ñ I2, f2 : Fq Ñ Fλ we have

Spt, I 1pk, xqq “ S
`
t, I2pf1px, kqq

˘
` f2pxq pk P I, x P Fqq.
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(2) There exists a function f3 : I Ñ R` and a family I3 : Fq Ñ PpFqq such that
for all a P Fλ and k P I

|tx P Fq : Spt, I2pf1px, kqqq ” au| “ |tx P Fq : Spt, I3pxqq ” au|
`Opf3pkqq.

In particular, if the set tI2pf1px, kqq : x P Fqu does not depend on k P I, then
this holds true with f3 “ 0 and I3pxq “ I2pf1px, k0qq for any k0 P I.

Then, if ||f3||8{q ď 1,

Φpt, I3, aq “
1

|Fλ|
`O

˜
V pq,Gλ, Iq1{2 `

ˆ |Fλ|||f3||8
q

˙1{2
¸

uniformly with respect to a P Fλ.

In other words, we use I as an “averaging family” to get asymptotic equidis-
tribution for the complete family I3, and the error term depends on I. Note that
the averaging over a P Fλ gives some additional freedom in comparison with the
preliminary version from Corollary 6.60.

Proof. Under Condition (1), Theorem 6.46 gives

ÿ

aPFλ

1

q

ÿ

xPFq

ˆ |tk P I : Spt, I2pf1px, kqqq ” au|
|I| ´ 1

|Fλ|

˙2

! V pq,Gλ, Iq

by exchanging the summation over a and x and exploiting the averaging over a.
By the Cauchy-Schwarz inequality,

ÿ

aPFλ

¨
˝1

q

ÿ

xPFq

|tk P I : Spt, I2pf1px, kqqq ” au|
|I| ´ 1

|Fλ|

˛
‚
2

! V pq,Gλ, Iq

By exchanging the summations over k and x, this is equal to

ÿ

aPFλ

˜
1

|I|
ÿ

kPI

|tx P Fq : Spt, I2pf1px, kqqq ” au|
q

´ 1

|Fλ|

¸2

.

Finally, by Condition (2),

ÿ

aPFλ

ˆ |tx P Fq : Spt, I3pxqq ” au|
q

´ 1

|Fλ|
`O

ˆ ||f3||8
q

˙˙2

! V pq,Gλ, Iq.

Example 6.69. For the family I of Example 6.41 (3), we have by Example 6.61
that:

– Condition (1) of Proposition 6.68 holds with I2 “ I, f1px, kq “ k ` x and
f2 “ 0.

– Condition (2) holds with f3 “ 0 and I3 “ I0 “ I 1p0, ¨q, since tx ` k : x P
Fqu “ Fq for all k P Fq.
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6.5.9. Applications of Proposition 6.68. In the following paragraphs, we use
Proposition 6.68 to prove Propositions 6.47, 6.52 and 6.55.

The general idea is to find an averaging family I of size large enough to get
asymptotic equidistribution in (6.16), and the assumptions we make are precisely
to allow that, according to Lemma 6.65.

Choice of the averaging family. When e ą 1, we will have I “ I1 ˆ ¨ ¨ ¨ ˆ Ie with
Ii of determined structure and whose size can be chosen freely in some range.
Since the final bound depends only on the size of I, we need to choose the sizes
of the Ii to attain the optimal/desired size for I. Note however that in the case
|I| ď log q

log |Fλ| and p ă |Fλ| (see Section 6.2.4), we have

|I|1{e ď
ˆ

log q

log |Fλ|

˙1{e
“ e1{e

ˆ
log p

log |Fλ|

˙1{e
ď 1,

which shows that the choice |I1| “ ¨ ¨ ¨ “ |Ie| « |I|1{e is impossible. More carefully,
we take |I1| “ ¨ ¨ ¨ “ |Ia| « |I|1{a with 1 ď a ă e of optimal size given by:

Lemma 6.70. Let I ě 1, p ě 2, e ě 2 be integers, and let 0 ă δ ď 1. If
log I ď pe´ 1q logpδpq, there exist integers I1 P r1 . . . δps and 1 ď a ď e such that
Ia1 “ I p1` op1qq for I large enough.

Proof. It suffices to take I1 “
X
I1{a\

with a “ rlog I{ logpδpqs ě 1 so that I1 P
r1 . . . δps, a “ opI1{aq,

Ia1 “ I `O
´
aI1´1{a

¯
“ I

´
1`OpaI´1{aq

¯
“ I p1` op1qq ,

and the condition a ď e holds if log I ď pe´ 1q logpδpq

Example 6.71. The condition log I ď pe´1q logpδpq is satisfied if I ď log q “ e log p

as in Lemma 6.65, up to taking p large enough if δ ă 1.

Shifts of subsets (Proposition 6.47). We first consider the family of Example 6.41
(3): for I, E Ă Fq, we let Ipkq “ E ` k (k P I). Proposition 6.68 can be applied
by Example 6.69.

By Lemma 6.63, since mI “ |E|, the sum (6.19) is

ď |I||E| ` 2plog |E| ` log |BE | ´ αpGλqAI |Fλ|q
logp|Gλ||G7

λ|q

if I Ă śe
i“1r1 . . . p ´ maxxPE xis. By Lemma 6.65, we want that for some ε P

p0, 1{2q,

|I| ă 1

|E|

ˆ
2ε log q ´ 2 log |E| ´ 2 log |BE |

β`pGλq log |Fλ|
´ 2β´pGλq

β`pGλq
` 2αpGλqAI

˙

if Gλ is classical, and

|I| ă 1

|E|

ˆ
2ε log q ´ 2 log |E| ´ 2 log |BE |

log d
` 2αpGλqAI ´ 1

˙

if Gλ “ µdpFλq.
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When the sheaf is of the form Lχpfq with f ‰ X, we impose that I Ăś
i“1r1 . . . p{degpfq´maxxPE xiq, so that it is

Ť
kPI Ipkq-compatible by Example

4.12.
Under the assumptions of Proposition 6.47, we can choose I as large as possible

satisfying the above conditions by Lemma 6.70.

Intervals (Proposition 6.52). Let us now analyze the family I Ă r1 . . . ps, k ÞÑ
r1 . . . ks of Example 6.41 (1). For the Legendre symbol, this is the case of [LZ12].

Condition (1) of Proposition 6.68 holds with I2 “ I, f1px, kq “ k ` x and
f2pxq “ Spt, Ipxqq since

Spt, r1` x . . . k ` xsq “ Spt, r1 . . . k ` xsq ´ Spt, r1 . . . xsq
for k P I, x P Fp.

Concerning Condition (2), we use the following:

Lemma 6.72. For any f : NÑ C and k P N,
pÿ

x“1

fpx` kq “
pÿ

x“1

fpxq `Opk||f ||8q,

and the error term can be removed if f is p-periodic.

Proof. It suffices to write

pÿ

x“1

fpx` kq “
p`kÿ

x“1`k
fpxq “

˜
pÿ

x“1

´
kÿ

x“1

`
p`kÿ

x“p`1

¸
fpxq

“
pÿ

x“1

fpxq `Opk||f ||8q.

Example 6.73. For fpxq “ δSpt,r1...xsq”a, we have

fpx` pq “ δSpt,Fpq`Spt,rp`1...x`psq”a “ δSpt,r1...psq`Spt,r1...xsq”a,

and f is p-periodic if
Spt, r1 . . . psq “ 0 (6.21)

(i.e. orthogonality with constant functions).

Hence, Condition (2) of Proposition 6.68 holds with ||f3||8 ď maxkPI k, and
no error term if the trace function considered satisfies (6.21).

If the sheaf is a Kummer sheaf Lχpfq we impose maxkPI k ă p{degpfq, so that
it is

Ť
kPI Ipkq-compatible by Example 4.12.

We may then choose I as large as permitted by Lemma 6.65, i.e. |I| « log p
log d

,

noting that for Kummer sheaves as above, we have p
degpfq ą

log p
log d

for p large enough

(degpfq being bounded independently from q).
If (6.21) is not satisfied, we need to add the error term

ˆ |Fλ||I|
p

˙1{2
!

ˆ |Fλ| log p
p log d

˙1{2
.

This concludes the proof of Proposition 6.52.
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Remark 6.74. For Kloosterman sums, we have seen in Section 6.2.4 that it is
necessary to take e Ñ `8 so that V pq,Gλ, Iq “ op1q. Hence, Proposition 6.52
does not apply to them. Unfortunately, issues arise when we try to generalize the
proposition to e ą 1. Indeed, for the family

I Ă r1 . . . pse, Ipkq “
eź

i“1

r1 . . . kis, k “ pk1, . . . , keq P I,

of Example 6.41 (2), we have I 1pk, xq “ śe
i“1r1 ` xi . . . xi ` kis for all x “

px1, . . . , xeq P Fq and as above, we can decompose r1` xi . . . xi ` kis “ r1 . . . xi `
kiszr1 . . . xis and write

Spt, I 1pk, xqq “
ÿ

a1,...,aePt0,1u
p´1q

ře
i“1pai`1qS

`
t, Ippxi ` aikiqiq

˘
.

However, there are now “diagonal terms” including xi and xj`kj (i ‰ j), prevent-
ing us from applying Proposition 6.68 with f1px, kq “ x` k and f3 “ 0 as before.
On the other hand, using Lemma 6.72 would give a large error ||f3||8 « epe´1

because small intervals of size ki combine with large intervals of size p ´ kj into
large “diagonal” terms. This would give an error term

|Fλ|epe´1

q
“ |Fλ|e

p
ą e

in the final expression for the density, which is not acceptable when e Ñ `8.
These diagonal terms compensate each other if complete sums in one parameter
of the form Spt, E1 ˆ ¨ ¨ ¨ ˆEi ˆ Fp ˆEi`2 ˆ ¨ ¨ ¨ ˆEeq vanish, for Ei Ă Fp. Being
defined as Fourier transforms of functions vanishing at 0, Kloosterman sums verify
SpKln,q, r1 . . . pseq “ 0, but the former sums do not vanish in general.

Small intervals with shifts of subsets (Proposition 6.55). To conclude this section,
we prove Proposition 6.55 about a family of type of Example 6.41 (4), which allows
to get a variant of Proposition 6.52 for e ą 1 (in particular for Kloosterman sums).

Let us write I “ I1 ˆ I2 Ă Fp ˆ Fe´1
p and let E “ E2 ˆ ¨ ¨ ¨ ˆ Ee. Then

MI “
ˇ̌
ˇ

ď

pk1,k2qPI
r1 . . . k1s ˆ pE ` k2q

ˇ̌
ˇ

ď
ˇ̌
ˇ

ď

k1PI1
r1 . . . k1s

ˇ̌
ˇˆ |I2||E| ď |I||E|

and for any ε ą 0 we have for d ě 1

hIpdq ď
ÿ

k1,k
1
1PI1

ˇ̌
ˇtk2, k1

2 P I2 : |k1 ´ k1
1||E∆pE ` pk2 ´ k1

2qq| “ du
ˇ̌
ˇ

“ |I1|
ÿ

1ďd1|d

ˇ̌
ˇtk2, k1

2 P I2 : |E∆pE ` pk2 ´ k1
2qq| “ d{d1u

ˇ̌
ˇ

ď |I1||BE ||I2|τpdq !ε p|I||BE |q1`ε

if I2 Ă
śe
i“2r1, p ´ maxxPE xis, by Lemma 6.63. As for Propositions 6.47 and

6.52, if the sheaf is a Kummer sheaf Lχpfq, we impose maxkPI1 k ă p{degpfq and
I2 Ă

śe
i“2r1, p{degpfqq, to ensure

Ť
kPI Ipkq-compatibility.

The conclusion then follows by using Lemmas 6.65 and 6.70 as in Proposition
6.47.
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6.6. Application of the large sieve

Finally, we use the large sieve developed in [Kow06a] and [Kow08] to obtain in-
formation about trace functions with images in the cyclotomic integers from their
reductions modulo various ideals. Here, we use the fact that in the examples we
consider, the trace function t : Fq Ñ Oλ corresponding to a sheaf of Oλ-modules
over Fq actually has image in Oα for some α P Ozq (in O if we do not normalize)
and does not depend on λ. This holds in particular when the family forms a
compatible system.

This will for example lead to zero-density estimates of the form

|x P Fq : Kln,qpxq P A|
q

“ op1q pq Ñ `8q (6.22)

for “algebraic” subsets A Ă Qpζ4pq.
The application of the large sieve to the families of hyperelliptic curves of

Proposition 2.57 (and other curves over function fields) was the subject of [Kow06a]
and [Kow08].

6.6.1. The large sieve for Frobenius in compatible systems. First, we
state a version of the large sieve for Frobenius adapted to our needs.

Theorem 6.75. Let Fq be a finite field of characteristic p, O be the ring of integers
of a number field E and Λ be a set of prime ideals q of O (or equivalently, valua-
tions λ) which do not lie above p. For L ě 1, we write ΛL “ tq P Λ : Npqq ď Lu.

Let pFλqλPΛ be a coherent family, where Fλ is a sheaf of Fλ-modules over Fq,
corresponding to a representation ρλ : π1,q Ñ GLnpFλq with classical monodromy
group Gλ P tSLm, Sp2mu.

For every λ P Λ, let Ωλ Ă Gλ be a conjugacy-invariant subset. Then for all
L ě 1,

|tx P UFλ
pFqq : ρλpFrobxq R Ωλ for all λ P ΛLu|

q
!

ˆ
1` LB

q1{2

˙
1

P pLq ,

where

P pLq “
ÿ

λPΛL

|Ωλ|
|Gλ|

and B “
#

2n2`n´1
2

: Gλ “ SLnpFλq
2n2`3n`4

4
: Gλ “ SpnpFλq pn evenq

Proof. This is a variant of [Kow06a, Proposition 3.3] (see also [Kow08, Chapter
8]). For λ, λ1 P Λ distinct, the product map

π1,q Ñ GλpFλq ˆGλ1pFλ1q

is surjective by [Kow06a, Corollary 2.6] (a variant of Goursat’s Lemma), which
extends with no modification to the case where Fλ and Fλ1 do not necessarily
have prime order (see [MT11, Part III]). By Lemma 6.13, B “ 1 ` dimpGλq `
rankpGλq{2.

Remark 6.76. This cannot be applied to the case Gλ “ µdpFλq because the mon-
odromy groups are isomorphic for all λ P Λ, and we cannot exclude that the image
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of the product map is the diagonal subgroup. This is related with the fact that
the Kummer representation associated with a character of order d has image in
Zrζds ď Zrζdsλ.

Remark 6.77. A point to keep in mind is that while Kowalski only needs to con-
sider sheaves which arise as reductions of sheaves of Zℓ–modules (associated to
families of L-functions), our sheaves are reductions of sheaves of Zrζdsλ-modules.
In particular, the size of the residue field Fλ corresponding to a prime ideal
q E Zrζds depends on the multiplicative order of d modulo the prime ℓ above
which q lies (see Remark 6.1).

6.6.2. Zero-density estimates for values of trace functions in subsets.

Proposition 6.78. Let Fq, E, O and Λ be as in Theorem 6.75, and let pFλqλPΛ
be a family where Fλ is a sheaf of Oλ-modules over Fq. We assume that the trace
function

t “ tλ : Fq Ñ Oλ

has image in Oq and does not depend on λ. By reduction modulo the maximal
ideal of Oλ, we obtain a family p pFλqλPΛ where pFλ is a sheaf of Fλ-modules over
Fq, for Fλ the corresponding residue field. We assume that this family is coherent,
with classical monodromy groups.

For A Ă E and λ P Λ corresponding to an ideal q, we denote by Aλ Ă Fλ the
reduction of AXOq modulo q. Then for any L ě 1,

P
`
tpxq P A

˘
“ |tx P Fq : tpxq P Au|

q
!

ˆ
1` LB

q1{2

˙
1

|ΛL|
´
1´maxλPΛL

|Aλ|
|Fλ|

¯ ,

where B ą 0 is as in Theorem 6.75. In particular, if

sup
λPΛ

|Aλ|
|Fλ|

ă 1, (6.23)

then

P
`
tpxq P A

˘
! 1

|ΛL|
with L “

Y
q

1
2B

]
. (6.24)

Proof. For all λ P Λ, we let Ωλ “ tg P Gλ : tr g R Aλu, which is clearly conjugacy-
invariant. By Theorem 6.75,

P ptpxq P Aq ď |tx P Fq : tpxq P Aλ for all λ P ΛLu|
q

!
ˆ
1` LB

q1{2

˙
1

P pLq ,

where

P pLq “
ÿ

λPΛL

|Ωλ|
|Gλ|

“
ÿ

λPΛL

ˆ
1´ |tg P Gλ : tr g P Aλu|

|Gλ|

˙
.

By Corollary 6.16,

P ptr g P Aλq “
|Aλ|
|Fλ|

ˆ
1`O

ˆ
1

|Fλ|αpGλq`αpAλq´1

˙˙
! |Aλ||Fλ|

,

even using the trivial bound αpAλq “ 0, since αpGλq ą 1 for classical groups (see
Table 6.1).
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Remark 6.79. In Theorem 6.75, we replaced the original hypothesis that the family
forms a compatible system by the assumption that it is coherent. The “indepen-
dence of shifts” part is not needed, but it is quite generic anyway. On the other
hand, our definition of coherent families does not include an hypothesis of “inde-
pendence with respect to λ” of the characteristic polynomial of the Frobenius, but
this is also true for all examples that arise in applications (see also Remark 6.2).

To apply Proposition 6.78, we need lower bounds on |ΛL| and the local densities
assumption (6.23). We treat these aspects in the next two sections.

6.6.3. Lower bound on |ΛL|. For our applications, we will mainly consider Λ

to be either:

Examples 6.80. (1) The full set of prime ideals of O which do not lie above p.

(2) For m ě 2 and C Ă pZ{mqˆ, the set of prime ideals q of O not lying above
p such that |Fq| P C.

(3) The restriction of these to ideals having degree 1 over Q.

In a more general setting, we recall:

Theorem 6.81 (Chebotarev density theorem). Let F {E be a fixed finite Galois
extension of number fields with Galois group G, and let C Ă G be a conjugacy-
stable subset. For

ΛpCq “ tq E E prime, not ramified in F : Frobq P Cu, (6.25)

Λ1pCq “ tq P ΛpCq degree 1 over Qu,

we have |ΛpCqL| „ |Λ1pCq| „ |C|
|G|

L
logL

as LÑ `8.

Example 6.80 (1) then corresponds to E “ F (and the theorem is Landau’s
prime ideal theorem), while (2) corresponds to F “ Epζmq, G – pZ{mqˆ.

Hence, if F and E do not depend on p, then

|ΛpCqL| ě |Λ1pCqL| "
|C|
|G|

L

logL
pLÑ `8q (6.26)

with an absolute implicit constant, and (6.24) is thus

P
`
tpxq P A

˘
!C,G

log q

Bq
1
2B

Ñ 0 pq Ñ `8q. (6.27)

If E and/or F depend on p (e.g. for Kloosterman sums, where E “ Qpζ4pq), we
must either fix p or deal with uniformity with respect to E and F in Theorem
6.81. We discuss this situation in the following paragraphs.

Uniformity in the prime ideal theorem. The most direct result is the lower bound
of Friedlander [Fri80] for the number of prime ideals, obtained by extending Cheby-
shev’s method: for E{Q in a tower of normal extensions, there exists an effective
constant c ą 0 such that

πEpLq “ |tq E E : Npqq ď Lu| ě L

logp2Lq2∆c
E

´ 1,
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for ∆E “ | discQpEq|. If E{Q is normal, this can be improved to

πEpLq "ε
L

logp2Lq1`ε∆1{2`ε
E

for any ε ą 0 if nE “ rE : Qs "ε 1, by using more a precise version of Stark’s
estimates on the residue at 1 of the Dedekind zeta function of E. The latter is
nontrivial only when L " ∆

1{2`ε1

E for some ε1 ą 0.

Uniformity in Chebotarev’s density theorem. The best unconditional result is due
to Lagarias-Odlyzko and Serre (see [Ser81, Section 2.2]), showing that (6.26) holds
with an absolute implicit constant under the restriction logL " nEplog∆Eq2.

Assuming the generalized Riemann hypothesis (GRH) for the Dedekind zeta
function of E, this range can be improved to L " plog∆Eq2`ε for an arbitrary
ε ą 0 (see [Ser81, Section 2.4]).

Cyclotomic fields. If E “ Qpζdq, F “ Epζmq are cyclotomic fields, it is possible
to improve the unconditional uniform range in Chebotarev’s density theorem by
relying on estimates for primes in arithmetic progressions.

Lemma 6.82. For d,m ě 1 coprime integers, let E “ Qpζdq and F “ Epζmq. In
the notations of Theorem 6.81, for C Ă GalpF {Eq – pZ{mqˆ,

|ΛpCqL| ě |Λ1pCqL| ě ϕpdq
«

ÿ

cPC
πpc, dm,Lq ´ ωpdq

ff
.

Proof. Since every unramified rational prime of ramification index fℓ “ ordpℓ P
pZ{dqˆq gives rise to ϕpdq{fℓ primes ideals with norm ℓfℓ ,

|ΛpCqL| ě ϕpdq
ÿ

f |ϕpdq

|tℓ ď L1{f prime : ℓ ∤ ∆E , fℓ “ f, ℓf P Cu|
f

ě ϕpdq|tℓ ď L prime : ℓ ∤ ∆E , ℓ ” 1 pmod dq, ℓ P Cu|.

If pd,mq “ 1, then by the Chinese remainder theorem

|ΛpCqL| ě ϕpdq
«

ÿ

cPC
πpc, dm,Lq ´ ωp∆Eq

ff
,

where πpa, d, Lq “ |tℓ ď L prime : ℓ ” a pmod dqu| for a P pZ{dqˆ.

By Dirichlet’s theorem on primes in arithmetic progressions (a particular case
of Theorem 6.81), we have πpa, d, Lq „ L

ϕpdq logL as L Ñ `8, when d is fixed.
Uniformly, one may expect

πpa, d, Lq " L

ϕpdqdδ logL (6.28)

for some δ ě 0, under a restriction on the range, e.g. L " dE for some E ě 1.
Indeed:

(1) The Siegel-Walfisz Theorem gives (6.28) with δ “ 0 if ϕpdq ! plogLqA for
some A ą 0 (with ineffective implicit constants depending on A).
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(2) The generalized Riemann hypothesis would give (6.28) with δ “ 0, and any
E ą 2. This holds for all a for almost all d by the Bombieri-Vinogradov
theorem (and when a is fixed, for almost all d ď L1{2`op1q by Bombieri-
Friedlander-Iwaniec and Fouvry).

(3) A conjecture of Montgomery would give (6.28) with δ “ 0 and any E ą 1.
By Barban-Davenport-Halberstam, Montgomery and Hooley, this holds true
for almost all d and almost all a.

(4) The best unconditional result for our needs can be found in Maynard’s recent
article [May13, Theorem 3.3]. Using Linnik-type argument in the explicit
formula for πpa, d, Lq, it is shown that (6.28) holds with any δ ą 0 and
E “ 8.

Therefore, by Lemma 6.82,

|ΛpCqL| ě |Λ1pCqL| "
|C|L

pdmqδϕpmq logL

for L large enough depending on m, d, as indicated in Table 6.4. Thus, in return
of a loss in the lower bound (when δ ą 0), we get an improvement on the previous
ranges, summarized in Table 6.3.

Consequence for Proposition 6.78.

Proposition 6.83. Under the hypotheses of Proposition 6.78 and (6.23), with
E{Q normal, F {E a finite Galois extension with Galois group G, C Ă G a
conjugacy-invariant subset and Λ “ ΛpCq or Λ1pCq as in (6.25), we have for
any ε ą 0:

(1) If F “ E is normal,

P
`
tpxq P A

˘
!ε

∆
1{2`ε
E plog qq1`ε

B1`εq1{p2Bq ,

which is nontrivial when ∆B`ε1

E “ opqq for some ε1 ą 0.

(2) Under GRH, if q " plog∆Eq2B`ε,

P
`
tpxq P A

˘
!ε

m

|C|Bq1{p2Bq !m,C
log q

Bq
1
2B

.

(3) Assume that E “ Qpζdq and F “ Qpζmq with pd,mq “ 1. If e " pdmq16B,
then

P
`
tpxq P A

˘
!ε

mpdmqε log q
|C|Bq1{p2Bq !m,C

dε log q

Bq
1
2B

.

The case E “ Qpζ4pq. For exponential sums, we are interested in the case E “
Qpζ4pq, with nE “ 2pp ´ 1q and ∆E “ 42p´3p2pp´2q. The restrictions q " gpEq
(for some gpEq “ gpnE ,∆Eq ě 1) of Proposition 6.83 impose limitations on the
range of e, p when q “ pe Ñ `8, given in the last column of Tables 6.3 and 6.4.

The best results are:
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Reference Range Limitation in (6.24)

Friedlander L " ∆c
E (c ą 0) e " p

Friedlander (E{Q normal) L " ∆
1{2
E e " p

Lagarias-Odlyzko logL " nEplog∆Eq2 e " p2 log p

Lagarias-Odlyzko (GRH) L " plog∆Eq2`ε e ě 2Bp2` εq

Table 6.3: Uniformity in the prime ideal theorem and/or Chebotarev’s density
theorem, and the corresponding limitations in (6.24) for E “ Qpζ4pq.

Reference δ Range Limitation in (6.24)

Siegel-Walfisz 0 plogLqA " ϕpdqϕpmq e "A pp´ 1qA{ log p
Maynard Any δ ą 0 L " pdmq8 e ě 16B

GRH 0 L " pdmq2`ε e ě 4Bp2` εq
Montgomery’s conj. 0 L " pdmq1`ε e ě 2Bp1` εq

Table 6.4: Uniformity in Chebotarev’s density theorem for E “ Qpζ4pq and F “
Epζmq for pd,mq “ 1, with the corresponding limitations in (6.24).

Corollary 6.84. Under the hypotheses of Proposition 6.83 with E “ Qpζ4pq and
F “ Qpζmq with pm, 4pq “ 1, we have

P
`
tpxq P A

˘
!ε

mppmqε log q
|C|Bq1{p2Bq !m,C

pε log q

Bq
1
2B

Ñ 0 pq “ pe Ñ `8q

when either

(1) ε ą 0 and e ě 16B, or (2) under GRH, ε “ 0 and e ą 4B.

Remark 6.85. Had we not taken advantage of the fact that E is a cyclotomic field,
the best unconditional results would have forced to take q “ pe Ñ `8 with e " p

(see Table 6.3), which is not a very natural condition.

6.6.4. Local densities. In this section, we finally give examples of sets A Ă E

for which the local densities assumption (6.23) holds.

Powers/finite index subgroups.

Proposition 6.86. Let E, O be as in Proposition 6.78 and for m ě 2, let

Λ “ tq E O : |Fq| ” 1 pmod mqu

be the set of Example 6.80 (2). Then (6.23) holds for A “ Em Ă E.

Proof. We have Aλ “ Fmλ , and for |Fλ| ě 3,

|Aλ|
|Fλ|

“
ˆ
1´ 1

|Fλ|

˙
1

p|Fˆ
λ |,mq

` 1

|Fλ|
ă 1

m
` 1

|Fλ|
ă 1.
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Definable subsets.

Proposition 6.87. Let E, O and Λ be as in Proposition 6.78 and let ϕpxq be
a first order formula in one variable in the language of rings (see Section 6.3.3)
such that:

(1) Neither |ϕpFλq| nor | ϕpFλq| is bounded as |Fλ| Ñ `8.

(2) For all λ P Λ corresponding to an ideal q, ϕpEq XOq pmod qq Ă ϕpFλq.

Then (6.23) holds for A “ ϕpEq Ă E

Proof. Condition (2) implies that Aλ Ă ϕpFλq for all λ P Λ, so that by Theorem
6.31,

lim sup
|Fλ|Ñ`8

|Aλ|
|Fλ|

ď maxCpϕq ă 1.

Remark 6.88. Condition (2) of Proposition 6.87 holds if both

(a) ϕpEq XOq Ă ϕpOqq, and (b) ϕpOqq pmod qq Ă ϕpFλq

hold. Note that:

– Condition (a) holds when charpFλq "f 1 if ϕpxq “ pDy : fpxq “ yq for some
f P ZrXs. Indeed, for x P E, we have λpϕpxqq “ degpϕqλpxq if no coefficient
of ϕ is divisible by charpFλq.

– Condition (b) hold if ϕ contains no negations or implications. On the other
hand, for ϕpxq “  py : x “ y2q, the reduction of a nonsquare in O may be
a square in Fλ.

Example 6.89. Consider the case ϕpxq “ pDy : fpxq “ yq for f P ZrXs. Then:

– By Proposition 6.32, Condition (1) of Proposition 6.87 holds for almost all
f of fixed degree.

– Condition (2) holds if charpFλq "f 1 by Remark 6.88.

Hence Proposition 6.87 applies for almost all f of fixed degree.

6.6.5. Application to Kloosterman sums. Let n ě 2 and q be fixed. The
family pKlnqλPΛ of Kloosterman sheaves of Zrζ4psλ-modules over Fq satisfies the
hypotheses6 of Proposition 6.78, for

Λ “ tq E Zrζ4ps degree 1, above ℓ "n 1, ℓ ‰ pu
Ă tq E Zrζ4ps above ℓ "n 1, ℓ ” 1 pmod 4q, pn, rFq : Fℓsq “ 1 ℓ ‰ pu

Hence, we can apply Corollary 6.84 with the sets of Section 6.6.4.

6Actually, they more precisely form a compatible system, see [Kat88, Section 8.9].
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Powers/finite index subgroups. By Proposition 6.86, we get:

Corollary 6.90. For n ě 2, m ě 2 coprime to p and ε ą 0, we have

P
´
Kln,qpxq P Qpζ4pqm

¯
!m,ε

pε log q

Bnq1{p2Bnq Ñ 0,

when q “ pe Ñ `8 with e ě 16Bn, where Bn “ 2n2`n´1
2

if n is odd and Bn “
2n2`3n`4

4
if n is even.

Remark 6.91. Note that if Kl2n,qpxq P RXQpζ4pq is a square, then it is positive.
However, we would need a lower bound on the above density to conclude something
about signs of Kloosterman sums.

Definable subsets. Similarly, Proposition 6.86 yields:

Corollary 6.92. Let ϕpxq be as in the first part of Proposition 6.87 (e.g. ϕ

contains no negations or implications). Then, for n ě 2 and ε ą 0,

P
´
Kln,qpxq P ϕpQpζ4pqq

¯
!ϕ,ε

pε log q

Bnq1{p2Bnq Ñ 0

when q “ pe Ñ `8 with e ě 16Bn, for Bn as in Corollary 6.90.

Finally, by Example 6.89:

Corollary 6.93. Let n ě 2 be an integer and let ε ą 0. For almost all f P ZrXs
of fixed degree, then

P
´
Kln,qpxq P fpQpζ4pqq

¯
!ϕ,ε

pε log q

Bnq1{p2Bnq Ñ 0

when q “ pe Ñ `8 with e ě 16Bn, for Bn as in Corollary 6.90.

Remark 6.94. Replacing A by qpn´1q{2A in Proposition 6.78, these results also
hold for unnormalized Kloosterman sums.

Remark 6.95. The determination of the integral monodromy groups when ℓ is
large enough depending only on the rank (Theorem3.27) is vital to obtain results
uniform in p. The results of Gabber and Nori would have forced to take p fixed.

Galois actions. When considering densities of the form (6.22), it is interesting to
take into account the following Galois actions:

(1) For all σ P GalpFq{Fpq – Z{e and x P Fq,

Kln,qpxq “ Kln,qpσpxqq.

The orbit of x has size degpxq P r1 . . . es. Fisher [Fis92, Corollary 4.25] has
actually shown that if p ą p2n2e ` 1q2, the Kloosterman sums are distinct
up to this action.
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(2) For σ P GalpQpζpq{Qq – Fˆ
p corresponding to c P Fˆ

p and x P Fˆ
q , we have

σpKln,qpxqq “ Kln,qpcnxq.

Moreover, orbits have size |tcn : c P Fˆ
p u| “ p´1

pp´1,nq P rpp´ 1q{n . . . p´ 1s.

In the setting of Proposition 6.87, let Ap “ ϕpQpζ4pqq. Since σpApq “ Ap for
all σ P GalpQpζpq{Qq, we can define an equivalence relation „ on

tx P Fˆ
q : Kln,qpxq P Apu

generated by x „ cnx for all c P Fˆ
p , x P Fˆ

q , and we have

|tx P Fˆ
q : Kln,qpxq P Apu{ „ | “

|tx P Fˆ
q : Kln,qpxq P Apu|pp´ 1, nq

p´ 1

!n
|tx P Fˆ

q : Kln,qpxq P Apu|
p´ 1

.

By Corollary 6.92,

|tx P Fˆ
q : Kln,qpxq P Apu{ „ | !n,ε

q1´1{p2Bq log q
Bp1´ε .

Remark 6.96. For any ε1 ą 0, the right-hand side is

!ε1 pep1´1{p2Bq`ε1q´1`ε,

which goes to 0 when p Ñ `8 and e ă p1´ εq
`
1´ 1

2B
` ε1˘´1

. Since 2B
2B´1

P
p1, 2q, the latter can hold only when e “ 1. Unfortunately, our estimate on the
number of primes ideals in Qpζ4pq from Section 6.6.3 requires to take e ą 1. If the
result could be extended to e “ 1, the above would show that for p large enough,
there is no x P Fˆ

p such that Kln,ppxq P ϕpQpζ4pqq.

Remark 6.97. To take into account the first action, we should evaluate the weighted
sum

1

q

ÿ

xPFq

δKln,qpxqPA
degpxq ,

but it is not clear how to handle that with our formalism.





Appendix A

Sums of products and polynomial bounds

In Proposition 4.4, we proved that if F is a geometrically irreducible ℓ-adic
sheaf over Fq of rank r and conductor c associated to a trace function t : Fq Ñ C,
then for all L ě 1 and a1, . . . , aL P Fq we have

ÿ

xPFq

tpx` a1q . . . tpx` aLq “ trpFrobq | H2
c pA1 ˆ Fq,FLqq `OprLLc2

?
qq

for FL “
Â

1ďiďLr`ais˚F . Note that the error term is exponential in L, unless
r “ 1.

In Remark 4.5, we were wondering whether it is possible to obtain an error
term polynomial in L when r ą 1, using the same technique as for Proposition 4.4
(applying the Grothendieck-Lefschetz trace formula and Deligne’s estimate (The-
orem 2.28). We show in this appendix that the answer is negative.

First reduction. First we need to avoid the exponentials in L arising from the
passages:

– from the products of trace functions to the trace function of the product of
the sheaves (see (4.6)).

– from the sum over UFL
pFqq to the sum over Fq.

To do so, we need to assume that F is lisse on A1 ˆ Fq, and we have

ÿ

xPFq

tpx` a1q . . . tpx` aLq “ trpFrobq | H2
c pA1 ˆ Fq,FLqq `Oph1pLq

?
qq

for hipLq “ dimH i
cpA1 ˆ Fq,FLq. Hence the question becomes: when do we have

a bound
h1pLq ď fr,cpLq

with fr,c polynomial in L, assuming that F is lisse on A1 ˆ Fq ?

Remark A.1. A variant of the question would be to ask for an error term of
the form gr,cpLq ` fr,cpLq

?
q with fr,c polynomial in L (but not necessarily gr,c).

However, this is more difficult to treat, since we cannot anymore assume that F

is lisse on A1, and thus has a rather rigid structure (see below).

Lisse ℓ-adic sheaves on the affine line. First, we gather some properties of a
geometrically irreducible ℓ-adic sheaf F over Fq that is lisse on A1 ˆ Fq.

Lemma A.2. (1) If Swan8pFq “ 0, then F is geometrically trivial.

(2) If Swan8pFq “ 1, then F is geometrically isomorphic to a nontrivial Artin-
Schreier sheaf Lψ.

151
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(3) If F is nontrivial, then Swan8pFq ě rankpFq with equality if and only if F
is geometrically isomorphic to a nontrivial Artin-Schreier sheaf Lψ.

Proof. The first two results follow from Lemma 4.37 (2),(4), and the third one
from [FKM13, Lemma 5.4(1)], also using the Euler-Poincaré formula (Theorem
2.37).

Lemma A.3. F has a unique break at 8.

Proof. This argument appears in [FKM13, Lemma 5.4]: the geometric étale fun-
damental group π

geom
1,q is topologically generated by the inertia subgroups Ix for

x P P1pFqq. Since F is lisse on A1 ˆ Fq, the restrictions of the corresponding
representation to the inertia subgroups Ix for x P A1pFqq are trivial. Since F

is irreducible, it follows that it is irreducible as a representation of the inertia
subgroup I8. Hence, it has a unique break at 8.

Hence, we let t P Rě0 be the unique break of F at 8.

Lemma A.4. (1) If t ă 1, then F is geometrically trivial.

(2) We have Swan8pFq “ 1 if and only if t “ 1, if and only if F is geometrically
isomorphic to a nontrivial Artin-Schreier sheaf Lψ.

Proof. (1) If t “ 0, this is Lemma A.2 (1). More generally, for t ă 1, this is
Lemma A.2 (3).

(2) By Lemma A.2 (2), Swan8pFq “ 1 if and only if F is geometrically iso-
morphic to a nontrivial Artin-Schreier sheaf, which holds true if and only if
t “ 1 by Lemma A.2 (3).

Conclusion. By Lemma A.2, we can assume that Swan8pFq ě 2 and t ą 1.
Note that the break decompositions at 8 of r`as˚F have the same breaks and
multiplicities for all a P Fq.

For every L ě 1, we decompose FL “ FbL as a sum of geometrically irre-
ducible components Gi lisse on A1. We distinguish several cases, using Lemma
A.4:

(1) Swan8pGiq “ 0 with unique break 0. Then Gi is geometrically trivial.

(2) Swan8pGiq “ 1 with unique break 1. Then Gi is geometrically isomorphic
to a nontrivial Artin-Schreier sheaf.

(3) Swan8pGiq ě 2 with unique break s ą 1. By Lemma A.2, we have Swan8pGiq ě
rankpGiq ` 1, i.e. s ě 1` 1

rankpGiq . We furthermore distinguish the cases:

a) 1 ă s ă t,

b) s “ t.

We have the geometric

FL – h2pLq1
à

˜
n1pLqà

i“1

L
pLq
i

¸
à

˜
2à

j“1

mjpLqà

i“1

G
pj,Lq
i

¸
,
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where 1 is the trivial representation, L
pLq
i is a nontrivial Artin-Schreier sheaf,

G
p1,Lq
i is of type (3a) and G

p2,Lq
i is of type (3b). For j “ 1, 2 and 1 ď i ď mjpLq,

let djpLq “
řmjpLq
i“1 dimG

pj,Lq
i and s

pLq
i ą 1 be the unique break of G

pj,Lq
i . We have

Swan8pFLq “ n1pLq `
m1pLqÿ

i“1

s
pLq
i dimG

p1,Lq
i ` td2pLq

ě n1pLq ` d1pLq ` td2pLq.

Since rL “ rankpFLq “ h2pLq ` n1pLq `
ř2
j“1 djpLq, it follows by the Euler-

Poincaré formula (Theorem 2.37) that

h1pLq “ h2pLq ´ rL ` Swan8pFLq

“ Swan8pFLq ´ n1pLq ´
2ÿ

j“1

djpLq

ě pt´ 1qd2pLq

If fr,cpLq ě h1pLq for fr,c polynomial in L, this implies that d2pLq “ oprLq, or
equivalently n1pLq ` d1pLq ` h2pLq „ rL. But at rank L` 1 we have

FL`1 “ ph2pLqFq
à

¨
˝
n

pLq
1à

i“1

´
L

pLq
i b F

¯
˛
‚à

˜
2à

j“1

mjpLqà

i“1

´
G

pj,Lq
i b F

¯¸

and note that by Proposition 2.23:

– F has unique break at t, so it is of type (3b).

– L
pLq
i b F has unique break at t, so it is of type (3b).

– G
p1,Lq
i b F has unique break at t, so it is of type (3b).

– G
p2,Lq
i b F has all breaks ď t.

Therefore
h2pL` 1q ` n1pL` 1q ` d1pL` 1q ď rd2pLq,

so

1 “ lim
LÑ8

n1pL` 1q ` d1pL` 1q ` h2pL` 1q
rL`1

ď lim
LÑ8

rd2pLq
rL`1

“ lim
LÑ8

d2pLq
rL

“ 0,

a contradiction. This shows as desired that we cannot have a bound h1pLq ď
fr,cpLq with f polynomial in L and F lisse on A1, unless rankpFq “ 1 or F is
geometrically trivial.

Remark A.5. The hypothesis that F is irreducible is important. For example, take
F “ Lψ1

‘ Lψ2
for ψ1 ‰ ψ2 two additive characters of Fp, say ψipxq “ epbix{pq

for bi P Fp. Then, from the decomposition

FL “
Là

a“0

ˆ
L

a

˙
Lba
ψ1
b L

bpL´aq
ψ2

“
Là

a“0

ˆ
L

a

˙
Leppab1`pL´aqb2qx{pq,
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we find that rankpFLq “ 2L and

Swan8pFLq “
Lÿ

a“0

ˆ
L

a

˙
δ
aı ´Lb2

b1´b2
pmod pq,

h2pLq “
Lÿ

a“0

ˆ
L

a

˙
δ
a” ´Lb2

b1´b2
pmod pq, but

h1pLq “ h2pLq ´ rankpFLq ` Swan8pFLq “ 0.
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