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Abstract

This document is the final report for the author’s Master’s project, whose
goal was to study the Eichler-Shimura construction associating abelian va-
rieties to weight-2 modular forms for I'o(N). The starting points and main
resources were the survey article by Fred Diamond and John Im [DI95], the
book by Goro Shimura [Shi71], and the book by Fred Diamond and Jerry
Shurman [DS06]. The latter is a very good first reference about this sub-
ject, but interesting points are sometimes eluded. In particular, although
most statements are given in the general setting, the book mainly deals with
the particular case of elliptic curves (i.e. with forms having rational Fourier
coefficients), with little details about abelian varieties. On the other hand,
Chapter 7 of Shimura’s book is difficult, according to the author himself,
and the article by Diamond and Im skims rapidly through the subject, be-
ing a survey. The goal of this document is therefore to give an account of
the theory with intermediate difficulty, accessible to someone having read a
first text on modular forms — such as [Zag08] — and with basic knowledge
in the theory of compact Riemann surfaces (see e.g. [Mir95]) and algebraic
geometry (see e.g. [Har77]).

This report begins with an account of the theory of abelian varieties needed
for what follows. The main goal is to explain why the Jacobian (resp. Picard
group) of a compact Riemann surface (resp. nonsingular algebraic curve) are
abelian varieties, and to explain when quotients of abelian varieties can be
formed. Then, we summarize the construction of modular curves as compact
Riemann surfaces and their relationship with modular forms. Moreover, we
introduce moduli spaces of enhanced elliptic curves and show how they relate
to modular curves as well. The next step is to introduce the Hecke algebra,
and its action on modular forms, moduli spaces, and on modular curves and
their Jacobians, through the Hecke ring. As soon as we have studied the
number field associated to an eigenform and the action of its complex em-
beddings on newforms, we can define and study the abelian variety associated
to a newform: its dimension and alternative expressions, the action of Hecke
operators and the decomposition of the Jacobian. The last two chapters are
devoted to proving the relationships through L-functions between a modular
form and its associated abelian variety. To do that, the main step is to prove
the FEichler-Shimura relation, computing the reduction of Hecke operators
on Jacobians of modular curves in terms of the Frobenius. It remains then
to transfer this relation to the abelian varieties to be able to conclude. At
the end of the text, two appendices give respectively numerical examples in
the genus 1 case, and a summary of the basic theory of modular forms to fix
notations and serve as a reference.
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Introduction

The famous modularity theorem, whose proof was recently established by Wiles,
Breuil, Conrad, Diamond and Taylor, can be stated as follows:

Theorem. Any elliptic curve E defined over Q with conductor N is modular:
there exists a newform f € So(To(N)) such that L(s, E) = L(s, f). Equivalently,

ap(E) = ap(f) for all primes p.

Previously known as the Taniyama-Shimura- Weil conjecture, this result arose as
a converse of the following construction of Eichler and Shimura: If f € Sa(T'o(NV))
1s a newform with rational Fourier coefficients, there exists an elliptic curve E
defined over Q such that a,(E) = ap(f) for almost all primes p.

For example, we will see that the unique newform in I'g(11), whose Fourier ex-
pansion begins with

4-2¢"—¢" +2¢" + " +2¢° —2¢" —2¢" + ...
corresponds to the elliptic curve
y2+y:x3—x2—10x—20.

This construction can be generalized by the following theorem, whose study will
be the goal of this document:

Theorem (Eichler-Shimura, Carayol, Langlands, Deligne). Let f € Sa2(I'o(NV))
be a newform. There exists an abelian variety Ay such that

1. Ay is defined over Q.

2. Ay has dimension Ky : Q], where Ky = Q({an(f) : n > 0}) is the number
field of f. In particular, if the Fourier coefficients of f are all rational, then
Ay is an elliptic curve.

3. Ay and f are related by their L-functions: we have
L(Ag,s) =[] L(fr9),

where the product is over the complex embeddings 7 : K; — C. Alterna-
tively, ap(Ag) = > ap(fr) for all primes p.

The idea is the following: we consider modular curves, which are compact Rie-
mann surfaces strongly related to modular forms. By the general theory of com-
pact Riemann surfaces, their Jacobians are complex abelian varieties. The Hecke
algebra acts on modular forms, modular curves, and the Jacobians of the latter.
Moreover, the set of newforms is composed of simultaneous eigenvectors for the
Hecke operators, and the eigenvalues are the Fourier coefficients. By quotienting
the Jacobian of a modular curve by the action of a well-chosen subgroup of the
Hecke algebra, we obtain the desired abelian variety.

By analyzing their function fields, we see that these modular curves, as algebraic
curves, can in fact be defined over Q. Moreover, the same holds true for their

iii



Introduction iv

Jacobians and the Hecke operators, leading to the fact that the abelian varieties
can be defined over Q as well.

The key property, equality of L-functions, comes from a relationship between
Hecke operators on a modular curve and the Frobenius maps on its reductions:
the Fichler-Shimura relation. From the latter, we obtain the relationship between
local factors of the L-function of the abelian variety (which are related to the
Frobenius maps) and local factors of L-functions of modular forms (which are
related to eigenvalues of Hecke operators).

The modular curves we are interested in also correspond to moduli spaces of
enhanced elliptic curves (elliptic curves with additional torsion information). The
Hecke operators transfer in this setting, where their action can easily be described
explicitly.

By an important result of Igusa (later generalized by Deligne-Rapoport and Katz-
Mazur), these modular curves admit a model compatible with the moduli space
in a functorial way. The Eichler-Shimura relation is proven in the moduli space,
and can then be transferred back to the modular curves.

The restriction to all but finitely many primes corresponds to the primes of bad
reduction for the modular curve and its Jacobian. However, a result of Carayol
shows that the equality also holds at these primes.

Something fascinating in the Eichler-Shimura construction is the interplay be-
tween algebraic geometry, analytic geometry, and arithmetic. The following are
some of these relationships:

— the fact that every compact Riemann surface is a complex algebraic curve.
This allows us to consider modular curves as algebraic curves.

— the algebraization of complex tori with a polarization. This shows that the
Jacobian of a compact Riemann surface is an abelian variety. Moreover,
this will let us show that quotients of complex abelian varieties exist.

— the interpretation of modular curves as moduli spaces for enhanced elliptic
curves, which gives good models for modular curves compatible with the
moduli space interpretation.

— a relationship between modular forms (resp. cusp forms) and meromorphic
(resp. holomorphic) differential forms on modular curves.

By Faltings’ isogeny theorem, the modularity theorem actually means that the
Eichler-Shimura construction gives all elliptic curves defined over Q, up to isogeny.
More generally, we can use the ideas of this construction to give equivalent for-
mulations of the modularity theorem.

For example, it can be shown that an elliptic curve over Q with conductor N is
modular if and only if there exists a nonconstant holomorphic mapping from a
modular curve X;(NV) (or its Jacobian) to the elliptic curve. Alternatively, the
FEichler-Shimura construction can be used to define 2-dimensional f-adic Galois
representations py, associated to a newform f € S3(I'g(IN)), and it can be shown
that an elliptic curve over Q is modular if and only if there exists a newform
f € S2(To(N)) such that

Pre = PEL,

where pg/ is the 2-dimensional f-adic representation associated to E, obtained
from the Tate module.



CHAPTER 1

Abelian varieties

In this first chapter, we study abelian varieties, groups in the category of projective
algebraic varieties. As we mentioned in the introduction, these generalize elliptic
curves and are the objects which we will try to associate to modular forms.

Besides studying their basic properties, the main goals are to show that the Ja-
cobian (resp. Picard group) of a compact Riemann surface (resp. nonsingular
algebraic curve) are abelian varieties and to explain when quotients of abelian
varieties can be formed. These are three fundamental facts for what follows. At
the end of the chapter, we explain what are Néron models and define L-functions
of abelian varieties.

After some point, we will mostly focus on compler abelian varieties, the case in
which we will be mainly interested. While all the results we will see in this context
can be generalized over an arbitrary field, we will not need these generalizations;
moreover, results are more easily given and motivated in the complex case. In
particular, we will see that the structure of complex abelian varieties can easily
be described.

The references for this chapter are:
— For the theory of abelian varieties over arbitrary fields: [Mil08] and [MumO8];
— For the theory of complex abelian varieties: [BL04], [KM93] and [RS11];

— For the theory of compact Riemann surfaces: [Mir95].

1. Abelian varieties over an arbitrary field

First, we define abelian varieties over an arbitrary field and study their first
properties.

DEFINITION 1.1. An abelian variety defined over an algebraically closed field K
is a projective algebraic variety A with morphisms

m: AxA — A

u: A - A

along with an element e € A, that induce a group structure on A. The dimension
of A is its dimension as a variety. We say that A is defined over a subfield k C K
if A,m,u are defined over k and e € A(k).

In other words, an abelian variety is a group in the category of projective algebraic
varieties. The notions of morphisms and subvarieties of abelian varieties are
defined in the natural way.

Remarks 1.2. We will only consider abelian varieties defined over C, Q or finite
fields. The hypothesis projective is important; the affine theory is that of linear
algebraic groups.
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Example 1.3. An elliptic curve defined over any field is an abelian variety, moti-
vating this generalization. We will see another important family of examples later
on, in particular generalizing elliptic curves.

1.1. Abelian varieties are nonsingular and commutative

Proposition 1.4. An abelian variety is nonsingular.

Proof. By [Har77, 1.5.3], any variety has a dense nonsingular subset. Since trans-
lation by any point is an isomorphism, this shows that every point is nonsingu-
lar. O

Theorem 1.5 (Rigidity). Let V,W,U be projective varieties defined over an al-
gebraically closed field k and f :V x W — U be a reqular map. If there exist
vo € v(k),wo € W(k),up € U(k) such that

F(V x{wo}) = f({vo} x W) = {uo},

then f is constant, equal to ug.

Proof. Let Uy be an affine neighborhood of ug in U. Since V' is projective (hence
complete), the projection 7 : V- x W — W is closed. Therefore, the set Wy =
7(f~1(U — Up)) C W is closed as well. Note that

W —Wo={weW: f(Vx{w}) Ul

in particular, wyg € W — Wj. Since it is a morphism between a projective and an
affine variety, the (co)restriction f : V x (W — Wy) — Up is constant by [Har77,
1.3.2-3.5,], with image equal to ug since f(vg,wg) = ug. Hence, f: V x W — U
is constant equal to ug, by [Har77, 1.4.1]. O

Corollary 1.6. Any regular map between abelian varieties is the composition of
a homomorphism followed by a translation.

Proof. Let f: A — B be a regular map between abelian varieties. Composing
with a translation reduces to the case f(14) = 1p. Let a: A x A — B be the
map

(a,a’) = flaa’)f(a)~' fla) 7"

Note that « verifies the hypotheses of Theorem 1.5, with vg = wg = 14 and
ug = 1. Hence oo = 1p, which implies that f is a homomorphism. O

Corollary 1.7. An abelian variety is commutative.
Proof. If A is an abelian variety, the previous Corollary shows that the regular

map a — a~ ! is a homomorphism, since it sends the identity element to itself.
Hence, A is commutative. ]
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1.2. Images and sums

Proposition 1.8. If f: A — B is a morphism of abelian varieties, then f(A) is
an abelian subvariety of B.

Proof. Since A is projective, it is complete and therefore f(A) is closed in B. [

Remark 1.9. We see here that the projectivity is important: the image of a mor-
phism of varieties may not be a subvariety in general.

Corollary 1.10. Let A, B be abelian varieties over a field k. Then A x B is an
abelian variety. If A and B are subvarieties of an abelian variety C, then A+ B
is a subvariety of C.

Proof. Tt suffices to recall that the product of projective varieties is projective.
The second point follows from Proposition 1.8, since A+ B is the image of A x B
by the natural morphism A x B — C. O

1.3. Isogenies

DEFINITION 1.11. Let A, B be two abelian varieties. An isogeny is a surjective
morphism f : A — B with finite kernel.

Proposition 1.12. If f : A — B is a morphism of abelian varieties, the following
conditions are equivalent:

— f is an isogeny;
— dim A =dim B and f is surjective;

— dim A = dim B and ker f is finite;

Proof. By [Har77, 11.3.22], if f is dominant, there exists an open set U in B such
that
dim f1(b) = dim A — dim f(A)

for all b € U. Since all the fibers have the same dimension (they are isomorphic
through translation), this equality holds for all b € B. Hence, the first two
conditions are equivalent. By applying this to the corestriction f: A — f(A), we
get that the three conditions are equivalent by [Har77, Ex. 1.10(d)]. O

We could say much more about isogenies in the general case (see [Mil08, 1.7]),
but as announced, we will restrict to isogenies of complex abelian varieties in
what follows. Most of the results we will see can be generalized over an arbitrary
field, and they also generalize the theory of isogenies of elliptic curves (see [Sil09,

111.5)).

1.4. Reducibility

DEFINITION 1.13. An abelian variety is simple if it does not have a nontrivial
abelian subvariety.
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Proposition 1.14 (Poincaré reducibility). Let A be an abelian variety defined
over a field k. If B is an abelian subvariety defined over k, there exists an abelian
subvariety C of A defined over k such that the natural morphism B x C — A is
an isogeny defined over k.

Remark 1.15. We will not prove this result over an arbitrary field here (see [Mil08,
1.10.1]), but we will do it over C in the next section. However, we will still need
this general case later on.

Corollary 1.16. Let A be an abelian variety defined over a field k. There exist
simple abelian subvarieties A1, ..., A, defined over k such that

A1><--~XAn—>A

s an isogeny defined over K.

Proof. By [Har77, Ex. 1.10(d)], dimension for closed subvarieties is strictly de-
creasing, so the result follows from Proposition 1.14 by induction. O

2. Algebraic geometry and analytic geometry

As explained in the introduction, important points in what follows will be the re-
lationships between algebraic geometry and analytic geometry. In this section, we
give the relationships between three algebraic/analytic objects: smooth complex
algebraic varieties/complex analytic manifolds, complex abelian varieties/com-
plex Lie groups and complex algebraic curves/compact Riemann surfaces.

2.1. Smooth algebraic varieties and analytic manifolds

Any smooth complex algebraic variety can be viewed as a complex manifold, since
smoothness is equivalent to the condition on a Jacobian matrix that allows one
to use the inverse function theorem to find local coordinates. More precisely, we
have the following result:

Proposition 1.17. There is a functor - (C) : SmthVarc — Mangc, from the
category of smooth varieties over C to the category of complex analytic manifolds,
such that:

— The diagram

SmthVarc - ©) Mangc

~_

Set

commutes, where the vertical arrows are the forgetful functors.

— Irreducible varieties are mapped to connected complex manifolds.

— If X is a smooth variety over C, the first point indicates that X and X (C)
are equal as sets. Then, the topology of X(C) is stronger than the Zariski
topology of X.

— If X is projective, then X (C) is compact.
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— The dimension of a smooth complex variety X is equal to the dimension of
X(C) as a complex manifold. In particular, smooth curves are mapped to
Riemann surfaces.

Proof (Sketch). Since the irreducible components of a smooth variety are disjoint,
we can consider only irreducible varieties without loss of generality. If X is a
smooth affine variety in A" of dimension d, let fi,..., f4 be generators of [(X) C
C[X1,...,Xy], and let P € V. By hypothesis, (0f;/0x;) has rank n — d, so we
can suppose without loss of generality that (0f;/0x;); j—d+1,. n is invertible. By
the implicit function theorem, there exist open sets U € C% V ¢ C" ¢, and a
holomorphic function ¢ : U — V such that

{(z,o(x)): 2 €U} =XN(UxV),

i.e. a local coordinate for X near P. We check that this gives a well-defined
complex manifold structure to X. If X is a smooth projective variety in P", it
suffices to choose an open cover by irreducible affine subvarieties. For the details
and generalizations!, see [Werl1]. O

The topologies on X (C) and X are in general not equal. However, we have the
following fundamental theorem that we will use extensively:

Theorem 1.18 (Chow). Let X be a projective algebraic variety andY be a closed
analytic subset of X(C). Then'Y is Zariski-closed in X and smooth.

Proof. See [Fri02, Theorem 5.13]. O

Remark 1.19. The hypothesis projective is needed: {z € C : sin(x) = 0} is a
closed analytic subset of C, but it is not algebraic, since all proper algebraic
subsets of C are finite.

Corollary 1.20. Let X,Y be projective algebraic varieties and f : X(C) — Y(C)
be a holomorphic map. By Proposition 1.17, we can consider f as a map from X
toY. Then f: X — Y is an algebraic morphism. Conversely, if f : X — Y is
an algebraic morphism, then f : X(C) — Y (C) is a holomorphic map.

Proof. 1f U is closed in Y, then it is closed in Y (C), since the topology of Y (C)
is stronger than the Zariski topology. Hence f~!(U) is closed in X (C), whence
closed in X by Theorem 1.18. Therefore, f : X — Y is continuous. See [Mum08,
p. 33| for the proof that f : X — Y is a morphism. The last assertion follows
from Proposition 1.17. O

2.2. Complex abelian varieties and complex Lie groups

Let A be a complex abelian variety. By Proposition 1.17, there is a functorially-
associated connected compact manifold A(C) such that A = A(C) as topological
spaces. By functoriality and Corollary 1.20, A(C) has a group structure given by
holomorphic maps, thus it is a connected compact complex Lie group.

1Serre’s GAGA gives a functor from the whole category of algebraic varieties over C to the
category of “analytic spaces”, generalizing complex manifolds by allowing singularities. This
functor restricts to the functor given above for smooth projective varieties.
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Proposition 1.21. Let A, B be complex abelian varieties. If f : A — B is a
morphism of complex Lie groups, then f : A(C) — B(C) is a morphism of abelian
varieties, and conversely.

Proof. Follows from Proposition 1.17 and Corollary 1.20. O

However, we will see that the categories of complex abelian varieties and complex
compact connected Lie groups are not equivalent.

2.3. Compact Riemann surfaces are algebraic curves

A fundamental result from the theory of compact Riemann surfaces is the follow-
ing (see [Mir95, VI-VII]):

Theorem 1.22. If X is a compact Riemann surface, then X is isomorphic to
a compact Riemann surface Y that is holomorphically embedded in P" for some
n>1,i.e Y CP" and for everyp = [po,...,pn] €Y, there exists some 0 < i <mn
such that

1. pi #0;
2. For all 0 < j < n, the function z;/z; is holomorphic on'Y near p;

3. There exists 0 < j < n such that z;/z; is a local coordinate near p.

Since Y is compact in P" with respect to the strong topology, it is closed. By
Theorem 1.18, there is therefore a smooth projective algebraic curve X,jg, such
that X,,(C) = Y = X. Moreover, the function field of X,j; (as an algebraic
curve) is isomorphic to the function field of X (as a Riemann surface). Hence,
compact Riemann surfaces are nonsingular algebraic curves.

Ezample 1.23. Note that smooth projective plane curves and (local) complete
intersection curves are indeed compact Riemann surfaces holomorphically em-
bedded in a projective space (see [Mir95, 11.2]).

3. Complex abelian varieties

In this section, we study the structure and properties of complex abelian varieties
as commutative compact connected complex Lie groups.

Given an elliptic curve F defined over Q, it is a fundamental fact that E corre-
sponds to a complex torus of dimension one: there exists a lattice A in C (i.e. a
discrete subgroup of rank 2) such that

E(C) = C/A

as Lie groups?. We will see that this result generalizes to complex abelian varieties:
as Lie groups, they are isomorphic to complex tori of higher dimensions.

Recall that a lattice in CY is a discrete subgroup of maximal rank 2¢g. Equivalently,
it is a free abelian group in CY containing a R-basis of C9. If A is a lattice in
CY, note that the quotient CY9/A is a compact connected complex Lie group of
dimension g.

2More precisely, the isomorphism is given by (pa,©)) : C/A — E(C), where pa is the
Weierstrass elliptic function associated to A.
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DEFINITION 1.24. A Lie group isomorphic to CY9/A for some integer g > 1 and a
lattice A in CY is called a complex torus.

3.1. Complex abelian varieties are complex tori

Using basic tools of the theory of Lie groups, we now determine the Lie group
structure of complex abelian varieties.

Theorem 1.25. A commutative connected compact complex Lie group is a com-
plex torus.

Proof. Recall that if V' is the Lie algebra of a compact complex Lie group G, then
(see [Var84, 2.7,2.10]):

— For all v € V, there exists a unique holomorphic integral curve ¢, : C - G
for v, i.e. (dpy)e: C— Vst — to.

— The flow ¢ : V x C — G defined by (v,t) — ¢,(t) is holomorphic.

— The exponential map exp : V. — G is defined by exp(v) = ¢,(1) for all
v € V. By the unicity of integral curves, we have exp(tv) = ¢,(t) for all
v € V,t € C. Moreover, (dexp). = id.

Now, let us note that:

— exp is a homomorphism: indeed, let v,w € V and consider the map ¢ : C —
G given by t — exp(tz)exp(ty). If G is commutative, we have (dv)(t) =
t(x + y), s0 ¥ = @4y by unicity of integral curves. Evaluating at ¢t = 1
gives

exp(z + y) = exp(z) exp(y).

— exp is surjective: by the above, the image exp(V) is a subgroup of G. Since
(dexp)e = id, the exponential map is a diffeomorphism in a neighborhood
of 0, so exp(V') contains an open neighborhood of e. But any neighborhood
of the identity in a compact connected Lie group generates the whole group,
so that exp(V) = G.

— kerexp is a lattice in V: since G = V/kerexp is compact, it suffices to
prove that kerexp is a discrete subgroup of V', which is clear since exp is a
diffeomorphism in a neighborhood of e.

— exp is holomorphic since the flow ¢ is holomorphic.

Hence, A = V/kerexp as complex Lie groups, where V/kerexp is a complex
torus. ]

Corollary 1.26. Complex abelian varieties are complex tori.

Remark 1.27. Actually, the hypothesis “commutative” in Theorem 1.25 is unnec-
essary: using similar ideas, we could have simply shown that a compact connected
complex Lie group is commutative (see [KM93, 12.1.22]).

4. Complex tori

In the previous section, we saw that complex abelian varieties are complex tori. In
this section, we study these and answer the following question: Are all complex
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tori complex abelian varieties (i.e. given a complex torus, does there exist a
complex abelian variety isomorphic to it as Lie group)? This will allow us to
consider quotients of abelian varieties later.

4.1. Morphisms

DEFINITION 1.28. A morphism of complex tori is a morphism of the underlying
complex Lie groups.

Proposition 1.29. Let f : V/A — V'/A’ be a morphism of complex tori. Then
there exists a unique C-linear map f : V. — V' with f(A) C A’ such that the
diagram

0 A \% V/A 0
lfA lf J{f
0 A % V!N 0

commutes.

Proof. The tangent spaces at 0 of V/A and V'/A’ are V,V’ respectively. We
have isomorphisms V/A = V/kerexp and V'/A" = V'/kerexp’ induced by the
exponential maps. By the properties of the latter, the diagram

e (df)o V!

exp l exp l

V/ ker exp S 74 / kerexp’.

commutes, giving the result since (df)o is C-linear, and clearly takes kerexp to
ker exp’ by the diagram. The unicity is clear. O

Therefore, we get injective homomorphisms of abelian groups

pc : Hom(V/A, V'/A) — Home(V, V')
pz : Hom(V/A,V'/A") — Homg(A,A).

Indeed, since A (resp. A’) generates V (resp. V') as a R-vector space, an element
of Hom(V/A,V'/A") is determined by its image in Homy (A, A’).

Proposition 1.30. If X, X' are complez tori of dimensions g, g, we have Hom(X, X') &
Z™ for some m < 4qg’.

Proof. Since the homomorphism pz is injective, we can view Hom(X, X’) as a
subgroup of the free abelian group Homy (A, A’) of rank (2¢)(2¢') = 4g9¢'. O

4.2. Subtori and quotients

DEFINITION 1.31. A subtorus of a complex torus X is a Lie subgroup of X which
is also a complex torus.

Proposition 1.32. The subtori of a complex torus are its compact connected Lie
subgroups.
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Proof. Let H be a Lie subgroup of a complex torus G. If H is compact and
connected, then H is a complex torus by Theorem 1.25, thus a subtorus of G.
Conversely, if H is a complex torus, then it is compact and connected. O

More explicitly, we have the following description:

Proposition 1.33. Let X = V/A be a complex torus. Then the subtori of X are
the tori
(V' +N)/A=V'/(ANV),

where V' is a subspace of V' such that ANV’ is a lattice in V.
Proof. Clearly, the given spaces are subtori of X. Conversely, let X’ be a subtorus

of X and write X’ = V'/A’ for V' a complex vector space and A’ a lattice of V.
By Proposition 1.29, we have a commutative diagram

0 N 1% V' /N 0
0 A 1% V/A 0.

Since ¢ is injective, we get that ker i C A’. Hence, ker i = 0 because A’ is discrete,
showing that we can view V' as a vector subspace of V. Moreover, the diagram
shows that VN A =A’. Hence, X' =V'/AN =V'/(V' NA) = (V' +A)/A. O

Proposition 1.34. If T is a finite subgroup of a complex torus X, then X/T is
also a complex torus of the same dimension.

Proof. Let X = V/A for V a complex vector space and A a lattice in V. There
exists a subgroup A’ of V containing A such that T' = A’/A, so

X/T=V/A.

Since A C A/, we have that A’ contains a R-basis of V. Moreover, since I is finite,
there exist v1,...,v, € A’ such that A" = []/_,(v; + A). Thus, A is a discrete
subgroup of V' because A is. O

Proposition 1.35. Let f : X — X' be a morphism of complex tori. Then im f is
a subtorus of X' and the connected component of ker f containing 0 is a subtorus
of X.

Proof.

1. The image im f is a compact connected Lie subgroup of X', so it is a
subtorus by Proposition 1.32.

2. The kernel ker f is a closed Lie subgroup of X. Since the connected com-
ponent (ker f)o is closed (thus compact) and connected, it is a subtorus as
well by Proposition 1.32.

O
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4.3. Isogenies

DEFINITION 1.36. An isogeny of complex tori f : X — Y is a surjective morphism
with finite kernel. We write X ~ Y if there is an isogeny f : X — Y. The degree
of the isogeny is deg f = | ker f].

Example 1.37. If f : A — B is an isogeny of complex abelian varieties, then
f:A(C) — B(C) is an isogeny of complex tori.

We have the following analogue of Proposition 1.12:

Proposition 1.38. Let f : X — Y be a morphism of complex tori. The following
are equivalent:

1. f is an isogeny.
2. f is surjective and dim X = dimY .
3. f has finite kernel and dim X = dim Y.

Proof. By [Leel2, 7.10,7.15], when f is surjective, we have an isomorphism of Lie
groups X/ ker f 2V, with dim X — dimker f = dimY. Since dimker f =0 as a
manifold if and only if it is finite, we obtain the equivalence of the first two points.
For the third one, it suffices to apply this to the corestriction f : X — f(Y) and
use that the dimension of a proper connected Lie subgroup is strictly smaller than
the dimension of the ambient Lie group?. O

Proposition 1.39. Let f: V/A — V'/A’ an isogeny between complex tori. Then
the induced map f:V — V' of Proposition 1.29 is an isomorphism.

Proof. First of all, we note that ker f C A. Indeed, an element v € ker f —A
would generate an infinite subgroup of ker f since Cv N A is discrete. Hence, we
must have ker f = 0 because A is discrete. By Proposition 1.38, dim V = dim V’,
so f is an isomorphism. O

Proposition 1.40. The composition of two isogenies is an isogeny.

Proof. Clear, since the composition of two surjective homomorphisms is a sur-
jective homomorphism, and if f : X — Y, g : Y — Z have finite kernel, then
| ker(g o f)| = [ker(g)[| ker(f)]. 0

Example 1.41. Let X be a complex torus and I' be a finite subgroup of X. By
Proposition 1.34, the quotient X/I' is a complex torus. The projection p : X —
X/T is an isogeny.

Ezxample 1.42. Let X be a complex torus of dimension g. For n € Z, the multi-
plication [n] : X — X is an isogeny of degree n?9. Indeed, if X = V/A,

X[n] = ker[n] = %A/A ~ A/nA = (Z/n)2,

since A = 729,

3Using the correspondence between connected Lie subgroups and subalgebras of the Lie
algebra, see [Leel2, Theorem 15.31].
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4.4. Dual isogenies

Proposition 1.43. If f : X — Y s an isogeny of complex tori with deg f = n,
then there exists a unique isogeny f :Y — X such that

x-—J.oy

[nkl%lwy fof=Inly and fo f=[n]x

X —Y

Moreover, f has degree n®9~1.

Proof. By definition of the degree, we have that ker f C ker([n]x). Therefore,
there exists a homomorphism f : Y — X such that f o f = [n]x. Moreover,

(fof)of=fo(fof)=folnlx =[n]xof,

thus fo f = [n]x since f is surjective. From the relation fof = [n]x, we
deduce that f is surjective and has finite kernel. By Proposition 1.29, f is in
fact given by [z] — [np(x)], where ¢ : CdimX _, ¢dimY g 3 linear isomorphism.

Hence, f is holomorphic as well. Finally, the relation f o f = [n]x implies that
deg f n = n?/n = n29-1, using Example 1.42. The unicity is clear, since if g
verifies the same properties as f, then (f g)o f =0, thus g = f because f is
surjective. ]

DEFINITION 1.44. The unique isogeny f of Proposition 1.43 is called the dual
isogeny of f.

Ezample 1.45. If X is a complex tori of dimension g, then m = [n?971].

Corollary 1.46. Isogeny of complex tori is an equivalence relation.

If there exists an isogeny between two complex tori, we say that they are isogenous.

4.5. Complex tori as abelian varieties

In the previous section, we saw that complex abelian varieties are complex tori
(as Lie groups). In this paragraph, we analyze the converse problem: when is a
complex torus isomorphic to a complex abelian variety (as Lie groups) ?

Proposition 1.47. There exists at most one (up to isomorphism) structure of
complex abelian variety on a complex torus.

Proof. Follows directly from Proposition 1.21. O

By abuse of language, we will say that the torus is an abelian variety if it can be
endowed with such a structure.

In dimension one, we know that all complex tori are abelian varieties (as Lie
groups): if A is a lattice in C, there exists an elliptic curve defined over C such
that E(C) = C/A as Lie groups. In higher dimensions, the answer is not always
positive, and we can give the following criterion:
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DEFINITION 1.48. Let C9/A be a complex torus. A positive-definite Hermitian
form H = H; + iHs on CY such that Ha(A x A) C Z is called a Riemann form
(or polarization) on C9/A (or, on CY with respect to A).

Theorem 1.49. A complex torus is a complex abelian variety if and only if it
admits a Riemann form.

Proof. See the book [KM93], which is focused on proving this result. O

Ezxample 1.50. A 1-dimensional complex torus is an abelian variety, since it is
isomorphic to an elliptic curve. Any 1-dimensional complex torus is isomorphic
to C/A, for some z € H, where A, = Z + 2Z. A Riemann form on C/A, is given
by H(u,v) =uv/Im(z) for u,v € C.

Ezxample 1.51. An example of a complex torus which is not an abelian variety
can be given as follows: if H = Hy + iH> is a Riemann form on a complex torus
CY9/A, we easily see that Hs(iu,iv) = Ha(u,v) for all u,v € CY9. Let us denote
again H; € Myy(R) the matrix of H; in the canonical basis and A € Maya4(C)
the matrix of a basis of A in the canonical basis. Then, AHy'A? = 0 (see the
following proofs or [BL04, Theorem 4.2.1]). Hence, if A1,..., Ay, is a real basis
of CY with algebraically independent coordinates, there cannot exist a Riemann
form on CY9/A.

We see that the property of a complex torus to be an abelian variety is preserved
by taking subtori and through isogenies:

Proposition 1.52. If a complex torus admits a Riemann form, then any subtorus
also has a Riemann form.

Proof. Clearly, the restriction of any Riemann form on X to any subtorus is again
a Riemann form. O

Proposition 1.53. If a complex torus X has a Riemann form and f : X — X'
is an 1sogeny of complex tori, then X' also has a Riemann form.

Proof. Let us write X = V/A and X' = V'/A’ as before. By Proposition 1.29,
the isogeny f is induced by an isomorphism of vector spaces f : V — V' such
that f(A) C A'. Let H:V x V — C be a Riemann form on X. Composing with
f~1, we obtain a Hermitian form

H =Ho(f'xfhH:V xv' =C.

However, H' restricted to A’ x A’ is not necessarily integer-valued. To correct
this, we note that since ker f = A’/f(A) is finite, there exists an integer n > 1
such that nA’ € f(A). Letting H = n2H’ = H, +iH,, we obtain a Riemann form
on X'. Indeed, for all A1, A2 € A/, we have

Hy(M1, Ao) = H'(nA1,n)\;) € Z.
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5. Quotients of complex abelian varieties

In this paragraph, we use the results obtained above concerning complex tori
and their polarizations to study the construction of quotients of complex abelian
varieties.

5.1. Reducibility and decomposition

We can now prove Proposition 1.14 for complex abelian varieties.

Proposition 1.54 (Poincaré reducibility). Let A" be a subvariety of a complex
abelian variety A. Then there exists an subvariety A” of A such that A= A+ A”
and A’ N A" is finite. In other words, the map A’ x A” — A is an isogeny.

Proof. Let A(C) = V/A for V a complex vector space and A a lattice in V. By
Theorem 1.49, there exists a Riemann form H : V x V — C with respect to
A. Since A’'(C) is a subtorus of A(C), we can suppose by Proposition 1.33 that
A'(C) = V'/(ANV') for V' a vector subspace of V. Let V" be the orthogonal
complement to V' with respect to H, A” = ANV” and X" = V" /A”. Note that:

— X" is a complex torus: Since A is discrete in V, the set A” is also discrete
in V”. We need to show that X" is compact, i.e. that A” has maximal rank
in V”. By hypothesis, H = H; + iH induces an antisymmetric positive-
definite pairing

I=Hy |y Ax AT

Let us prove that A” is the orthogonal complement of A’ in A with respect
to I. On one hand, A” is clearly included in the orthogonal complement.
On the other hand, let v € A such that I(v/,v) = 0 for all v’ € A’. Since
V' = N ®R, it follows that Ha(v,v") = 0 for all v' € V', whence Hy(v,v') =
Hy(u,iv") =0 for all v/ € V. Therefore, v € ANV" = A".

Let us now consider A = A ® Q, and A/, A” defined in the same way.
The pairing I induces a bilinear antisymmetric positive-definite pairing I:
A x A — Q such that A” is the orthogonal complement of A’ in A. Thus,
we get that A = A’ & A”, which implies that

rank A" = dimg A"
= dimg A— dimg A
= rank A —rank A’
= 2(dim¢ V — dimc¢ V')
= 2dimc V" = dimg V"

— X" is an abelian variety: This is a subtorus of A(C), so we can conclude by
Proposition 1.52: there exists an abelian variety A” such that A”(C) = X"

— We have A= A"+ A”: Indeed, A’ + A” = A/(C) + A"(C) = A/(C) + X" =
VN + V" /A" = A(C).

— The set A’ N A" is finite: Since this set is a subset of the compact A, it is
sufficient to prove that it is discrete. Let © € A’N A", i.e. = w(v") with
v e V'NV" and 7 : V — A the projection. Let U C V be a neighborhood
of v/ such that U N (U + A\) = & for all nonzero A € A. Then 7(U) is a
neighborhood of [v/]5 such that #(U) N (AN A") = {[v]a}.
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O]

Corollary 1.55. Every complex abelian variety is isogenous to a product of sim-
ple abelian varieties.

Proof. We can proceed as in Corollary 1.16, since dimension of subgroups of a
connected Lie group is strictly decreasing. O

5.2. Quotients

Proposition 1.56. Let A’ be a subvariety of a complex abelian variety A. Then
there exists an abelian variety B and a surjective morphism f : A — B with kernel
A’ such that for every morphism of abelian varieties g : A — C with A’ C kerg,
there exists a morphism §: B — C such that

A0

A

B

commutes. Moreover B has dimension dim A — dim A’ and B = A/A’ as groups.

Proof. By Proposition 1.54, there exists an abelian subvariety A” of A such that
A=A+ A" and A’ N A” is finite. Thus,

AJAT= A(C)/A'(C) = (A'(C) + A7(C))/A'(C) = A"(C)/(A/(C) N A"(C))

as abelian groups. But A”(C)/(A'(C)NA”(C)) is a complex torus by Proposition
1.34, the set A’(C) N A”(C) being finite. By Proposition 1.53, there is an abelian
variety B such that A”(C)/(A'(C) n A”(C)) & B(C) as Lie groups, and B =
B(C) = A/A’ as groups. The dimension of the complex torus B(C) is equal to
dim A”(C) = dim V" = dim V —dim V' = dim A(C)—dim A’(C) = dim A—dim A’.
By Corollary 1.20, the surjective morphism of Lie groups A(C) — B(C) with
kernel A’(C) gives a surjective morphism of abelian varieties f : A — B with
kernel A’.

Let us now show the universal property. Let g : A — C be a morphism of abelian
varieties such that A’ C ker g. From the definition of B, there exists a morphism
g : B(C) — C(C) such that the diagram

A(C) —=C(C)

commutes. By Corollary 1.20, these maps (co)restrict to give the commutative
diagram in the statement. O

DEFINITION 1.57. Let A’ be an abelian subvariety of a complex abelian variety
A. The quotient A/A’ is the unique abelian variety (up to isomorphism) given by
Proposition 1.56.

Remark 1.58. More generally, Proposition 1.56 holds over any field of characteris-
tic zero. Poincaré reducibility still holds (Proposition 1.14) and the result follows
from considerations about quotient of varieties by actions of finite groups (see
[Mil08, 1.8]). See [CCP] for an interesting discussion.
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6. Jacobians of compact Riemann surfaces

In this section, we recall the definition of the Jacobian of a compact Riemann
surface, and we prove that it is an abelian variety. This is probably the most
important class of examples of abelian varieties, and they also generalize the case
of elliptic curves, which are isomorphic to their Jacobian.

6.1. The Jacobian of a compact Riemann surface
Let X be a compact Riemann surface of genus g and denote by Q}llol(X ) the space
of holomorphic 1-forms on X.
Since 71(X) is the free group on 2g generator, it follows that
H(X,Z) =7m1(X)ap = m(X)/[m(X),m1(X)] = CLCH(X)/BCH(X)
is a free abelian group of rank 2g.

Let us fix p € X. For any v € m1 (X, p), we can define a linear map
/ : Qfllol(X) —C
~
and since C is commutative, this gives a map
ol

where [7] is the class of v in Hy(X,Z). Alternatively, from the equivalent point of
view H;(X,Z) = CLCH(X)/BCH(X), this follows from the fact that integration
over boundary chains is zero.

DEFINITION 1.59. A period is an element of Q} ;(X)* that is of the form f[c] for

some homology class [c] € H1(X). If A is the subgroup of periods, we define the
Jacobian of X as the abelian group

Jac(X) = Qf ,(X)*/A.

As a corollary of the Riemann-Roch theorem, the complex vector space Qlllol(X )
has dimension g (i.e. the topological genus is equal to the analytic genus, see
[Mir95, pp. 191-192]). Thus,

Jac(X) = CI/A
for A the subgroup of CY9 corresponding to periods.

Ezxample 1.60. The Jacobian of the Riemann sphere is the trivial group. The
Jacobian of a complex torus X = C/A is isomorphic to X. Indeed, we have
Ot (X) & C, and letting wy,ws € C be a Z-basis of A, the group of periods is
homothetic to A (or equal to if we choose dz as a basis for Qf (X)).

6.2. Jacobians are complex tori

For pg € X an arbitrary base point, recall the Abel-Jacobi map
A : Div(X) — Jac(X)

defined by p — fhp]’ where 7, is any path between py and p in X. We then have
the following alternative interpretation of the Jacobian:
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Theorem 1.61 (Abel-Jacobi). Let us consider the map Ag : Div?(X) — Jac(X)
obtained by restricting A. Then:

— (Abel) The kernel of Ag is equal to the set of principal divisors in Div®(X).
— (Jacobi) The map Div?(X) — Jac(X) is surjective.

Hence, Jac(X) = Pic’(X).

Recall the following part of the proof of Abel’s theorem (see [Mir95, Chapter

VIII)): let a;,b; (1 < i < g) be a basis of the free abelian group H;(X), so that
the subgroup of periods A is generated by:

A= [

7

and Bi:/ for 1 <i<g.
b;

Let wy,...,wy be a basis of Q! (X) and let A, B be the g x g period matrices
defined by (A);; = Ai(w;) and (B);; = Bj(wj). To prove Abel’s theorem, recall
that we show that (see [Mir95, Chapter VIII, Lemmas 4.4,4.5,4.8]):
Lemma 1.62. Under the above notations, we have:

a) A and B are nonsingular.

b) A'B = B'A.

¢) The 2g columns of A and B are R-linearly independent.

Corollary 1.63. The subgroup of periods A is a lattice in CY.

Proof. Indeed, A is a free abelian group in CY containing the basis {4;, B;} of CY
as a R-vector space. ]

Corollary 1.64. The Jacobian of a compact Riemann surface is a complex torus
of dimension equal to the genus of the surface

6.3. Jacobians are abelian varieties

We now show the fundamental fact that the Jacobian of a compact Riemann
surface X of genus ¢ is an abelian variety. To do this, we need to define a
polarization on

Jac(X) = Oy (X)* /A = C7/A

by Theorem 1.49, where A is the lattice corresponding to periods.

Note that since the period matrix A is nonsingular, we can choose the basis (w;) of
Qi ,(X) such that A =1I. Then B is called normalized and we have the following
result (see [Mir95, Lemma VII.4.7]):

Lemma 1.65. The normalized period matrix B is symmetric and has positive-
definite imaginary part (i.e. im B is a positive-definite real matrizx).

Proposition 1.66. Let X be a compact Riemann surface of genus g and A its
lattice of periods. Then there exists a Riemann form for C9/A = Jac(X).

Proof. Let 61,...,04,B1,...,B4 be the Z-basis of A corresponding to A, B as
above, and let x1,...,24,91,...,yy be the corresponding real dual basis in (C9)*
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(since CY = A®@R). Let E: C9 x C9 — C be the pairing defined by

9
E = Zyj Nxj.
j=1

By definition, E is a R-bilinear antisymmetric real form such that the image of
A x A lies in Z. Moreover, note that E(iu,iv) = E(u,v) for all u,v € CY. Indeed,
if we let B = By + By with By, By real matrices and By positive-definite, we get
that if v = vy + ivg € CY, then

vy = By 'Tm(v) and v; = Re(v) — BB, 'vg,
which implies that
E(u,v) = (By ' ITm(u), Re(v) — B1 By * Tm(u)) — (By ! Tm(v), Re(u) — By By * Tm(v))

for u,v € CY, where (-) denotes the standard inner product on R. Hence, E(iu, iv)
is equal to

(By ' Tm(iu), Re(iv) — By By ' Tm(iu)) — (By ' Tm(iv), Re(iu) — By By ' Tm(iv))
= (B;'Re(u), —Im(v) — BBy ' Re(u)) — (B; ' Re(v), — Im(u) — B1 By ' Re(v))

which is equal to E(u,v) since By, By are symmetric real matrices. Similarly, we
see that E(iu,v) = E(iv,u) and E(iv,v) > 0 if v # 0 by Lemma 1.62. Now,
define a pairing H : C9 x C¢9 — C by H(u,v) = E(iu,v) + iE(u,v). This is a
Riemann form for C9/A since:

— it is sesquilinear;

— it is antisymmetric since E is antisymmetric and (u,v) — E(iu,v) is sym-
metric;

— its imaginary part is E, which is integer-valued on A x A;

— it is positive-definite. Indeed, for all nonzero v € V., H(v,v) = E(iv,v) +
iFE(v,v). But E(v,v) = E(iv,iv) = E(i(iv),v) = —E(v,v), so that H(v,v) =
E(iv,v) > 0.

O]

Corollary 1.67. The Jacobian of a compact Riemann surface is an abelian va-
riety.

Ezample 1.68. Let E be a compact Riemann surface of genus 1 (i.e. a complex
torus by [Mir95, VIL.1.9]). By Example 1.60, Jac(F) = E as compact Riemann
surfaces, so that E is an abelian variety. This is the elliptic curve corresponding
to this torus. Similarly, a smooth projective plane cubic curve (of genus 1 by
Pliicker’s formula) is an abelian variety.

Finally, we note the following universal property:

Proposition 1.69. Let X be a compact Riemann surface with genus g > 1 and a
chosen base point Py, giving an injection v : X — Jac(X) defined by P — [P— Py].
Then for any complex abelian variety B with a morphism of complex manifolds
X — B(C) such that Py is mapped to 0, there exists a unique morphism of complex
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Lie groups Jac(X) — B(C) such that the diagram

X —— Jac(X)

|

B(C)

commautes.

Proof. Let B be a complex abelian variety with f : X — B(C) a morphism of
complex manifolds such that f(Py) = 0. Note that we can extend f to a function
f : Div(X) — B(C), since B(C) is an abelian variety. First, let us suppose that
there exists a morphism f : Jac(X) — B(C) such that fo¢ = f. By Riemann-
Roch, we have dim L(D+gPy) > 1, so that for any element in D € Div®(X), there
exists an effective divisor £ € Div(X) of degree g such such that [E — gPy] = [D].
Hence, f([D]) = f(E), which proves that f is uniquely determined.

To prove that it exists, it suffices to show that f(div(y)) = 0 for all ¢ € C(X). To
do so, we generalize what is done in [Mir95, V.2.8]. Let us write B(C) = C?/A for
A a lattice in C% and let P be the standard identified polygon of X (see [Mir95,
VIIIL.1]). By the general lifting lemma ([Mun00, 79.1]), f (resp. ) lifts to a map
f:D — C% (resp. to a map @ : P — C). By Cauchy’s argument principle,

1

57 [ #(2)dlogf(z) = div(g) (mod A).
P

On the other hand, this integral belongs to A as in [Mir95, V.2.8], which implies
the assertion. ]

7. Jacobians of algebraic curves

Given a compact Riemann surface X, we have just seen that there exists an
abelian variety isomorphic to Jac(X) as complex Lie groups. In particular, by
Theorem 1.61, there exists an abelian variety isomorphic to Pic’(X) (as groups).

Since compact Riemann surfaces are algebraic curves, we can go on to wonder
whether we can generalize this: being given an algebraic curve C' defined over a
field k, does there exist an abelian variety Jac(C) (defined over k ?) such that

Pic’(C) = Jac(C)

as groups ? More precisely, since Pic’ is a functor from the category of algebraic
curves to the category of groups, we would like this association to have functorial
properties. Alternatively, we could also want to generalize the universal property
of Proposition 1.69.

In this section, we give a brief survey of the answer, given by A. Weil during his
proof of the Riemann hypothesis for function fields and his work on Abelian and
Jacobian varieties between 1940 and 1950. At first, he constructed the Jacobian
of a curve over an extension of the base field. Around 1950, Chow showed that
an extension of the base field was not needed, and Weil showed in 1955 that his
construction did not need an extension of the base field either. The details of the
construction can be found in [Mil08, Part IIT].

The result is the following;:
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Theorem 1.70. Let C be a nonsingular algebraic curve of genus g defined over
a field k, and such that C(k) # @. There exists an abelian variety Jac(C) defined
over k such that:
1. The dimension of Jac(C) is g.
2. There is a functorial isomorphism Pic®(Cp) = Jac(CL) for any field exten-
sion L/k.

3. Jac(C) is the unique abelian variety that is birationally equivalent to the
variety C9) = CY9/S,, where the symmetric group S, acts on the product
Y.

4. (Universal property) Let P € C (k). There is an injective morphism f : C —
Jac(C) such that f(P) = 0, with the following universal property: if A is
an abelian variety and g : C — A is a morphism such that g(P) = 0, then
there exists a unique morphism of abelian varieties g : Jac(C) — A such
that the diagram

c—L Jac(C)

| A

A
commutes.
Remarks 1.71.

— For the third point, it can indeed be shown that C'@), as the quotient of a
variety by the action of a finite group, is a nonsingular variety.

— The fourth property defines the Jacobian up to isomorphism of abelian
varieties.

— As we explained above, the fact that the Jacobian can be defined over the
same base field as the curve is important. It is actually what we will need
later.

7.1. Construction of the Jacobian

The starting point for the construction of the Jacobian is the following: let us
pick a base point Py € C; for any integer r > 0, there is a map

C" — Pic(C)

given by (P, ..., P,) = [P+~ -+ P,—rPy]. Since Pic’(C) is abelian, this induces
a map C") — Pic?(C).

Proposition 1.72. If r = g, this map is surjective.

Proof. Note that the set C9) can be identified with the set of effective divisors
of degree g on C, and the map is given by E +— [E — gPy]. Let D be a divisor of
degree 0. By Riemann-Roch,

D +gP,) = UK —-D—gPR)+deg(D+gPy)+1—g
— UK -D—gP)+1>1,

thus there exists an effective divisor, of degree g, such that [D] = [E — gFPy],
whence the surjectivity. O
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The idea of Weil’s construction is then:

— Make C¥) into a “birational group”, a variety with a group multiplication that is
a rational map. Indeed, using the surjection C9) — PicO(C’)7 we can define the
sum of two elements of C'9) modulo linear equivalence. Then, we can prove that
there exist an open set U C C9) x C9) such that (D + D’ — gPy) = 1 for all
(D,D") € U. By the proof of Proposition 1.72, multiplication is well-defined on U.

— A general result about birational groups shows that there exists a unique group
variety J defined over k and a birational map f : C9) — J that is a homomorphism
where products are defined, i.e. f(ab) = f(a)f(b) when ab is defined in C9). The
group variety J is defined by “gluing” copies of translates of U.

— Prove that J is complete (so projective by his later work) and that the rational map
f:C9 — Jis a birational equivalence and a morphism. Moreover, if D, D’ € C'(9)
(as effective divisors of degree g) are linearly equivalent, then f(D) = f(D’).

— Therefore, we get an abelian variety J with a morphism f : C9) — J that is a
birational equivalence. Moreover, Pico(C) = J as groups.

A posteriori, this is motivated by point 3 of Theorem 1.70.

7.2. Compatibility of the two Jacobians

Let X be a compact Riemann surface. By Theorem 1.22, there exists a non-
singular algebraic curve X,j, defined over C such that X = X,;,(C) as compact
Riemann surfaces. We can wonder about the relationship between the two Jaco-
bians Jac(X) and Jac(Xaig).

Proposition 1.73. The Jacobian of the compact Riemann surface X is the Ja-
cobian of the algebraic curve X, i.e. Jac(X) =2 Jac(Xgqy) as abelian varieties
over C.

Proof. Note that we have Jac(X) = Jac(Xa,(C)), so that we need to show that
Jac(Xaig(C)) = Jac(Xag). We use the universal properties from Proposition 1.69
and Theorem 1.70, along with Chow’s theorem (Corollary 1.20). To simplify the
notations, let A be an abelian variety such that A(C) = Jac(X) as complex Lie
groups. We prove that A satisfies the universal property of Theorem 1.70. The
injective morphism X,1,(C) <= Jac(Xa4(C)) =2 A(C) gives an injective morphism
X — A by Corollary 1.20. Let B be an abelian variety with a morphism g :
Xag — B. By Proposition 1.69, this gives a morphism g : X,,(C) — B(C),
hence a morphism of complex Lie groups Jac(Xa(C)) — B(C) such that the
diagram
Xalg(C) - JaC(Xalg(C)) = A(C)

l
B(C)

commutes. Again, by Corollary 1.20, this gives a morphism of abelian varieties
A — B such that
Xajg —= A

|

B

commutes, whence the result.
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8. Néron models

An outstanding fact of the arithmetic of abelian varieties is the existence of Néron
models, in particular generalizing the results we had about reduction of elliptic
curves:

Theorem 1.74. Let R be a Dedekind domain with field of fractions K and let A
be an abelian variety over K. There exists a smooth commutative group scheme
A over R such that for any smooth scheme X over R, the map

HOHlR(X, .A) — HOHIK(XK, A)

is surjective, i.e. A(X) = A(Xk).

We call A the Néron model of A (defined up to isomorphism by this universal
property).

By taking X = R, we find in particular that A(R) = A(K), so that A is indeed
a model for A.

In other words, the Néron model of A is a model over R such that morphisms to
A can be extended? to morphism to A. In particular, let X be a variety over K
with a model X over R (in the sense of [Liu06, Chapter 10]) and let f: X — A
be a morphism. Then f extends to a morphism f : X - A and if p is a prime
ideal of R, we have a commutative diagram

x_1 .

L,

Xy, —— A,,

where the vertical maps are reduction modulo p.

DEFINITION 1.75. Let A be an abelian variety defined over the field of fractions
K of a Dedekind domain R. We say that A has good reduction modulo a prime
ideal p of R if the fiber A, := A, is an abelian variety over R/p.

We will also use the fact that Néron models of Picard groups can be given “ex-
plicitly” in terms of the Picard functor (see [BLR90, 9.5]), but we shall explain
this in given time.

The canonical reference about Néron models is the book [BLR90]. The case of
elliptic curves is explained in great detail in [Sil94] and [Liu06].

9. L-functions

In this section, we summarize the definition of the L-function of an abelian vari-
ety®. The main resource about this subject is [Mil08, 1.9]. The particular case of

“In some (weak) sense, it extends the fact that we can reduce morphisms between curves,
which can be seen as follows: if f : C — C’ is a morphism between two curves C, C’ defined over
Q, then there exists a rational map f, : Cp — C,,, which extends to a morphism.

5At the places of good reduction only for the sake of simplicity, since we do not treat the
cases of bad reduction here. This is also what Shimura does in [Shi71]. In [Per13], we studied
the factors at bad reduction as well.
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elliptic curve is detailed in [Sil09, II1.8.6]. As this subject was already studied by
the author in [Perl3], we go through this rather quickly.

9.1. Tate module and /-adic representations

Let A be an abelian variety of dimension d defined over a field K. Recall that if
K has characteristic zero or if the characteristic of K does not divide an integer
m, then A[m] = (Z/m)??. If £ is a prime distinct from the characteristic of K,
we have the Tate module

as Zg-modules. Moreover, we have a natural map
End(A) — End(TgA) = Mgd(Zg),
which can be extended to a f-adic representation

pe : Endg(A) — M2a(Qy),
where Endg(A) = End(A4) ® Q. A surprising result is the following:
Theorem 1.76. If o € Endg(A), let Py € Qi[X] be the characteristic polyno-
mial of pe(a). Then
1. Pyy € Q[X] (resp. Z|X] if o € End(A)).
2. In particular, P, does not depend on £.
3. P,y has the form

X2 —tr(a) X271 4 4 deg(a),

where tr(a) = 1 + deg(a) — deg(id —a).
4. For all x € Z, we have P, y(x) = deg(a — ).

Proof. See [Mil08, 1.9]. The particular case of elliptic curves is done in [Sil09,
II1.8.6], where it is proven that det(p(a)) = deg(a) € Z and tr(p(e)) = 1 +
deg(a) — deg(id —«) using the Weil pairing, which is enough to conclude when
d=1. O

9.2. L-functions of abelian varieties

Suppose now that A is an abelian variety over a Galois number field K with ring
of integers O. Let p be a prime ideal of O of good reduction for A. If p lies above
the rational prime p, we have the Frobenius morphism oy, : A, — Ay, along with
representations

p:Endg(4) — Mi(Qp)
pp : Endg(Ap) —  Maq(Qy)

such that
Endg(A) 2 Mya(Qy)

L

Endg(A4,)
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commutes, where ¢ is any prime distinct from p. Hence, we have an operator
pp(op) € Maq(Qy), whose characteristic polynomial det(XI — pp(cop)) belongs to
Z[X] by Theorem 1.76.

DEFINITION 1.77. The local factor at p is
Ly(A, 5) = det(1 — pp(0p) X) (N (p) ™)~

and the L-function associated to A is (up to the local factors at places of bad
reduction)

L(A,5) = [[ Le(4, 5),
p
where the product is over all prime ideals p of O.

Let ap(A) = |Ap|. As in the case of elliptic curves, we compute that o, + 6, =
lap(A)], deg(op) = p and tr(op) = ap(A). Hence, Theorem 1.76 shows that:

Proposition 1.78. The local factor at a prime p of good reduction has for form
Ly(A,s) =1 — ap(A)N(p) ™" + -+ pN(p)>*,
where ap(A) = |A4p|.

Example 1.79. If E is an elliptic curve, the characteristic polynomial of p(cy,)
is X% — tr(0p) + deg(op) by Theorem 1.76. This gives the classical local factor
1 —ay(E)p~% + p'=2% if p is a prime of good reduction for E.

Remark 1.80. For the places of bad reduction, we consider the action of an “al-
gebraic” Frobenius in Gal(K,/K,) (defined up to conjugation and to the choice
of a lift) on (TyA ® Q)%, where I, C Gal(K,/K,) is the inertia at p. When A
has good reduction at p, the criterion of Néron-Ogg-Safarevich asserts that T, A is
unramified at p and the actions of the two Frobenius (“algebraic” and “geomet-
ric”) are the same. Hence, the definitions agree in this case. See [Mil08, 1.9], or
[Per13] for an elementary account in the case of elliptic curves (or more generally
representations of compact groups).



CHAPTER 2

Modular curves

In this chapter, we examine modular curves associated to congruence subgroups
of SLy(Z) and study their properties, in particular their structure of compact
Riemann surfaces as well as their connections with moduli spaces of elliptic curves
and modular forms. As explained in the introduction, modular curves and their
Jacobians will be the starting point for associating abelian varieties to modular
forms, thanks to the relationships between these objects.

The first part of the chapter, which gives the construction of modular curves, is
not fully detailed, and is instead used as to remind of what, to fix notations, and
to give references and recall elements that will be used in the second part. This
subject is fully developed in [Miy06] and [DS06].

1. Congruence subgroups and their action on the upper half-plane

Let us first begin by recalling some facts about congruence subgroups of SLo(Z)
and their action on the upper half-plane H.

1.1. Congruence subgroups

DEFINITION 2.1. For an integer N > 1, the principal congruence subgroup of level
N is
I'(N)={y€SLa(Z) :y=1o (mod N)}.

A congruence subgroup of SLo(Z) is a subgroup containing I'(/V) for some N > 1.

Ezample 2.2. In what follows, we will mainly consider the congruence subgroups
L(N),

Io(N) = {y€SLe(Z):v= (%) (mod N)} and
PUN) = {yeSLa@)ir=(}7) (mod N)}.

Note that ['(N) < T'y(N) < Tg(N) < SLy(Z) = I'(1).

Proposition 2.3. Any congruence subgroup of SLa(Z) has finite index.

Proof. 1t suffices to prove that I'(V) has finite index in SLy(Z) for all N > 1. By
definition, I'(N) is the kernel of the map SLa(Z) — SLa(Z/N), which surjects.
Indeed, let (2%) € My(Z) be the lift of an element in SLy(Z). Without loss of
generality, suppose that ¢ # 0. Since (¢,d, N) = 1, the integer ' = d+ N Hp\c,pfdp
satisfies (¢,d') = 1. Letting u,v € Z be such that uc + vd’ = 1, we find that
(ool b_dlfN) is another lift of the element, in SLa(Z). Hence SLo(Z)/T'(N) =

[

SL2(Z/N), which is finite. O

Proposition 2.4. If T' is a congruence subgroup of SLa(Z) and o € GLI(Q),
then al'a™! N'SLy(Z) is a congruence subgroup of SLa(Z).

24
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Proof. Since al'(N)a™! = (Ma)T'(N)(Ma)~! for all M € Q*, we can suppose
that a has integral entries. If D = det o, then a 'T'(ND)a C SLo(Z)NT(N). O

1.2. Action on the upper half-plane

Recall that the topological group SLa(R) acts properly on the upper half-plane H
by restricting the action of GLy(C) on P!(C) by fractional linear transformations:

a b az+b
(c d)z_czﬂl(ZEH)'

We will consider the restriction of this action for SLo(Z) and its congruence sub-
groups. Since the action is proper and SLy(Z) is discrete, we obtain!:

Proposition 2.5. For any compacts K, K' C H, the set
{y €SLy(Z) : YK N K' # &}
1s finite.

Corollary 2.6. For any z,z' € H, there exist neighborhoods U,U" of z, respec-
tiwely 2', such that for all v € SLy(Z)

YO)NU' # @ = v(z) = 2.
Proof. By Proposition 2.5, the set {y € ' : vB(2,1) N B(2/,1) # @} is finite.

Let v1,...,7 be its elements. Since H is separated, let U; and U/ be disjoint
neighborhoods in H of ~;z, respectively 2/, for 1 < i < r. Letting

U=B(z1)N (ﬂ 7‘1UZ-> , U =B 1)n (ﬂ U{)
i=1 =1

yields the result. O

I i T i I

Figure 2.1: The fundamental domain {z € H : |Re(z)| < 1/2, |z| > 1} for the
action of SLa(Z) on H.

Note that the action of {1} is trivial, so we will often consider the action of
PSLy(Z) instead of SLo(Z). If T is a subgroup of SLy(Z) we will denote T to
denote its image by the projection SLy(Z) — PSLa(Z).

'Refer to the first chapter of [tD87], in particular section 3.
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1.3. Stabilizers and elliptic points

Again, let T be a congruence subgroup of SLy(7Z).

Proposition 2.7. The stabilizers ', (z € H) are finite cyclic groups.

Proof. Let z € H. By Proposition 2.5, I, is finite. Moreover, since SLy(R) acts
transitively on H, we find that SLy(RR), is conjugate to SLa(R); = SOo(R) = S*.
The result follows from the fact that any finite subgroup of S! is cyclic. 0

DEFINITION 2.8. The period of a point z € H (with respect to I') is equal to the
order of the group I', C PSLy(Z). If z has order 1, we say that it is elliptic.

Remark 2.9. Note that the period is invariant with respect to the action of I'; so
we can also define the period of an element of I'\H. An element of period 1 in
I'\H will again be called elliptic.

2. Modular curves

We can now define the main objects of study for this chapter.

DEFINITION 2.10. The modular curve Y (I') associated to a congruence subgroup
I' of SLy(Z) is the set I'\H.

NoTATION 2.11. For any integer N > 1, we define Y (N) = Y(I'(N)), Yo(N) =
Y(['o(N)) and Y1(N) =Y (I'1(N)), where I'(N),[o(N) and IT'; (V) are as defined
in Example 2.2.

We will now show that we can endow any modular curve with the structure of a
Riemann surface, which we will then compactify.

For the remainder of this section, let us fix a congruence subgroup I' of SLa(Z).

2.1. Topological space structure

Let us give Y(I') the quotient topology, making the projection 7 : H — Y (T)
continuous and open. Moreover, we have:

Proposition 2.12. The topological space Y (') is separated.

Proof. This follows from the more general fact that the quotient of a locally
compact separated space by a proper group action is separated?. Alternatively,
we can also use Corollary 2.6: let z, 2’ € H with distinct images in Y(I') and U, U’
be neighborhoods as in the corollary. Then 7(U), w(U’) are disjoint neighborhoods
of m(z), respectively m(z2'). O

2.2. Riemann surface structure

Let z € H. By Corollary 2.6, there exists a neighborhood U of z such that for all
veT,
NUNU #£=~v€eTl,. (2.1)

2See [tD87, 1.3.18] or [Miy06, Chapter I].
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Charts around non-elliptic points Suppose that 7(z) is not elliptic. Then, Equa-
tion (2.1) shows that 7 : U — Y (I') is injective. Since it is continuous and open,
it induces a isomorphism onto its image and gives a chart around 7(z).

Charts around elliptic points Suppose now that 7(z) is elliptic of order n. For
any z1,22 € U,

m(z1) =m(22) & 21 € T',20.
Let &, = ( 1 ~2) € GLj (C) be the Cayley transformation, mapping z to 0 and Z to
oo. The conjugate (6,1'0;1)g = 6.I,6; 1 € GLJ (C) is cyclic and fixes the points
0,00. As a group of fractional linear transformations of P!(C), it is therefore
generated by the multiplication by e(1/n) = %™/, Thus, we get that

m(21) = m(22) & S.21 = (0.1.6; )82
& 0,21 = e(d/n)d,z (for some d € Z)
Hence
m(21) = m(22) & (0:21)" = (9222)".

Therefore, defining ¢ : U — C as ¢(w) = (6-(w))", we get that m(z1) = m(22) if
and only if ¢(z1) = ¥(22). Thus, ¥ induces an injection ¢ : w(U) — C. In other
words, we have the commutative diagram

where p : C — C is defined by p(w) = w". By the open mapping theorem, P(U)
is an open subset of C, so we finally obtain a isomorphism ¢ : w(U) — ¢ (U) that
we can use as a chart around z.

Compatibility of the charts It now remains to show that the charts defined
above are compatible.

Proposition 2.13. For any congruence subgroup I' of SLa(Z), the charts above
endow the modular curve Y (I') with the structure of a Riemann surface.

Proof. See [DS06, Ch. 2] or [Miy06, Ch. 1] for this computation. O

3. Compactification

Let I" be a congruence subgroup of SLg(7Z). The goal of this section is to com-
pactify the modular curve Y (I') by adding points to it, the cusps, to obtain a
compact Riemann surface X (I).

3.1. Cusps

Since SLy(Z) acts on P1(Q) = QU {00}, we can make the following definition:
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DEFINITION 2.14. An equivalence class of P!(Q) under the action of I is called a
cusp with respect to I'.

Ezample 2.15. The full modular group SLy(Z) has only one cusp, since SLy(Z)
acts transitively on P1(Q).

Proposition 2.16. There are finitely many cusps with respect to I'.

Proof. Since any congruence subgroup has finite index in SLg Z, it suffices to
prove that SL2(Z)\P!(Q) is finite, which is shown in Example 2.15. O

Width of a cusp Just as we defined the period of an elliptic point earlier, we
will now define the width of a cusp. Let s € P1(Q) and choose § € SLy(Z)
such that ds = oco. Note that SLy(Z) is cyclic, generated by the translation
(§1) € PSLy(Z). Moreover,

hs = [SLa(Z)oo : 6T07 1] = [ SLa(Z)sd : Ts] = [(6 7' SLa(R)S)s : T]
= [SLa(Z)s : T,

which is finite by Proposition 2.3, so that 60,61 = (")) C PSLy(Z). Note
that the integer hg

1. is independent of 9;

2. does not depend on the image of s in I'\P!(Q);

3. satisfies the equation £0T6~1 = £(({ ).
Hence, we can make the following definition:

DEFINITION 2.17. Let s € P}Y(Q) and 7 : P}(Q) — T'\P}(Q) be the natural
projection. The width of the cusp m(s) is the index hs = [SLa(Z)s : T'.

3.2. The modular curve X (T')

We define H* = HUP!(Q) and we remark that SLy(Z) acts on H* C PL(C).

DEFINITION 2.18. The modular curve X (T') is the quotient X (T") = T'\H*.

Note that X(I') = Y/(T') UT\P}(Q). That is, the modular curve X (T') is equal to
Y (') with finitely many points added, the cusps.

NOTATION 2.19. For all N > 1, we define X (N), X; (V) and Xo(N) as in Notation
2.11.

3.3. The topology on X(I')

First of all, we define a topology on H*. The subspace topology with respect to
the Riemann sphere P!(C) would be too fine to have the quotient X (I') separated.
Rather, we define the topology of X (I') as the one generated by:

1. the open sets of Hi

2. the sets
(N U {oo})
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for all M > 0 and « € SLy(Z), where Nyy = {z € H: Imz > M}. These
give neighborhoods of the cusps, which are in fact® disks tangent to the real
line at the rational cusps, and half-planes N, U {oco} at oo, for M’ > 0.

Figure 2.2: Open neighborhoods of cusps.

The action of SLy(Z) on H* is not proper®, but we nonetheless have:

Proposition 2.20. The modular curve X (') with the quotient topology induced
by m: H* — X(T') is separated, compact and connected.

Proof. See [DS06, Proposition 2.4.5] or [Miy06, Ch. 1]. O

3.4. Charts around the cusps

Let us now give X (I') D Y(I") the structure of a Riemann surface. To do so, we
need to find charts around the cusps. We will need the following Lemma, which
is an easy computation:

Lemma 2.21. Let U = Ny U{oo}. IfyUNU # & for some y € SLy(C), then ~
is a translation.

Let s € QU {00} be a cusp of width h in X (I'). First, let us choose § € SLy(Z)
such that ds = co. Let U be as in Lemma 2.21 and let U’ = 6~1(U). Since U is a
neighborhood of co and J, is a homeomorphism, we get that U’ is a neighborhood
of s. Then, for 21,29 € U,

m(z1) =m(z2) & 21 =29 for some vy € T’
& 0(z1) = (6707 (829) for some v € T

In this case, Lemma 2.21 shows that 6y~ is a translation. But
606 N SLy(Z) oo = (S0 1)oe € £((§5)).

So d(z1) = 0(z2) + mh for some m € Z. Conversely, this condition implies that
21 = vz for some v € T, since {£1}(0T6)oe = {EIH{({ #))-

Therefore, if we define ¢ : U" — C by ¢(z) = e(dz/h), we obtain that 1(z1) =
Y (z9) if and only if 7w(21) = 7(22). Hence, as before, ¢ induces a map ¢ : w(U) —

3Recall that fractional linear transformation preserve lines, i.e. subsets of the form LU {co}
for L a line in C 22, and circles in C.
“For example, the stabilizer of co in X (1) is infinite.
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C, and finally a chart 1 : 7(U) — ¢(U) around s:

P
U/é/ —c
l e (2.2)
-7
m(U)

Note that ) = po§, where p: C — C is the map z — e(z/h).

Summary of the charts on X(I') We can summarize the charts of X (I') by the
following: for any z € H*, there exists a neighborhood U C H* of z such that
for all v € T, the condition YU N U # & implies v € T',. Let p: C — C and
6 : U — U be defined by

| P J

zeH 2+ 2", for h the period of z. (1 22) e GL; (C)
z € PYQ) | z+> e(z/h), for h the width of z any J € SLy(Z) such that §z = oc.

Then the chart around 7(z) is
bim(U) >V

where 1) is such that 1) o = 1, i.e. Diagram (2.2) commutes, where 1) = pod. It
now remains to check that these charts are compatible.

Theorem 2.22. If ' is a congruence subgroup of SLa(Z), the modular curve
X(T') is a compact Riemann surface.

Proof. See [DS06, 11.4] or [Miy06, Ch. 1]. O
Corollary 2.23. If T' is a congruence subgroup of SLo(Z), the modular curve
X(TI") has only finitely many elliptic points.

Proof. By Corollary 2.6, the set of elliptic points is discrete. O

4. Modular curves algebraically

Let T' be a congruence subgroup of SLy(Z). By Section 1.2.3, the modular curve
X(T) is a complex algebraic curve. More precisely, there exists a complex alge-
braic curve X (I')a, such that X (I') 22 X (I")41(C).

4.1. Planar model for X;(N)aig

In Chapter 5, we will determine the function fields of X(N) and X;(N) (as

compact Riemann surfaces or algebraic curves) for any N > 1 as
C(X(N)) = C(j, {f" : v € Z* — 0}) and C(X1(N)) = C(j, f1),

where j : SLa(Z)\H — C is the modular j-invariant, {f* € C(X(N)) : v € Z>—0}
is a family of functions on X (IV), and f; is the composition of f O with the
surjection X7(N) — X(N).
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Using this, we can give a planar model of X (IV)ag that will be used later. Indeed,
let p; € C(j)[X] be the minimal polynomial of f; over C(j), and let p; € C[j, X]
be the polynomial obtained from clearing the denominators of p;. Let

Xy (NP0 = {(a,y) € € pu (, ) = O}.

By the correspondence between function fields and curves (see [Har77, 1.6] and
[Ful08, Ch. 7] for the explicit construction), there is a birational map

(j, fl) : Xl(N)alg N Xl(N)planar.

More precisely, X1(N)az can be obtained by resolving the singularities of the
curve X (IV)planar,

5. Jacobians varieties

Let T" be a congruence subgroup of SLy(Z). As shown in the previous chapter,
the Jacobian of the modular curve X (I') (as a compact Riemann surface or as an
algebraic curve) is a complex abelian variety of dimension equal to the genus of
the curve. We will come back to these fundamental objects in the next chapters.

6. Moduli spaces

Let us now show how modular curves associated to the congruence subgroups
['(N), To(V) and 'y (N) can be seen as moduli spaces for enhanced elliptic curves.
This point of view will be used in an important way later.

6.1. Enhanced elliptic curve and moduli spaces

An enhanced elliptic curve is an elliptic curve with additional torsion information.
More precisely, we define the following spaces:

DEFINITION 2.24. Let N > 1 be an integer.

— S(SL2(Z)) is the moduli space of complex elliptic curves, i.e. the set of
isomorphism classes of such objects.

— S1(N) is the moduli space of couples (F,Q), where E is an elliptic curve
defined over C and @ € E a point of order N. Two such couples (E, Q)
and (E’, Q') are isomorphic if there is an isomorphism F = E’ mapping Q
to Q.

— So(N) is the moduli space of couples (E,C), where E is an elliptic curve
defined over C and C' C F is a subgroup of order N. Two such couples (E, C)
and (E’,C") are isomorphic if there is an isomorphism F = E’ mapping C
to C'.

— S(N) is the moduli space of couples (E, (P, Q)), where E is an elliptic curve
defined over C and (P, Q) € E x E is a pair of points of E generating E[N].
Two such couples (F, (P,Q)) and (E’, (P, Q")) are isomorphic if there exists
an isomorphism F 2 F’ such that P (resp. Q) is mapped to P’ (resp. Q).

We will denote the moduli classes of such couples with square brackets. Note that
if N = 1, the three last objects reduce to the first one (the set of isomorphism
classes of complex elliptic curves), and Y (1) = Y7(1) = Yy(1) as well.
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Proposition 2.25. There are bijections S(SL2(Z)) = Y (SLa(Z)), S1(N) = Yi(N),
So(N) =Yo(N) and S(N) = Y (N) given respectively by

[C/A:] = [FlsLy@)
[C/Az, [1/N]a.] = [Zry v
[C/Az ([1/N]a)] = [Zlroav
[C/Az, ([2/N]a.. [1/N]a)] = [2rav

where we identify complex elliptic curves and complex tori, and for z € H, A, is
the lattice Z + 7.

Proof.

1. We know (see page 6) that any complex elliptic curve is isomorphic to a
complex torus of dimension 1 (as complex Lie group). Since any lattice
in C is homothetic to A, for some z € H, this implies that any complex
elliptic curve is isomorphic to C/A, for some z € H. Moreover, if z, 2’ € H,
then C/A, = C/A, if and only if [z] = [2/] in Y(SL2(Z)). Indeed, by
Proposition 1.29, C/A, = C/A, if and only if there exists & € C* such that
A, = al,y = aZ @ az'Z, and the isomorphism C/A, — C/A,/ is given by
w +— o lw. This condition holds if and only if there exists v € SLy(Z) such
that v(z,1)! = (a2, a)t, ie. 2/ =~z.

2. Let C/A, be an elliptic curve with a point @ of order N. Equivalently,
there exist ¢,d € Z such that Q@ = [(¢ + dz)/N] and (¢,d,N) = 1. Let
a,b,e € Z such that ac —bd — eN = 1 and consider the matrix v = (‘cz g) €
M>(Z). Since SLa(Z) — SLa(Z/N) surjects, we can suppose that a,b,c,d
are such that v € SLa(Z). By the above, the map w ~ (cz+d)~lw gives an
isomorphism C/A, — C/A,., sending @Q to [1/N]s,.. Hence, [C/A.,Q] =
[C/ Az, [L/N]]-

If € Hand v = (%Y%) € I'1(N), then the isomorphism C/A,. — C/A,
given by w — (cz+d)w sends [1/N] to [1/N], since (¢,d) = (0,1) (mod N).
Thus, the map [z] — [C/A;, [1/N]] is well-defined.

Finally, suppose that z, 2’ € H are such that [C/A;, [1/N]] = [C/A./, [1/N]].
By 1., there exists v = (‘CL 3) € SLy(Z) such that 2’ = ~z, and the isomor-
phism C/A, — C/A, is given by w — (cz + d)w. Since [(cz + d)/N]a, =
[1/N]a., this gives (¢,d) = (0,1) (mod N), i.e. v € T'1(N), so that [z] = [/]
in Y1 (N)

3-4. The method is similar to the previous cases

2

6.2. Modular forms and functions on lattices

As a consequence of the moduli space interpretation of the modular curves Y (T")
of Proposition 2.25 (I' = SLy(Z),I'1(N),I'o(N),I'(N)), we get the following nat-
ural interpretation of weight-k invariant functions on H with respect to these
subgroups:

DEFINITION 2.26. Let I' be as above and let k € Z. A complex-valued function
F on the set of enhanced elliptic curves with respect to I' is called k-homogeneous
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if for all A € C*

F(C/AA) = \"FF(C/A) if I' = SLa(Z)
F(C/ANAQ) = A FF(C/A, Q) if I =T(N)
F(C/AN, (AQ)) = A*F(C/A,(Q)) if I' = To(IV)

F(C/A\, (AP, XQ)) = \"FF(C/A,(P,Q)) if ' =T(N).

Proposition 2.27. Let T' be as above. There is a bijection between weight-k
invariant functions f : H — C with respect to I' and k-homogeneous complex-
valued functions F' on the set of enhanced elliptic curves with respect to I', given

by

F(C/A.) i T =SLa(Z)

fe) = d FIC/A TN T =T1(N)
F(C/As, ([1/N]) #T =To(N)
P(C/As, ([2/N[/N]) i T =T(N).

Proof. We only prove the first case, the three others being similar calculations.
First of all, note that the formula in the statement defines F' from f uniquely.
Indeed, if A = w1Z @ weZ with z = wy/wy € H, then A = wyA, and

F(C/A) = F(CjwsA.) = wy ¥ F(C/AL) = wyk f(2).

Moreover, if w|Z 4+ whZ = A with 2’ = w]/w) € H, then there exists v € SLa(Z)
such that v(wy,ws)! = (w],wh)! and 2’ = vz, thus

whf(2') = (cwr + dw2) F f(72) = w3 " f(2).

Finally, let us show the transfer of invariance properties. Suppose that F' is a
k-homogeneous function on the set of complex tori. If v = (‘é 2) € SLy(Z), we
have

f(y2) = F(C/A,.) = F(C/(cz + d)'A,) = (cz + d)FF(C/A,) = (cz + d)* f(2),

using that A, = (cz + d)"'A, as in the proof of Proposition 2.25. On the other
hand, suppose that f is a weight-k invariant function on H with respect to SLa(Z).
If A € C* and wy,ws € C are such that A = w1Z @ weZ and z = w; /we € H, then
F(C/AN) = Qw2)Ff(2) = AFF(C/A,).

O]

Ezample 2.28 (Eisenstein series). If & > 1, the function on lattices A — >, Z%

is homogeneous of degree 2k and corresponds to the Eisenstein series G, a mod-
ular form of weight 2k with respect to SLa(Z). Recall that we define go = 60G4
and g3 = 140G6

Ezxample 2.29. The following is an example that we will use later on: For v =
(v1,v2) € Z2 — 0, define a function F¥ on the set of enhanced elliptic curves with
respect to I'(IV) by

FUC/A(P.Q) = 2 on (0P + 020,

where p is the Weierstrass elliptic function. Since FY is 0-homogeneous, the
corresponding function ¥ :H — C given by

v g2(A,) V12 + v
Fro) = 20, (22

is I'(N)-invariant, so it defines a function f¥:Y(N) — C.
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7. Relationship with modular forms

Finally, we investigate the relationship between modular curves and modular
forms. Appendix B recalls the definition, notations, and basic properties of the
latter.

The following is the key result:

Proposition 2.30. For any even integer k, there is an isomorphism of complex
vector spaces

Ax(T) = QF2(X(T)),
which (co)restricts to an isomorphism O (X (T')) = Sy(T").

This comes from the fact that meromorphic modular forms are I'-invariants mero-
morphic objects, and so are meromorphic forms on X (I).

7.1. Pushbacks of differential forms

Let us consider the projection = : H — X(I'). It is a morphism of compact
Riemann surfaces, which induces a linear map

™ QN X(D)) — QF(H).

Let w € QF(X(T)). Since H has a global chart, there exists a meromorphic
function f € C(H) such that 7*(w) = f(z)(dz)*. This will give the bijection of
Proposition 2.30.

In the following technical lemma, we begin by determining explicitly f in terms
of w, locally.

Lemma 2.31. Let w € Q¥(X(T)). For w € X(I), let ¢ : m#(U) — (U) be a
coordinate near w defined as in Section 2.3. If w is given locally by g(z)(dz)* €
QF (1)), then 7 (w) € QF(H) is given locally by

1. if w € Y(I') has period h,

NP-11 de k
oot (") st e o)

(2 —w)

2. if w is a cusp with width h,

. k
i) (5 6.2 ) e 0ho),

Proof. Recall that the coordinate near w is such that

— U C H* is a neighborhood of w such that for all v € I', the condition
YU NU # @ implies v € T',,.

— 1 : U — C is defined by a composition p o d for some functions 6 € GLg(C)
and p: C — C.

— @issuchthatzﬁOW:w.

On the other hand, a chart around w in H is given by id : U — U. The map
7m:H — X(T') in local coordinates is pomr =1 =pod: U — ¥(U).



Chapter 2. Modular curves 35

1. If w is not a cusp, then p(z) = 2" and § = (% ~%). Note that

dy, . dp, . d6, ., hdet(d)
L) = L) L) =02y 2,

(z —w)

which gives the expression above for 7*(w) locally in QF(U).

2. If w is a cusp of width h, then p(z) = e(z/h) and ¢ € SLg(Z) is such that
dw = oco. Again, note that

dy . dp S 2miv(z)

) = Lo L) = T,

(2) i

which gives the expression above for 7*(w) locally in QF(U).

7.2. Differential forms to meromorphic modular forms

Lemma 2.32. For w € Q¥(X(T")), the function f € C(H) such that 7" (w) =
f(2)(dz)F is a meromorphic modular form of weight 2k with respect to T.

Proof. First, let us prove that f[y]ox = f for all vy € T'. For w : H — X(T') the
projection, the meromorphic map v : H — H is such that # o v = w. Hence,
v* o * = ¥, so that

F(2)(d2)* = 7*(w) = 7 (7" (w)) = 7*(f(2)(d2)") = f(72)i (7, 2) "2 (d2)",

where we used that dé—(zz) = j(v, 2) 2. This shows that f[y]ar = f. We now need
to prove that f is meromorphic at the cusps. For v € SLo(Z), we compute a local
expression for f[y]or around co. Let w = yoo. By Lemma 2.31,

. k
P =@ = g0 (T ) it e Han)t

for z in some neighborhood U C H U PY(Q) of w. Let 2’ = y !z, Using that
j(v71,2))5(v, 2) = 1, we find that

2miplz) > k (2.3)

Fhla) = ato) (7

for 2/ € y~'U, a neighborhood of co. This shows that f is meromorphic at the
cusp w, for the weight 2k. O

7.3. Differential forms to meromorphic modular forms

Lemma 2.33. If f € Ag(T), there exists w € QF(X(T)) such that n*(w) =
F(2)(dz)".

Proof. Let (x(Uy), 0;) be the atlas of X(I') defined in this chapter. It suffices to
find elements w; € QF(¢;(U;)) such that (¢)*(w;) = f(2)(dz)¥ locally, since these
would then be compatible, inducing w € QF(X(T)) such that 7*(w) = f(z)(dz)*.

Let m(w) € X(I') and let ¢ : w(U) — % (U) be the local coordinate around
w as in Section 2.3. By Lemma 2.31, we need to find a meromorphic function
g :¢(U) — C such that
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— if m(w) is a cusp of width h, let v € SLy(Z) such that z = yoo. By Equation
(2.3), we find that we must have

. N —k
olple) = Filan(z) (2A)

for 2/ € y7'U. Recall that p(z’) = e(2’/h). Since f is meromorphic at the

cusp z, there exists a complex function & meromorphic around 0 such that
fV)2x(2") = k(p(2")). Thus, around 0, we can define

9(2) = K(2) (ﬁ)k (2.0

— if w € H has period h, we must have

2)1hde F
fe) = atote)) (AT

for z € U. Letting 2/ = §z with § as in the definition of the chart, we find
that this is equivalent to

9(p() =[£I Jar () ()] o) ™ det ()"

for 2/ € dU. To conclude as was done above, it suffices to prove that
there exists a function k& : H — C meromorphic at the origin such that
k(') = k(p(2')) for 2’ near 0, where k : H — C is the meromorphic function
between square brackets above. Indeed, we can then define

9(2) = k(=2)(zh) " det(7)* . (2.5)

To do that, it is enough to show that & is invariant under the transformation
2"+ e(1/h)2’. Recall that 6I',6~! as a group of fractional linear transfor-
mations of P!(C) is cyclic of order h generated by multiplication by e(1/h).
Let v € T', such that 546! corresponds to multiplication by e(1/h). Then

k(e(1/h)2') = k[670 Han(2') = f[70 2k (=) (8707 2")" = k(2').

7.4. Proof of Proposition 2.30

Proof of Proposition 2.30. Let us consider the map ® : QF2(X (")) — Ax(T)
defined by

™ (w)(2) = ®(w)(2)(d2)"
for w € QF/2(X(I')). This is well-defined by Lemma 2.33. By Lemma 2.32,

this map is surjective. Finally, ® is clearly C-linear and injective. For w € H*,
Equations (2.4) and (2.5) show that

— if w € PYQ),

|

Uy () = w0(k) — 5 = ory () -

If £ = 2, this gives that f vanishes at the cusp 7(w
holomorphic at 7(w).

~—

if and only if w is
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— ifw e H,

- k rd,, k
U (w)(w) = ordo (k) — 3= o h(f) -2 <1 _ }1L) ‘

If k£ = 2, it follows that vy(,(w) = (ordy(f) —h + 1)/h or ordy(f) =
hvz () (w) +h — 1. Since these two numbers are integers, it follows that f is
holomorphic at w if and only if w is holomorphic at m(w).

Consequently, w € Qi (X (I)) if and only if ®(w) € Sa(T).

7.5. Dimensions of spaces of modular forms

Through the isomorphism of Proposition 2.30, a lot of information about spaces
of modular forms can be obtained by studying spaces of meromorphic differentials
on modular curves.

In particular, using the Riemann-Roch theorem, we obtain dimension formulas
for spaces of modular forms and cusp forms (and finite-dimensionality!) in terms
of the number of elliptic points and cusps. The restriction “k even” can be lifted
to obtain results about spaces of modular forms of any weight.

It is not our goal to study these arguments here; the reader can refer to [DS06,
Ch. 3] and [Miy06, Ch. 2]. However, we still note the following basic case, which
will be useful later:

Corollary 2.34. For any even integer k > 0, the dimension of the C-vector space
of cusp forms Sa(T") is equal to the genus of the modular form X (T').

Proof. By Proposition 2.30, S2(T") = Q (X (T)). As a corollary of Riemann-Roch
(see [Mir95, p. 192]), the dimension of QL (X (T')) (“analytic genus” of X (I)) is
equal to the (topological) genus of X(T). O

7.6. Jacobians and cusp forms

By Proposition 2.30, we have Sa(T'1(N)) & Qf (X1(N)). Since Jac(X1(N)) =
Qf (X1(N))*/H1(X1(N)), there exists a lattice A C So(I'1(IN))* such that

SQ(Fl(N))*/A = Jac(X)

as complex tori. We will also call A the lattice of periods.
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Hecke operators, modular curves and modular forms

In this chapter, we will study Hecke operators on modular forms, moduli spaces,
and on modular curves and their Jacobians. They will be the tools used to
“cut” the Jacobian of a modular curve into abelian varieties related to particular
modular forms.

The main references for this chapter are [DS06, Chapter 5|, [Miy06, 2.7-2.8] and
[Shi71, Chapter 3]. In [DSO06], the Hecke ring is not introduced and properties
such as commutativity of Hecke operators on modular forms are proved by using
explicit formulas. The two other books introduce the Hecke ring and its properties
in great generality. Here, we take an intermediate approach.

1. Double cosets

A way to define operators on modular forms, moduli spaces and modular curves
and their Jacobians is by using double cosets of congruence subgroups.

DEFINITION 3.1. Let I'; and T's be congruence subgroups of SLy(Z). For any
a € GL] (Q), we can consider the double coset I'1al'y. We denote the free abelian
group on the set of such double cosets by A(I'1,T'2).

Proposition 3.2. If 'y and T'y are congruence subgroups of SLao(Z), the set
[i\I1aly is finite for all « € GL3 (Q).

Proof. Let I's = a~'T'yanNTy C I'y. Then, there is a bijection between \Ialy
and T's\I'y, given by [ay2] — [y2]. Since I'y and I's are congruence subgroups (by
Lemma 2.4 for the second one), the quotient I's\I'e is finite. O

Hence, we can write

FlOéFQ = |_| Flﬁj(a) (31)
7j=1

for some B;(a) € I''al's (1 < j < n). Using this decomposition, we can define
actions of A(I'1,T2) on abelian groups with a right action of GL3 (Q) that is Ty
invariant:

Proposition 3.3. Let I'1,T'2 be as above, and let M be an abelian group with a
right-action of GL3 (Q). There is then a right action of A(T1,T2) on Mt given
by

m(T10ls) =Y mp;()
=1
form € M and o € GL3 (Q), where () are as in (3.1).

Proof. We need to show that the definition above does not depend on the chosen
decomposition. Suppose that ['jal's = I_Ijzlflﬁé- for some B} € I'tal's. Then,

38
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there exist o € S and vV, ..., 4™ € I'; such that B;- = ’y(j)ﬂa(j), so that

Y mBi =) mByyy =) mb;
j=1 j=1 j=1
for all m e M1, O

2. The Hecke ring

Let us now consider the case I'y = T's.

DEFINITION 3.4. For I" a congruence subgroup of SLy(Z) and A a semigroup in
M (Z) = {§ € Ma(Z) : det(8) > 0} containing T, we let the Hecke ring R(T,A)
be the subgroup {I'al' : @ € A} of A(T',T").

We define a composition law on R(I',A) as follows: if

Tol' = | |Tay, TT = | |T8; € R(T,A),
i=1 j=1

then we set

(Tal)(IAT) = Z Zr%@] Y e,TyT € R(T, A),

i=1 j=1

where the second sum is over all (distinct) double cosets T'yI" € R(T', A) and
¢y = {0, 5) : Ty =Taif;}| = [{(i,7) : TAI" = Tai BT} /[T\AL. (3.2)

Proposition 3.5. LetT" and A be as above. Then the composition law on R(T', A)
1s well-defined and associative.

Proof. Let us consider the free abelian group A on the set I'\A. Then A is a right
I'-module and we have a homomorphism R(I', A) — A given by I'al' =| |, T'a; —
> Tai. 1t is injective since if I'al' = | |;T'a; # | |; ' = T'a'T', then T'a; # I'a
for all i, j. Moreover, we see that R(I', A) = A'. By Proposition 3.3, there is a
right action of A(I',T") on R(I", A) given by

n
(Cal).(TBT) = Y (Tal)p; = Z Z T, B
=1 =1 j=1
for all « € A, 8 € GL3 (Q), where [T’ = | [ I'§; and Tal' = | |/, Ta;. This
is equal to the multiplication (I'al")(I'8T"), so the composition law on R(I", A) is
well-defined and associative. O

Proposition 3.6. Let I’ and A be as above.

1. If there exists an anti-involution' ¢ : A — A such that p(I') = T' and
Fal =Ty(a)T for all « € A, then R(T, A) is a commutative ring with unit
rir=r.

'This is, ¢ 0 p = id and ¢ is an antihomomorphism.
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2. In this case, if M is an abelian group with a right action of A, then MV is
a right R(I', A)-module.

Proof. First, we prove that if « € GL3 (Q) is such that |[T\I'al'| = [[aIl'/T|, then
there exists ; € I'al' (1 <14 <n) such that

=1

i=1

Indeed, let o; and o] (1 < i < n) such that Tal’ = | | Toy = ||, 4. It
suffices to show that T'ay; Ne,T" # & for all 4, since we can then pick 5; € T'a; ﬂagf
for every i and obtain the desired equality because I'3; = I'ey; and B;I" = /. If
la; Nl = @, we would have I'a; C | ];; oI, so that l'al' = | |, ; ojT, Wthh
is impossible.

j#i

We can now prove the proposition:

1. For o € A, let §; (1 < i < n) be such that T'al' = | |, I'8;. Note that
Fal' =Tp(a)l’ = p(Tal’) = ||, ¢(8;)T. Hence |I'\I'al'| = |Tal'/T.

Let o,/ € A. By the above, there exist 3; € T'al' (1 <i <n)and ] € ['a/T’
(1 <4 <'m) such that

n n m m
Lol = | |6 = | | AT and o'l = | |5 = | | AT
i=1 i=1 =1 =1
Thus

(TaT)(Ta'T) = Y ;T and (Ta/T)(Tal) = > ¢ T9T,

where ¢y = |{(¢,5) : Ty = Fﬁiﬁgﬂ and ¢, = [{(i,j) : Ty = Fﬁ}ﬁi”- Using
Equation (3.2), we see that ¢y = c/.

2. Tt suffices to prove that (m¢1)¢a = m((1¢) for all m € MY and (i, €
R(I",A). This is clear by the definition of the product.

O
Henceforth, we will consider the following two cases:
Ezample 3.7. Let ' =T'1(N) and
A=AYN)={a€ My(Z):deta>0, a=(}*) (mod N)}.

As we will shortly see in Lemma 3.10, we have an anti-involution ( 4 g) —
(p3 §) verifying the two conditions of Proposition 3.6. Therefore, R i

—~0

H=

b
&

commutative.

Ezample 3.8. Let I' = To(N) and
A=A"N)={ac My(Z):deta >0, a=(§*) (mod N)}.

An anti-involution verifying the conditions of Proposition 3.6 can be defined as
above, showing that R(I", A) is also commutative.
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2.1. Hecke operators and diamond operators

We now define two important classes of elements of the ring R(I'1(N), Al(N)),
called Hecke and diamond operators. We will shortly see how they act on modular
forms, modular curves and their Jacobians, and moduli spaces.

In what follows, we let I' = I'{(N) and A = A'(N).

The Hecke operators

DEFINITION 3.9. For any integer n > 1, we define an element T,, € R(T', A) by

T,= ) Torl,

Tal’
aeA™

where A" = {o € A : deta = n}.

The following Lemma shows that this definition makes sense (i.e. that the sum is
finite?) and gives decomposition (3.1) for the double cosets involved:

Lemma 3.10. For any o € A", we have that

n/a—1

Pl =A™= | || Toa (g n%)
b=0

a

where the union is over the integers a > 0 such that a | n and (a, N) =1, and
0q € SLo(Z) is such that o, = (9, 9) (mod N).

Proof. This is a particular case of [Shi71, Proposition 3.36] with ¢t = 1 and h = {1}
or [Miy06, Section 4.5]. For the particular case n prime, see [DS06, pp. 104-105].
The idea is to consider actions of A" on lattices. O

Remark 3.11. If p is prime, note that we get 7, =T’ ((1)2) I' e R(I', A). Moreover,
let us define

1 . mp m
- < = .
B; <0 p> for 1 < j < pand B (Np p)’ (3.3)

where (4 is defined when pt N, with m, m’ € Z such that mp —m’N = 1. Then,
by Lemma 3.10, the decomposition (3.1) is given by f1,...,8p—1 if p | N and
/817"'7512—17500 lfPTN

Lemma 3.12. If m,n are coprime integers, we have Ty = TinT,.
Proof. This also follows from considering actions of A™ on lattices and apply-

ing the Chinese theorem. See [Shi71, Proposition 3.34] or [Miy06, 4.5.8(2) and
4.5.18(1))]. O

2In fact reduced to one element. We could have defined T, from Lemma 3.10, but Definition
3.9 generalizes to other pairs (I', A). For example, for (I'o(N), Ao(N)), the sum is not reduced
to one element.
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The diamond operators

DEFINITION 3.13. For d € (Z/N)*, we define the diamond operator
(d) =Tal' € R(T', A),

where a € I'g(IN) C A is such that its bottom-right coefficient is equal to d in
(Z/N)*. If d € Z is such that N | d, we let (d) =0 € R(I',A).

Lemma 3.14. This element is well-defined.

Proof. We need to check that the definition of (d) does not depend on the el-
ement « chosen. Recall that I'1(N) is a normal subgroup of I'g(NN), so that
I'(N)al'1(N) = I't(N)a. Moreover, I'o(N)/I'1(N) = (Z/N)*, where the iso-

morphism is induced by the map (‘cl 3) — [d]. Hence, T'1(N)a depends only on
the image of the bottom-right coefficient of v in (Z/N)*. O

Lemma 3.15. If p is prime and e > 1, we have Tpe = T)T)e —pe_l(p>Tpefz.

Proof. See [Shi7l, Proposition 3.34] or [Miy06, 4.5.7 and 4.5.18(1)]. O

Remark 3.16. In [DS06], the elements T), are defined only for n prime, and ex-
tended with Lemmas 3.15 along with this property.

3. Actions on modular curves, their Jacobians, and moduli spaces

We begin by studying actions of double cosets on modular curves and related
objects: their Jacobians and moduli spaces of enhanced elliptic curves.

In what follows, we let I';, s be congruence subgroups of SLa(Z)

3.1. Modular correspondences on modular curves

First, let us consider the modular curves X (I'y), X (I'1).

Proposition 3.17. There is a well-defined morphism [['1als] : Div(X(T'2)) —
Div(X(T'1)) given by

n
[2] = ) _[B;2]
j=1
where f; € T'al'y (1 < j < n) are as in Equation (3.1).

Proof. As in the proof of Proposition 3.3, we see that the sum above does not
depend on the decomposition I'ial's = I_Ig?le,Bj chosen. On the other hand,
if v9 € I'y, the sum evaluated at z is equal to the sum evaluated at 9z since
['al'y = U?erﬁj’}@. O

We will call such a map a modular correspondence.

Remark 3.18. If ' = 'y = T’y and if ', A satisfy the hypotheses of Proposition
3.6, then Div(X(I")) is a R(I'; A)-module.
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Remark 3.19. We can define the map above in a more natural way as follows:
as in Proposition 3.2, let T = 'y Nala ¢ Ty and T® = o ' Tya Ny =
o 'T'Ma c I'y. We then have the commutative diagram
X (r)y ix(r@))
ml im (3.4)
X () X(T),

and the map Div(X(T'2)) — Div(X(T'2)) is the composition

*

Div(X (T2)) —2> Div(X (")) — Div(X (D)) "% Div(x/(T))).
Indeed, the map 73 is given by
[ = Y multy,([w])[w] € Div(X(T®)).
[wlens ' ([2])

Writing I'y = | | T'()y; for 4; € Ty, we have that 7, *([2]) = {[y;2]} and the sum
above becomes }[v;2]. The image of [2] in Div(X(I'1)) is thus

Z[Oﬂjz]rl = [['1als][z]r,

since I'1al'y = L;I"yay; by Proposition 3.2.

Hecke operators For any integer d and any integer n > 1, we obtain operators
T,, and (d) on Div(X(T'1(N))).

3.2. Action on Jacobians of modular curves

Let I'1, 'y be congruence subgroups of SLy(Z).

Proposition 3.20. For any o € GL3(Q), the map [['1aly] : Div(X(I'2)) —
Div(X(T1)) induces a map Pic®(X(T)) — Pic®(X(T1)).

Proof. The result is clear from the point of view of Remark 3.19, since push-
forwards and pullbacks of maps between curves to maps between divisor groups
induce maps between the respective Picard groups. ]

By the Abel-Jacobi theorem, Pic®(X(I")) = Jac(X(T')) as groups, so for any
a € GL$ (Q), Proposition 3.20 gives a map [['1al'y] : Jac(X(I'2)) — Jac(X(T'1))
such that

[T1al2]

Jac(X (T'2)) Jac(X(I'1))

Picd(X (T'3)) ——“T2L picd(x (1))

commutes.

Remark 3.21. Under the same hypotheses as in Remark 3.18, Pic’(X(T)) is a
R(T', A)-module and Pic®(X (T')) = Jac(X(I")) as R(I', A)-modules, by definition.
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Proposition 3.22. The map [['1al's] : Jac(X (I'2)) — Jac(X (I'1)) is given by the
composition

* ~

Jac(X (Ts)) —= Jac(X (I'?)) —== Jac(X(T'D)) () Jac(X(I'1)),
where 'O ; are as in Diagram (3.4).

Proof. Since pushforwards (or traces) and pullbacks on divisor groups commute
with the Abel-Jacobi isomorphism, we obtain that the diagram

oy (m2)

Jac(X ([y)) —= Jac(X (I®)) — = Jac(X (M) -5 Jac(X (I'y))

Pic’(X (T's)) — > Picd (X (1)) —> Pic®(X (1)) ™ picd (x (1))

— S

S e

commutes (where the vertical maps are the isomorphisms given by the Abel-Jacobi
theorem), proving the statement. O

Corollary 3.23. The map [I'1al'9] : Jac(X(T'2)) — Jac(X (1)) is a morphism
of complex abelian varieties.

Proof. By Proposition 3.22, we obtain that the map is a smooth morphism of
complex Lie groups, since 7} and (m2). are linear. By Corollary 1.20, it follows
that the map is a morphism of complex abelian varieties. ]

3.3. Action on moduli spaces

Recall that there is a bijection between the modular curve Y7(NN) C X1(N) and
the moduli space S1 (V) of enhanced elliptic curves for I'; (V). Moreover, note that
the action of double cosets on Div(X;(V)) restricts to an action on Div(Y;(N)):

Div(S1(N)) —— Div(S1(N))

~

~

Div(Y;(N)) ——= Div(Y;(N)) (3.5)

| !

Div(X1(N)) —== Div(X;(N)).
The same holds true for Xo(N) and So(NV) (respectively X(N) and S(N)).

Remark 3.24. By Remark 3.18, Div(Y1(N)) isa R(I", A)-submodule of Div(X1(N))
and Div(S1(N)) is a R(I", A)-module isomorphic to Div(Y7(V)).

In this paragraph, we compute explicit expressions for the operators T,, and (d)
on the moduli space. We will see that these are particularly simple.
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The diamond operators

Proposition 3.25. The operator (d) on Div(S1(N)) is given by
[E,Q] — [E, [d]Q).

Proof. Without loss of generality, by Proposition 2.25, let [E, Q] = [C/A,, [1/N]] €
S1(N). Let v = (24) € SLy(Z) such that v = (" 9) (mod N). Then, identi-
fying Y1 (V) and S1(N),

(d)]E, Q] = (d)[z] = [vz] = [C/A4z, [L/N]].
If we let A = cz + d, we get that AA,, = A, and an isomorphism C/A,, — C/A,
is given by [z] — [Az], as in the proof of Proposition 2.25. Thus,
(d)[E,Q] = [C/A;, [MN]] = [C/A;, [d/N]] = [E, [d]Q]

since ¢ =0 (mod N). O

Similarly, we find that:

Proposition 3.26. The operator (d) on Div(So(N)) is given by

[E,{@)] = [E, {[dQ)].

The T, operators

Proposition 3.27. Let p be a prime such that p { N. The operator T, on
Div(S1(N)) is given by
[E7 Q] = Z[E/C7 [Q]C]v
C

where C' varies over all p-subgroups of E such that C N {(Q) = 0.

Remark 3.28. The quotient of an elliptic curve by a finite subgroup is made sense
of by Proposition 1.56 or [Sil09, II1.4.12].

Proof. Let T1(N) () T1(N) = |J;T1(NV)B; as in Proposition 3.11 (where j =
0,...,p — 1,00). By linearity and Proposition 2.25, it is sufficient to check the
identity for an element [E, Q] = [C/A;,[1/N]] € S1(N), where z € H. By defini-
tion, Tp[z] = >_;[B;2], thus

T,[C/A, [1/N]] = [C/Ag,., [1/N]].

J

— If0<j<p-1, we have ;2 = (2 + j)/p. Note that A, C Ag,., so that
C/Ap,;. = E/(Ag;2/A;). The quotient Cj = Ag../A. is a subgroup of C/A
of order p, such that C; N ([1/N]) = 0.

— If j = oo, we note that Lo = (Nz + 1)Ag_, contains A, so C/Ag_, =
C/Ly = E/Cyx with Cyy = Loo/A;, a subgroup of C/A of order p such
that Coo N ([1/N]) =0

Now, Cy,...,Cy—1,C are p + 1 subgroups of order p with trivial intersections,
contained in E[p] = (C/A.)[p] = (Z/p)?>. Hence their union is E[p] and any

subgroup of order p of E is equal to one of the C;. Thus, we finally get that the
sum above corresponds to the sum in the statement. ]



Chapter 3. Hecke operators, modular curves and modular forms 46

4. Action on modular forms

Let I'y and I'y be congruence subgroups of SLy(Z) and k € Z.

The space of meromorphic maps C(H) on H has a right-action [-]x of GLJ (Q)
(see Appendix B). By Proposition 3.3, there is a right-action of A(I'1,T'2) on
C(H)Fl D Mk(l“l)

Proposition 3.29. The right-action of A(T'1,T's) on C(H)' induces maps My(I'1) —
My (T3) given by

f= ¢
for each ¢ € A(I'1,T'3). Moreover, these maps restrict and corestrict to maps
Sk(T'1) — Sip(T2). Finally, if ' = 'y = I'y and if T, A satisfy the hypotheses
of Proposition 3.6, then the space My (T') is a R(T', A)-module with S(T') as a
submodule.

Proof. Explicitly, if ¢ = T'jal's for some a € GL3 (Q), then
n
fllals)g Z J 1Bk
7j=1

where T'1al'y = |_|§":1 I'18j. First of all, let us prove that f[I';al's]; is weakly
modular of weight k with respect to I's. Indeed, if vo € ', we have I'ialy =
U;I Bjv2 and thus

fITralalilvale = > fIBlklels = Y flBjrlk = fT1aT 2]k

J=1 Jj=1

Next, let us show that f[[';al's]x is holomorphic at the cusps. If v € SLa(Z), then
fTalslk[v]k = Z f1Biv1k,

but since f is holomorphic at the cusps, f[3;7]x is holomorphic at 0o, so the same
holds true for the sum. By the same equation, it is clear that if f € My(T'1)
vanishes at all the cusps, thus so does f[['1al's]x € M (T'2). O

Remark 3.30. Suppose that I'1, 'y are congruence subgroups of SLy(Z) such that
there exists o € GLJ (Q) with al'sa™! C I';. Then we prove similarly that [
M;(T'y) — My(T'2) is well-defined and (co)restricts to give [y : Sk(T'1) = Sk(T2).

Remark 3.31. Note that for any integer a and any modular form f of weight k,
we have flo,] = (a)f.

Remark 3.32. Recall that modular forms for SLa(Z) can also be seen as homoge-
neous functions from the set of lattices to C (Proposition 2.25). Under this point
of view, the Hecke operator T}, on f € My(SLa(Z)) has the very simple expression

= ()
N

for any lattice A C C, where the (finite) sum is over all sublattices A’ C A of
index n. This generalizes to other congruence subgroups. See [Zag08, Section 4.1]
or [Lan76, Ch. II] for more details.
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4.1. Relationship with the action on Jacobians of modular curves

Let I'1, T'2 be a congruence subgroups of SLy(Z). In Section 3.3.2, we have defined
operators
[als] : Jac(X(I'z)) — Jac(X (1))

for all & € GL] (Q). On the other hand, recall that Jacobians of modular curves
are related to cusp forms by

Jac(X(Ty)) = So(T)* /A (i =1,2),
where A; corresponds to the subgroup of periods H; (X (I';)) (see Paragraph 2.7.6).

We see that the operators on Jacobians are compatible with the operators on
modular forms, and they relate through composition.

Proposition 3.33. For any o € GL3(Q), the map [['1aly] : Sa(T'2)*/As —
So(T'1)* /Ay is given by
[¢)] = [t o [[1al’o]o].

Remark 3.34. Under the same hypotheses as in Remark 3.18, this means that
So(T)*/A = Jac(X(T)) as R(I', A)-modules.

Before proving this result, we interpret pushforwards and pullbacks of holomor-
phic forms in the point of view of Sy(I'):

Lemma 3.35. LetI'1,T'y be congruence subgroups of SLa(7Z) such that there exists
a € GL3 (Q) with al'ya~! C Ty, and consider the morphism h : X(T'1) — X (T's)
given by [z] — [az]. Then the diagrams

Z]’[ﬂj]z

Sa(T'1) Sa(T'2) Sa(T'2) ek Sa(T'y)
Qb (X(T1)) = O (X(T2)) (X (T2) > 0 (X(T1)

commute, where h* is the pullback, h. the trace map, and ; € I'y are such that
I'y = uj(afla‘l)ﬁj.

Proof. For i = 1,2, let m; : H — X (I';) be the projection.

1. Let w € QL ,(X(T1)) corresponding to f € So(I'y) (ie. mf(w) = f(2)dz).
Let z € H such that [az] € X(I'2) is not a branch point of h. Away
from the finite subset of elliptic points and cusps, the preimage h~!([a2])
is [a 1Tqaz] = LI;[82], so we can choose a chart U in X(I'y) around [o2]
such that h=}(U) is the disjoint union of charts V; in X(I'1) on which
hj == hly, = ﬁ;l. On U, hy(w) is then given by hy(w) = Zj(hjfl)*(wh/j).
Hence, locally,

™3 (he(w)) = Z(hj’lom)*(wlv;)

= D (mo B (why) = Y (8) (7} (why))

= D_(B)"(f()d=) = 3 FlBjla()d=.

which shows that 73 (hs«(w)) = fla]edz.
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2. Let f € S5(T'3) and w € Qhol( (I'2)) the differential form associated to f
(i.e. m3(w) = f(2)dz). Then i oh* = (hom)* = (meoa)* = a* omj. Thus,
we get that

m1(h*(w)) = o (m3(w)) = " (f(2)dz) = flala(2)dz.

Proof of Proposition 3.33. By Proposition 3.22 and Lemma 3.35, the diagram

(22;185]2)" ala)* .
SQ(FQ)* jLP512 SQ(F(Q))* % SQ(P(I))* ot 52(1—\1)*

A |

Jac(X (Ts)) —> Jac(X(T®)) — Jac(X (TM)) T2 Jac(X (1))

. | |

Picd(X (Ts)) — > Pidd (X (T®)) —== Picd(X (TM)) 2% picd(x(T))

commutes, where the star on the maps on the top row denote dualization and
(2)\F2 = UjF(Q)Bj. But [04]2 o (Z][/BJ]Q) = [Plarg]g since I'1al'y = l_ljl“laﬁj,
whence the claimed equality. O

4.2. Hecke operators explicitly

We now compute explicit expressions for the Hecke operators in the case I' =
' (N) and A = AY(N) as in Example 3.7. By Lemma 3.10, T, : My(T'1(N)) —
M. (T'1(N)) is explicitly given by

n/a—1

WS e

where the first sum is over the integers a > 0 such that a | n and (a, N) = 1.

Proposition 3.36. Suppose that (n,N) =1. For f =% an(f)q™ € Mp(I't1(N)),
the Fourier series of T, f is given by > am(Tnf)q™, where

Z dk_lamn/d2(<d>f)‘

d|(m,n)

Proof. Fora > 1aninteger, let g, = (a)f = 15 a1(ga)q". According to Equation
(3.6), we have

n/a—1
Lf = 2. Z Ja (az+b>( Ja)~Fpk-t
n/a 1 l
- Z Z Zal(ga)(n/a)fke <a;/—;b> k-1
a  b=0 1>0
n/a—1 b
- Zzal(ga)(n/a) e(a®z/n)nf! Z <n/a>
a >0

= D> xwDalga)a* g,

>0 a
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where X/, = 1 — 1,4 : Z/(n/a) — Z for 1,,, the trivial Dirichlet character
modulo n/a. This gives the result by identifying the coefficient of ¢ in this
expression for m > 0. O

Remark 3.37. This gives easily that
(TnTof) = D d a(Tpya f)
d|(m,n)

for all [, m,n > 0, hence proving Lemmas 3.15 and 3.12 where we see the Hecke
operators as operators on modular forms.

5. Modules over the Hecke ring

Let I', A satisfy the hypotheses of Proposition 3.6, so that we can consider the
Hecke ring R = R(I', A). By the previous sections,

1. Div(X(T)) is a R-module, with Div(Y(T)) and Div®(X(T')) as submodules.

2. Pic?(X(T)) and Jac(X(T)) are isomorphic R-modules.

3. For all integers k, My (T") is a R-module with S;(I") as a submodule.
Moreover, in the particular case I' = I'y(N), A = A'(N), we have that

1. Div(S1(V)) is a R-module, isomorphic to Div(Y;(V)) (by transfer of struc-
ture).

2. So(T1(IV))*/A = Jac(X1(NV)) as R-modules.
In what follows, let I' = T';(N) and A = Al(N).

5.1. The Hecke algebra

DEFINITION 3.38. The Hecke algebra Ty is the subring Ty, = Z[{T,, (n) : n > 0}]
of the Hecke ring R(I", A).

DEFINITION 3.39. The Hecke algebra Ty, of level k with respect to I' is the image
of T'in End(Sk(I")). The complex Hecke algebra T¢ of level k with respect to I'
is the complex algebra generated by 77 in End(Sk(T)).

5.2. Duality between S3(I';(N)) and the complex Hecke algebra

By analyzing how Hecke operators act on coefficients of cusp forms, we find the
following:

Proposition 3.40. There is a perfect pairing Te x S2(I'1(N)) — C, inducing an
isomorphism of Tz-modules T == So(I'1(N))*.

Proof. We define ® : Tg x S3(I'1(N)) — C by (T, f) = a1(T'f), which is clearly
C-linear in both components. To prove nondegeneracy, we use the fact that for
T € Tt and f € S9(I'1(N)), we have by Proposition 3.36 that

al(Tnf) = an(f)

for all n > 0. If f € Sa(I'1(N)) is such that ®(T, f) = 0 for all T € T,
then an(f) = a1(Tnf) = ®(Ty,f) = 0 for all n > 0, so f = 0. On the other
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hand, if T € T¢ is such that ®(7, f) = 0 for all f € Sy(I'1(N)), we get that
an(Tf) = ar(T,Tf) = ar(TT,f) = ©(T,T,,f) = 0 for all f and n > 0, which
implies that 7" is the zero operator on Sa(I'1(N)). O

6. Hecke operators on cusp forms

In this section, we study Hecke operators on the spaces of cusp forms in more
detail. In particular, we see that there exists a canonical basis for cusp forms at
any given level and weight, which is made of simultaneous eigenvectors for almost
all Hecke operators.

6.1. Normal Hecke operators

Let I' be a congruence subgroup of SLy(Z). Recall the Petersson inner product
on the space of cusp forms of weight k& with respect to I', defined by

(-,-):Sk(l)xSk(l) — C
— 71 z z mzkduz

where dy is the measure on X (I') induced by the GLj (R)-invariant hyperbolic
measure (dz A dy)/y? on H (see [Miy06, 1.9,2.2] and [DS06, 5.4]). Note that, al-
though f, g are not I'-invariant, the integral makes sense since z — f(z)g(z) Im(z)*
is.

Hence, Si(T") is an inner product space.

Proposition 3.41. For n coprime to N, the Hecke operators T, and (n) on
Sk(C1(N)) are normal. More precisely, we have (p)* = (p) and Ty = (p)~*T), for
ptN.

Sketch of the proof. The first step is to prove that [['al'|; = [['det(a)a™'T]; for
all @ € GL3(Q). From there, we can deduce the expressions for (p)* and T}
Since the Hecke algebra is commutative, it follows that (p) and 7, are normal.
The general result follows by Lemmas 3.12 and 3.15. See [DS06, 5.5] or [Miy06,
4.5] for the details. O

This implies the following very important result:

Theorem 3.42. There exists a basis of So(I'1(N)) constituted of simultaneous
eigenvectors of the operators T,,, (n) for n coprime to N.

Proof. Immediately follows from the spectral theorem, since {T},, (n) : (n, N) =1}
is a commuting family of normal operators of the finite-dimensional inner-product
space Sa(I'1(N)). O

6.2. Oldforms and newforms

The elements of the basis of Theorem 3.42 are a priori only simultaneous eigen-
vectors for the Hecke operators away from the level N. By distinguishing forms
“coming from” the lower level, this restriction can be removed.
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Let us fix a level N > 1. For any M | N, we have an inclusion I'1 (N) C I'1 (M),
so an inclusion

Sp(C1(M)) C Sk(T'1(N)).

For any d | N/M, we also have by Remark 3.30 an injective map Si(I'1(M)) —
Sp(T1(Md)), since al'1(Md)a™ C I'1(M) for a = (&9) € GL3(Q). Thus, we

get an injective map
Ld : Sk(F1<M)) — Sl(Fl(Md)) C Sl(F1<N)).

To distinguish the forms coming from lower levels, we make the following defini-
tion:

DEFINITION 3.43. The space of oldforms of Si(I'1(N)) is

SeMi(N)? =" Se@u(M)) + Y 1a(Sk(T1(M))) | € S(T1(N)).

M|N d|N/M

DEFINITION 3.44. The space of newforms Si(I'1(N))"®" is the orthogonal comple-
ment of Si(I'1(N))™"V in Si(T'1(N)) with respect to the Petersson inner product.

6.3. Canonical orthogonal basis of eigenforms

We will now see that the space of newforms has a canonical orthogonal basis with
eigenvectors for all Hecke operators (and not only those away from the level).
From this basis, it will be possible to obtain a basis of Sk(I'1(N)).

Proposition 3.45. The subspaces Sy,(T'1(N))™ and Si(T'1(N))°" are stable un-
der the Hecke algebra.

Proof. This is a computation that can be found [DS06, Proposition 5.6.2]. O

Corollary 3.46. The spaces Sp(I'1(N))™" and Si(T'1(N))°" both admit a basis
of simultaneous eigenvectors for the operators T, (n) for (n,N) = 1.

DEFINITION 3.47. An eigenvector in My (I'1 (IV)) for all the Hecke operators T5,, (n)
(n>1) on M(I'1(N)) will be called a (Hecke) eigenform.

DEFINITION 3.48. A newform for Sk(I'1(N)) is a normalized (i.e. ai1(f) = 1)
eigenform in Si(T';1(N))"eV.

Remark 3.49. Note that under this nomenclature, newforms are not the elements
of the space of newforms, only some particular elements.

The fundamental theorem is now the following:

Theorem 3.50. The set of newforms for Sp(T'1(N)) is an orthogonal basis of
Se(T1(N))"™, and if f € S(I'1(N))™" is a newform, then

Tof = an(f)f for alln > 0.

More precisely, any eigenvector in So(I'1(N))™" for the Hecke operators T, (n)
with (n, N) =1 is a Hecke eigenform.

Proof.
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— The main step is the following result of Atkin and Lehner: if f € Si(I'1(N))
is such that an(f) = 0 for all integers n > 1 coprime to N, then f €
Si(T'1(N))°. For the details, see [DS06, 5.7] or [Miy06, 4.6].

— Let f € Sp(T'1(N)) be an eigenform for the operators 1), (n) when (n, N) =
1. For any such n, let ¢, € C be such that T,,(f) = ¢,f. By Proposition
3.36, we have

Cnal(f> = a1 (Cnf> = a1 (Tnf) = an(f)
when (n, N) = 1. If f € Sp(I'1(IN))"*" is nonzero, this implies that a;(f) #
0 by the previous paragraph. By scaling f, we can suppose that a;(f) = 1.
For any n > 0, the form g, = T,,f — a,(f)f is an element of Sy(I'1(N))"W
and an eigenform for the operators T),, (m) when (m, N) = 1. But

a1(gn) = a1(Tnf) = ar(an(f)f) = an(f) = an(f) =0

by Proposition 3.36, so that g, € Si(I'1(N))°', as above. It follows that
gn =0, 1.e. T,(f) = an(f)f for all n > 0.

— By Corollary 3.46, there exists a basis of Si(I'1(N))"" composed of si-
multaneous eigenforms for the operators T),, (n) when (n, N) = 1. By the
previous paragraph, we can suppose that these elements are normalized,
and we then get that they are newforms. Thus, S1(I'1(N))*" has a basis
of newforms by the previous paragraph.

— Finally, we prove that the set of newforms in S1(I'1(N))"*" is linearly inde-
pendent. If there exist o; € C (1 <i < n) such that

Z a;ifi =0
i1

for newforms f; € S1(I'1(N))™%, then

Y ilam(fi) = am(f)) fi =0
=1

for any integer m > 0 by applying the operator a,,(f1) — Tr. If we suppose
that n > 2 is the minimal number of basis elements needed to have a
relationship of linear dependence, it gives a,,(f;) = am(f1) for all integers
m>0andi=1,...,n. Hence, fi =--- = f,, a contradiction. This shows
that the set of newforms in S1(I'1(IN))"®" is a basis of that space.

O]

6.4. Basis for the space of cusp forms

From this canonical basis, we can now obtain a basis of the full space of cusp
forms Si(I'1(N)). Recall that by definition,

Sp(T1(N)) = Sp(T1(N))™™ @ S (1 (N))d
= STV @ Y | SkT1(M) + > a(Sk(T1(M)))
M|N n|N/M

Since tn(f)(2) = f(nz) for any f € Sp(I'1(M)), nM | N and z € H, we get by
Theorem 3.50 that the set

Bi(N) ={f(nz): f € Sp(T'1(M)) newform, nM | N}



Chapter 3. Hecke operators, modular curves and modular forms 53

spans Si(I'1(N)). Actually, we find that these elements are linearly independent
as well:

Theorem 3.51. The set By(N) is a basis of Sp(I'1(N)).

Proof. See [DS06, 5.8] for a sketch of the proof, using the Strong multiplicity one
Theorem. O

Remark 3.52. Most of the above results also hold with I'; (V) replaced by I'g(V);
this is proven in [AL70].

7. L-functions

Recall that if f € My(I'1(N)), we defined a L-function associated to f by the
series L(f,s) = 3,50 a’;l—(gf) (see Appendix B).

Proposition 3.53. If f € Mi(T'1(N)) is a normalized eigenform, then we have
an Euler product expansion

L(f,s) = [ [ = ap(f)p~* + "1 7%) 71,

p

Proof. By hypothesis, a;(f) = 1. By Lemma 3.12 or Remark 3.37, the arithmetic
function n +— a,(f) is multiplicative, since f is a normalized eigenform. Thus, the
theory of Dirichlet series implies that we have an expansion L(f, s) = Hp L,(f,s),
where the local factor is

Ly(f8) =D ap(fIp™™ = (1= ap(f)p~* +p*17%) 7",

n>0

The last equality comes from the fact that

apn (f) = ap(f)ag-1(f) = p° agn-2(f)
for all n > 1 by Lemma 3.15 or Remark 3.37. O

Remark 3.54. Tt is easy to show that the converse also holds true: if the L-function
of a modular form f € My (I';(N)) has an Euler product expansion, then f is a
normalized eigenform. See [Miy06, Lemma 4.5.12] or [DS06, 5.9].

Note the similarity with the L-function of an elliptic curve E defined over Q,
whose local factor at a prime p of good reduction is (1 — a,(E)p~* + p'=2)~1
This gives an indication of the relationship between elliptic curves and modular
forms.

Remark 3.55. Hecke proved that L-functions of cusp forms extend to entire func-
tions satisfying a functional equation. See [Miy06, 4.3.5] or [Shi71, 3.6]. Hence,
the Hasse-Weil conjecture for elliptic curves over Q follows from the modularity
theorem.



CHAPTER 4

Associating abelian varieties to modular forms

For any newform f € Sy(T'1(N))™%, we will now construct an associated abelian
variety that satisfy the conditions enumerated in the introduction.

Note that since S2(I'o(N)) C S2(I'1(N)), the construction will actually be done
more generally than the setting presented in the introduction.

The main references for this chapter are [DS06, Ch. 6], [Shi71, Ch. 7] and [Kna92,
Ch. XIJ.

In what follows, T7 denotes the Hecke algebra of weight k with respect to I'; (V).

1. Number field associated to an eigenform

Let f € So(T'1(N))™™ be a newform. Since f is a simultaneous eigenform for all
Hecke operators, we have a homomorphism

)\f 21y — C
defined by T'f = A\¢(T) f for every T' € Tz. By definition, im Ay = Z[{a,(f)}].
Proposition 4.1. The ring Z[{a,(f)}] is finitely generated, and Q({an(f)}) is
a number field of degree equal to the rank of Z[{an(f)}].

Proof. By Section 3.3.2, Hecke operators act on Jacobians of modular curves. In
particular, we have a map

Ty — End(Hl(Xl(N))
This is actually injective. Indeed, by Section 2.7.6, recall that
Jac(X1(N)) = Sa(T(N))"/A

for A the lattice of periods, and the action on the right-hand side is given by
composition with Hecke operators on cusp forms. Since A ®@ R = So(T'1(N))*, the
action on S3(I'1(N))* is determined by the action on A C So(T'1(N))*, whence
the injectivity. Since A is a finitely generated Z-module, the same holds then
true for End(A) and Tz. Thus, im Ay is finitely generated, as a quotient of a
finitely generated Z-module. Finally, dimg Q({a,(f)}) = dimg(Z[{a,(f)}|®Q) =
rank Z[{an(f)}]- O

Thus, we can make the following definition:
DEFINITION 4.2. The number field of f is the field Ky = Q({an(f)}).

Corollary 4.3. If f € So(T'1(N))™" is a newform, then all Fourier coefficients
an(f) are algebraic integers.

Proof. Clear, since a,(f) lies in the ring of integers of the number field Q({a,(f)}).
O

o4
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Finally, we let Iy = ker A, so that

Tz/1 = Z{an(f)}]-

1.1. Action on cusp forms

We see that the set of complex embeddings of the number field of a normalized
eigenform in So(T'1(N)) acts on the set of such forms.

DEFINITION 4.4. For f =) an,(f)¢" € S2(I'1(N)) and 0 : Ky — C an embed-
ding, we denote by f, the function >, o(an(f))g™.

Theorem 4.5. Let f € So(I'1(N)) be a normalized eigenform. If o : Ky — C is
an embedding of Ky, then fs belongs to So(I'1(N)). Moreover, f, is a newform
if f is a newform.

Sketch of the proof. Recall that Hecke operators act on the Jacobian Jac(X;(N)) =
S2(T'1(N))*/A by composition (Proposition 3.33). Let ¢1,..., ¢, be a Z-basis of
the lattice of periods A C Sa2(I'1(N))*, and let V = Cyy @ --- @ Cyp, so that

S2(T1(N))" =Rp1 & --- @Ry, C V.

The action of Tz on A extends to an action of T¢ on V, say ¢ — wAr with
Ar € M, (Z), for all Hecke operators T' € T7.

The technical step is to show that there exists a Tz-module V' such that
V=58 (N) oV

as Tyz-modules and such that the systems of eigenvalues for 7% on the right-hand
side correspond to the systems of eigenvalues for 7% on Sa(I'1(N)) (see [DS06,
Ch. 6.5]).

Note that if {ap : T € Tz} C C is a system of eigenvalues for Tt corresponding
to an eigenvector ¢ € V', then the same holds true for {o(ar) : T € Tz}. Indeed,

QOUAT = U((pAT) = O'(CLTQOAT) = O’(CLT)(,OUAT.

Hence, if f € S1(I'1(N)) is a normalized eigenform corresponding to the system
of eigenvalues Ay : Tz — C, and if 0 : Ky — C is an embedding, the technical
step implies that o o Af is the system of eigenvalues of an element in Sa(I'1(N)),
the function f,. The fact that images of newforms are newforms is proved using
the basis of Theorem 3.51. O

Thus, we can define an equivalence relation ~ on newforms in S (I'1(N)) by f ~ g
if f = g, for some o € Aut(C).

By “averaging”, we also find that:

Corollary 4.6. S2(I'1(N)) has a basis of forms with integral coefficients.
Proof. Let f € So(I'1(M)) be anewform for some M | N. Let o1,...,0, : Kf = C

be the complex embeddings of Ky and let a1, ..., a; be a basis of the Z-module
Ok,. Fori=1,...,r, define

fi=Y o) oy
j=1
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Then (f;),; = fi for all 4,7, whence f; has rational Fourier coefficients for all
i. Since the latter are algebraic integers by Corollary 4.3, we obtain that f; has
integral Fourier coefficients. Finally, since (0;(cy)) € M, (C) is invertible, we get
that span(f,, : 1 <i <r) =span(f; : 1 <i <r), sothat f €span(f;:1<i<r).
By Theorem 3.50, it follows that So(I'1(IN)) is spanned by forms with integral
coeflicients. O

2. The abelian variety associated to an eigenform

We can now define the abelian variety associated to an eigenform. Recall that
the Jacobian J;(N) = Jac(X1(V)) is an abelian variety of dimension equal to the
genus g of X1(N). The Hecke algebra T7, acts on Ji(N) by morphisms. Thus

Qr =Y a(Ji(N)) C Ji(N)

a€ly

is an abelian subvariety of J;(IN) by Section 1.1.2. Therefore, the quotient
Ap = N(N)/Qf

is an abelian variety of dimension g — dim ()¢ by Proposition 1.56.

DEFINITION 4.7. We call Ay the abelian variety associated to the newform f €
Sp(I'1 (V)"

Remark 4.8. In [Shi71], the abelian variety considered is in fact the variety B
such that Ji(NN) is isogenous to B x Q, given by Proposition 1.14. The final
results are the same since A; is isogenous to B. Actually, Shimura therefore
avoids Poincaré reducibility by using by Wedderburn’s theorem on semisimple
algebras to decompose Tp: we have

Ty=Re K & &K,

where R is the nilradical and K7i,..., K, are number fields (since T is commu-
tative). As above, consider the morphism Ay : Ty — K, which is surjective.
For i = 1,...,r, this gives a morphism Ay : K; — Ky. Since A\¢(Tp) = Ky
and Af(R) = 0, this implies that there exists a unique i such that A¢(K;) # 0,
and A\¢(K;) = Ky. Supposing without loss of generality that ¢ = 1, this yields
If = (R@KQEB...KT)QTz.

2.1. The dimension of Ay

We now compute the dimension of Ay by finding a more explicit expression for
the complex abelian variety Ji(N)/Qy as a complex torus.

Let So = S2(T'1(N)) and A C S5 the lattice of periods. Recall that there is:

1. an isomorphism between Q[  (X1(N)) and S» (Proposition 2.30), which
gives an isomorphism of 7z-modules between S5 and Jac(X1(NV)) (Proposi-
tion 3.33).

2. a duality between Sy and T (Proposition 3.40).

Using these two relationships, we transfer Ay from (a quotient of) Qf (X1 (N))*
to (a quotient of) the complex Hecke algebra. Let A be the image of A in S5/1;S5.
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We have

S;/A L Sy/A Sy S3/1pSs | Sally
(IpS;+A)/A IS5+ A A Ajg,i

Ar =
RN y

as complex Lie group, where Sy[I] denotes the elements of Sy annihilated by 1.
Using the duality of Ss and T, we find that

Sg[ff]* = ch/Ich.
But there is a surjection (17/1y) ® C — T¢/I1c, so that
dim(So[If]*) < dim((T7z/1f) ® C) = rank(T7/1f) = [Kf : Q.

If we let Vy C Sy be the C-linear span of {f, : 0 : K — C embedding}, we
note that dimVy = [Ky : Q] and Vy C Sp[lf]. Thus, dim V; = dim Sp[/f] and
therefore, we have Sy[I¢]* = V| because the dimensions are equal. Hence,

Ap = Vi /Ay

as complex Lie groups, where Ay = A|Vf. Note that Ay is discrete in Vf* since A

is discrete is S5. From the compacity of Ay, we finally obtain that Ay is a lattice
in VJZ" . Hence, we get:

Proposition 4.9. The dimension of Ay is equal to deg K;. More precisely, we
have
Ap = Vi /Ay,

where V; is a complex vector space of dimension deg Ky and Ay is a lattice.

2.2. The action of Z[{a,(f)}]

Note that by definition T%/1¢ = Z[{a,(f)}] acts on Af. Moreover, if a,(f) is an
integer, it acts by multiplication. The following will be useful later:

Proposition 4.10. If x € Z[{a,(f)}] is nonzero, the morphism x : Ay — Ay is
surjective.

Proof. By Corollary 4.3, a,(f) is an algebraic integer. Let X" +--- 4+ b X + by €
Z|X] be its minimal polynomial over Q. As an operator, a,(f) therefore satisfies

an(f) o (an(f) "1+ -+ +b1) = —by.

Since multiplication by a nonzero integer is surjective (it is even an isogeny, see
Example 1.42), we have that a,(f) : Ay — Ay is surjective and the general result
follows. O

3. Decomposition of the Jacobian

We know that any complex abelian variety is completely reducible: it is isogenous
to a sum of simple abelian subvarieties (Corollary 1.16). Here, we decompose
Ji(N) as a sum of varieties Ay associated to newforms in Sa(I'1(NN)).
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Theorem 4.11. There is an isogeny
1) ~ @A
f

where the sum is over a set of representatives of Upr, nS2(I'1(My)) by the actions
of the complex embeddings of K¢, and my is the number of divisors of N/Mjy.

Proof. For any integer n > 1, let o, = (29) € GL3 (Q). By Theorem 3.50, a
basis of Si(I'1(V)) is given by

{flan]2 : f € So(T'1(M)) newform, nM | N}.
For all nM | N and f € Sy(I'1(M)), let
Dy So(T1(N))* = V§

be defined by ®¢,,(¢)(h) = ¢(hlay]2) for any ¢ € Sa(I'1(N))* and h € Vy. We
note that ®7,(A) C Ay. Indeed, let f7 € O} ;(X1(N))* be a period corresponding
to p € A C S3(T'1(N))*, where v is a curve in X1(N). In other words, for
g € 511 (N)),

where w € O ;(X1(N)) is such that 7} (w) = g(2)dz, with 7y : H — X1(N) the
projection. Then, for h € So(I'1 (M),

Bra(@)h) = plhlant) = [w= [ 7iw) = [ hlasla2)dz = [ hiee
gl g gl 2
where
— w e Ql (X1(N)) is such that (mn)*(w) = hlan]2(2)dz.
— 4 is a curve in H such that (7y).(%) = v, i.e. any lift of v in H.
— 72 is the curve in H given by ~2(t) = n¥(t).
Let us take w’ € Qf ;(X1(M)) such that h(z)dz = 7}, (w'). Therefore,

D 0()(R) = / () () = /(WW o,

The curve 2 is not closed in H, but (mar)«(72) is. Indeed, let dx € I'1(IV)) be
such that 4(0) = dny9(1). Then

w0 = (5 7)i0- !(3 Don (4 (1’)_1] ()

and the product in square brackets belongs to I';(M). Hence, we finally obtain
that @, () € Ay as claimed.

Moreover, since @, is clearly surjective, we get a surjective morphism
I

Gaf,n cbfy’ﬂ

O : Sy(T1(N))* D V7
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such that ®(A) C @, Ay. This is actually an isomorphism. Indeed,
dlm@ Vi = Z Kf 8 dim S(I'1(N)) dim V} = dim Sz (I'1 (N))*.

Consequently, we get an isomorphism
o (N) > Vi /e
f7

The natural surjective map
Dvi/ew) — D4, =D/
f,TL f,n f,n

has kernel @, Ay/®(A), which is finite since @, Ay and ®(A) are two free
abelian groups of equal rank. Hence, by composing the two previous maps, we
get the desired isogeny J1(N) — @, Af.

O]

The action of a,(f) on As (see above) corresponds to the action of 7}, on Ji (V)
in the following way:

Proposition 4.12. If p{ N, there are commutative diagrams

J(N) T (N) DA ey 4,
| | l | @
I1s . ap(f) Tp
D, Ar D, As Ji(N) J1(N),

where the vertical map in the first diagram is the isogeny of Theorem 4.11, while
the vertical map in the second diagram is its dual isogeny.

Proof. 1. The map Ji(N) = ®fnAr — @fnAy is given by
[Pl = ([2.n(9) 0 Tp)) fin
while the map Ji(N) — Ji(IN) = @, Ay is given by
(o] = ([ 0 Tp)])

Let nM | N and f € So(I'1(M)). Note that for any g € V7,

Prn(p)(Tpg) = ©(Tpg)lam)2)
Pra(poTy)(g) = @(Tp(glan)2)),

so that it is sufficient to prove that the diagram

S5(T'y (M) — 2 Sy(T'y (M)

[an}Z i l [an}Z

Sy(I' (Mn)) Sy(I'y (Mn)) (4.2)

l |

S5(T'1(N)) — 2> Sy('y (V)
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commutes, where the vertical arrows from the second row are the inclusions.
First of all, note that the result is obvious for (p) instead of T,,. By the
formula of Proposition 3.36, we have

am(Tpf> = amp(f) +pk_1Xm(p)am/p(<p>f)

independently from the level, where x,,, = 1 — 1, : Z/m — Z for 1,, the
trivial Dirichlet character modulo m. Note that a,([an]f) = Xm (1) am m(f),
thus

am(Tp(floml2)) = amp(flaml2) + 2 Xm (D) amyp (D) (flan]2))

= Xomp(W)upy(F) + PF 7 X (D)@ ((0) (Fln]2))

= Xomp (W) (F) + P~ X (D) @ ((9) ) [n]2)

= Xomp(N) Ny (F) + 2 X 1o (1) X (D) 01, () () f)

S

am((Tpf)loml2) = Xm(n)nay, /(T f)
= X ()1 (@) + 2 X () ) (B)))
where the third equality used the commutativity of Diagram (4.2) for (p).

Since p t N, it follows that (n,p) = 1 and that the two expressions above
are equal.

2. The diagram

J1(N) Ji(N)
/ N
/ na f \
‘\ @n,f Af Hf’ a @n,f Af /‘
N i l /
N\ T, »
Ji(N) Ji(N)

is such that the top square commutes, the vertical arrows are surjective
(being isogenies), and the dotted arrows are multiplication by an integer
(the degree of the isogenies). Since multiplication by integers commutes
with T, on Ji(N), the outer square commutes. Hence, we get that the
bottom square commutes as well.

O

4. Construction for I'z(N)

By Remark 3.52, the theory of newforms and oldforms for I'; () also holds for
I'o(N). Using the same constructions as above, we could also associate an abelian
variety to a newform in I'g(N), and the same results would hold, with a decom-
position of Jy(N) as in Theorem 4.11.

If f € S2(Tg(N)) is a newform, then f is also a newform in S3(I'1(N)), and we
have two abelian varieties

Ay = Jac(X1(N))/Ip Jac(X1(N)) and A’y = Jac(Xo(N))/ Iy Jac(Xo(N))

associated to f.
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Proposition 4.13. The complex abelian varieties Ay and A’f are 1S0genous.

Proof. Let again V; be the linear subspace of So(I'g(/V)) generated by the set
[f] ={of:0: Ky — C embedding}. Then,

Ap = Vi /Ay and A} 2 Vi /N,

where A’ = A’ [y, for A’ the lattice of periods of S2(T'g(V))*. Consider the natural
surjective morphism ¢ : X;(N) — Xo(N) and the induced homomorphism ¢, :
H{(X1(N)) = H1(Xo(N)). Then ¢, (H1(X1(N))) is a subgroup of Hi(Xo(N)) of
finite index. Indeed, the map ¢, 0 * : Q1(X) — Q!(X) is given by multiplication
by deg ¢, which implies that (degy)H1(Xo(N)) C p«(H1(X1(NV))). Hence,

Hi(Xo(N))/(deg o) H1(Xo(N))
@« (H1(X1(N)))/(deg o) H1(X1(N))’

which is a quotient of (Z/deg )7 for g the genus of Xo(N). It follows that Af
is a subgroup of A, of finite index as well, so that the natural map Ay — A’ is
an isogeny. O

I

H1(Xo(N))/p«(H1(X1(N)))




CHAPTER 5

Definition over

A priori, the abelian varieties we associated to cusp forms in S(I'; (N)) in Chapter
4 are defined over C. However, in this chapter we will see that the modular curves
X1(N) and Xo(N) (as algebraic curves), their Jacobians (as abelian varieties) and
the Hecke operators (as morphisms of abelian varieties) can be defined over Q,
showing that abelian varieties associated to newforms can actually be defined over
Q as well. In some sense, Corollary 4.6 gives an indication of that.

Since the abelian varieties obtained from Jac(X;(/V)) are isomorphic to the abelian
varieties obtained from Jac(Xo(N)) (see Proposition 4.13), we will mainly focus
on X 1 (N ) .

This chapter is based on [DS06, Ch. 7] and its exercises, which are a particu-
lar /explicit case of the work of Shimura on canonical models for modular curves
in [Shi71] (see Remark 5.2 below). Additional and more advanced details can be
found in [DI95, IIL.8].

Some parts of this chapter may seem a bit technical, but the underlying ideas are
very interesting: we relate functions on modular curves to coordinates of points of
an elliptic curve over Q(j) (as algebraic functions), to make use of the arithmetic
of elliptic curves, in particular the Weil pairing.

1. The modular curve is defined over Q

For I' a congruence subgroup of SLa(Z), recall that X (I") e is the unique complex
projective curve that is isomorphic to X (I') as compact Riemann surfaces. The
goal of this section is to prove the following:

Theorem 5.1. The curve X1(N)qyq can be defined over Q, that is, there exists an
algebraic curve X1(N)q defined over Q such that X1(N)g = X1(N)ay as complex
algebraic curves. The same result holds true for Xo(N).

Remark 5.2. In [Shi71, 6.6-6.7], Shimura gives compatible models over number
fields for modular curves with respect to congruence subgroups. In Chapter 6, we
will see other models, in relation to moduli spaces of elliptic curves.

Remark 5.3. We will only prove Theorem 5.1 for X;(N), but the method for
Xo(N) is exactly the same and would follow easily. Moreover, the proof will also
show that X () can be defined over Q(un), where uny € C is a primitive Nth
root of unity.

To prove this result, we use the correspondence between function fields and curves

(see [Har77, 1.6] and [Ful08, Ch. 7] for a more explicit point of view) and Galois
theory on the function fields.

62
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1.1. Function fields of modular curves

The first step is to determine the function fields of the modular curves X (IV)ag
and X;(NN)ae. Recall that these are equal to the function fields of the cor-
responding compact Riemann surfaces. By composition with the surjections
X(N) — X1(N) and X1(N) — X (1), we have inclusions

C(X(1)) € C(X1(N)) € C(X(N)).
Proposition 5.4. We have C(X (1)) = C(y).

Proof. Note that C(X (1)) is the space of meromorphic modular form of weight
0 with respect to SLg(Z). Hence, C(j) € C(X(1)). On the other hand, if f €
C(X (1)) is meromorphic, let z1,..., 2z, be its zeros and poles in Y (1). Then the
meromorphic function g € C(X (1)) defined by g(2) = [T/, ((2) — 7(z))° =)
is such that f/g has no zeros or poles except possibly at [co]. Since the degree of
the divisor of a meromorphic function on a compact Riemann surface is zero, it
follows that f/g is constant, whence f € C(j). O

Lemma 5.5. For any v = (v1,v2) € Z% — 0, the function f*: X(I'(N)) — C of
Paragraph 2.6.2, defined by

o 2 (5%

belongs to C(X(N)). Moreover, f' = f“ if and only if v = +w (mod N) and
fU(vz) = f1%(z) for ally = (2Y) € SLy(Z), = € H.

Proof. First of all, we note that if v = (v1,v2) € Z%2 — 0,7 € SL2(Z) and z € H,
then

Fron) = (e dp R, ()

93(2) Pve\ 21 d N

using that A, = (cz + d)7'A, and py.(Az) = A2p,(z) for all A € C*. The
assertion fY = f% if and only if v = +w mod N follows from the fact that
(92, ©%) gives an isomorphism from C/A, to an elliptic curve. It remains to check
that f¥ is meromorphic on H and at the cusps. The first assertion is clear. For the
second, it suffices to show that fv is meromorphic at oo for all v = (v1, v2) € Z2—0
by the above transformation law. By invoking uniform convergence to permute
sums and limits, we see that limpy ()0 ©-((v12 + v2)/N) exists and is finite,
leading to the assertion. O

) — ),

Proposition 5.6. The field extension C(X (N))/C(1) is Galois with Galois group
SLo(Z/N)/+. Moreover, we have

C(X(N)) = CAf" : v € 2% — 0}) and C(Xy(N)) = C(j. f1),

where f1 = f(o*l)t.
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Proof.

— By Proposition 5.4 and Lemma 5.5, we have the inclusions
C(j) € C(G{f": v € Z* ~ 0}) C C(X(N)).

Let us consider the action of SLy(Z) on C(X(N)) given by composition:
vf = for for v € SLa(Z). This is well-defined, since if vy € I'(N), then
Ny =N (mod I'(N)), so that f([yynz]) = f([ynvvz]) = f([vz]) for all
z € H. For v € Z? — 0, Lemma 5.5 says that the action of v € SLy(Z) on f*
is given by
=0

If we let ® : SLo(Z) — Aut(C(X(N))) be the associated homomorphism,
we note that £I'(INV) C ker ® by Lemma 5.5. Conversely, if v € ker &, we
get fY7 = fY for all v € Z? — 0, so vy = +v (mod N); this implies that
v € £I'(NV). Hence, ker & = £I'(/N) and we have an isomorphism

SLy(Z)/ £ T(N) 2 ®(SLa(Z)) € Aut(C(X(N))).

By Galois theory, C(X(N))/C(X(N))®GL2(2) is a Galois extension with
Galois group SLy(Z)/ £ T'(N) = SLe(Z/N)/+. An element f € C(X(N))
belongs to C(X (N))®GL2(2) if and only if it is SLy(Z)-invariant, i.e. f €
C(x (1))

— As we have just seen, Gal(X(N)/C(j,{f" : v € Z*> — 0})) is the trivial
subgroup in SLy(Z/N)/+, so C(j,{f" : v € Z> — 0}) = C(X(N)).

— Note that f; € C(X1(V)), so that C(j, f1) € C(X1(NV)). Indeed, if v €
[ (N), we have fi(yz) = YO (2) = fi(z) for all z € H.
Then, we note that Gal(C(X(N))/C(j, f1)) = £I'1(N)/£T'(N). Indeed, if v
belongs to this Galois group, we have f; = vf1 = f7O" soy e +T'1(N)/+
I'(N) and conversely. By definition, C(X (N))* 1(NM/EW) = C(X;(N)),
thus C(X1(N)) = C(y, f1) as claimed.

O]

Remark 5.7. We can very similarly determine the function field of C(Xy(N)), see
[DS06, 7.5.1].

Corollary 5.8. For all v € Z* — 0, we have f° € C(j).

1.2. Outline of the proof of Theorem 5.1

By the previous paragraph, we have

C(X(1)) c C(x1(NV)) < C(X(N))
l l I
C(])) - C(]?fl) - C(j){fU:UEZ2_O})'

Let us write Q(4, f1) = Q()[X]/(p1) for p1 € Q(5)[X] the minimal polynomial of
f1 over Q(j). Suppose that we can prove the two following points:

Lemma 5.9. Q(j, f1) is a function field over Q.

Lemma 5.10. The minimal polynomial of f1 over C(j) is still p;.
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Then, by Lemma 5.9, there would exist a curve C defined over Q such that

Q(C) = Q@ f1) = QU)HIX]/ (pr)-

Over the complex numbers, we get that

C(C) = COH)IX]/(p1) =C(, fr)

by Lemma 5.10, which gives Theorem 5.1.

1.3. The function field of X(NN) and the universal elliptic curve

To prove the two Lemmas above, we begin with a more natural way to see f1 that
is related to elliptic curves. This occurs naturally, as modular curves correspond
to moduli spaces of elliptic curves.

Recall that for any z € H, we have an isomorphism (., ¢,) : C/A, — E, where
E is a complex elliptic curve of j-invariant j(z). If j(z) # 0,1728, composing
with the change of variable (z,%) — (uz, uy) for u = (g2(2)/g3(2))"/? gives the
elliptic curve

Bz :y” = da’ - (;(22)?@1)729 o (M) ’

isomorphic to E. Thus, any elliptic curve over C with j-invariant j(z) # 0,1728
is isomorphic to Ej.).

Lemma 5.11. For any z € H such that j(z) # 0,1728, we have
2(Ej»[N]) = {f*(2) : v € Z* — 0},

where x(Ej, [N]) C C denotes the set of first coordinates of affine points of

Ej)[N].

Proof. For any z € H, we have seen above that Ej,) = C/A, as abelian varieties.
In particular,

Ej)[N] = (C/A,)[N] = ([1/N]a.,[2/N]a.)-
By computing the image of v1[1/N]a, + v2[z/N]a. € (C/A,)[N] by the above
isomorphism for v = (vy,ve) € Z? — 0, we directly find that the first coordinate
of the corresponding point in Ej,)[N] is

() =

O

Extension to algebraic functions By considering j as a variable, we can further-
more consider the universal elliptic curve

275 275
Ejiiy=d2®— [ —Z o — | —
A (j—1728>x (j—1728)

defined over Q(j). Lemma 5.11 then extends as follows:
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Proposition 5.12. Considering f as an element of C(j) for all v € Z% — 0, we
have

z(E;[N]) = {f*:v € Z* -0},

where x(E;[N]) C C(j) denotes the set of first coordinates of affine points of
EjN].

Before giving the proof, we review a few facts from the theory of algebraic func-
tions (see [vdWO03, XII1.92]). For an algebraically closed field k, let us consider
the function field k(X) and its algebraic closure k(X). An algebraic function f,
ie. f € k(X), can be seen as a partial multi-valued function on k. Indeed, let
¢ € k(X)[Y] be the minimal polynomial of f over k(X), and let ¢1,...,¢, be
the denominators of its coefficients, where we suppose without loss of generality
that all coefficients are reduced fractions. For each x € k—V (¢1,...,¢n), we can
consider the polynomial ¢, € k[Y] given by the evaluation of the coefficients of
@ at X =z, and we call such an x an admissible argument. The values of f at x
are then

f(@) = V(ps) ={y € k: pu(y) = 0}.

The following result generalizes the fact that a polynomial in k[ X] vanishes if and
only if it is zero as a function on k.

Lemma 5.13. Let f € k(X) and F € k[X,Y]. Then F(X, f) =0 € k(X) if and
only if F(z,y) =0 € k for any admissible argument x € k and y € f(x).

Proof. See the two theorems of [vdW03, XIII.92]. O

Proof of Proposition 5.12. Let v € Z? — 0 and let ¢ € C(j)[X] be the minimal
polynomial of fV € C(j). Since ¢(f¥) = 0, Lemma 5.13 gives that ©i)(f(2) =0
for almost all z € H. Moreover, Proposition 5.6 shows that the values for f? at z
are f(z) for w € Z*—0. By [Sil09, Ex. I11.3.7], there is a polynomial ¢y € Z[j, X]

such that for x € C(j), we have

f € z(E;[N]) c C(j) if and only if ¥n (4, f) = 0.

If z € H is such that j(z) # 0,1728, then Ej; specializes to the curve Ejy and
also

r € 2(Ejy[N]) C Cif and only if ¢ (j(2),z) = 0.

Thus, by Lemma 5.11, we have ¥n(j(2), f%(z)) = 0 for all z € H such that
j(2) # 0,1728 and for all v € Z2 — 0, which implies that ¥ (j, f¥) = 0 by the
Lemma. Hence, f* € 2(E;[N]) and

{f':veZ? -0} C x(E;[N]) - {0}.
By Lemma 5.5, the left-hand side set has size

(Z/N)E=0)) +| = |(Z/NY/ +| -1 = {N2/2+ 1 if N is even

(N?2+1)/2—1 if N is odd.

On the other hand |E;[N]| = N2, and an element in (E;[N]) — 0 corresponds to
two points in E;[N] except in the case that it corresponds to one of the points
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(z4,0) € E (1 = 1,2,3). Since [N](x;,0) = 0 if N is even and [N](z;,0) = (x;,0)
otherwise, we find that

N2/2+42 if N is even

|z (E;[N])| = {(N2 +1)/2 if N is odd,

whence the result. O
Corollary 5.14. We have C(X(N)) = C(j,z(E;[N])).

Proposition 5.15. The field extension C(j, n(E;[N]))/C(j) is Galois and there
s a commutative diagram

Gal(C(j, (E;[N1))/C(j)) —=—= SLa(Z/N)

o

| |

Gal(C(j, 2(E;[N]))/C(j) — SLo(Z/N) /£,

where the bottom isomorphism is the one defined in Proposition 5.6.

Proof. The field C(j,m(E;[N])) is obtained from C(j,z(E;[N])) by adjoining a
square root for each element of (E;[N]). Since E;[N] C C(j) is finite, the exten-
sion C(j, 7(E;[N])) is finite over C(j) as well. Moreover, it is then also normal:
if o : C(j,m(E;[N])) — C(j) is a C(j)-embedding, then the restriction of o on
C(j, z(E;[N])) has its image in C(j, z(E;[N])). Since o permutes z(E;[N]), it per-
mutes the square roots adjoined so that o is an automorphism of C(j, 7(E;[N])).
Let G = Gal(C(j,m(£;[N]))/C(j)). By taking a Z-basis (P,Q) for E;[N] =
(Z/N)?, we obtain a faithful representation ® : G — GL2(Z/N). We will now
show that im ® = SLa(Z/N).

— On one hand, for any o € G, the Weil pairing ey satisfies (see [Sil09, I11.8])

en(P,Q) = o(en(P.Q)) = en(0(P),0(Q)) = en(P.Q)* @, (5.1)

where the first equality comes from the fact that o fixes C, which contains
all roots of unity. Since ex(P, Q) is a primitive Nth root of unity, we can
conclude that det ®(o) =1 (mod N), so that im® C SLy(Z/N).

— On the other hand, if we let J = Gal(C(j, 7(E;[N]))/C(j, z(E;[N]))), we
get that G/J = SLa(Z/N) /=, thus
| SLa(Z/N)|

6l = =2

The following diagram summarizes the setting:
C(j, w(E;[N]))
J

C(,x(Ej[N])) |c

SLa(Z/N)/+
C(5).

It is then sufficient to show that that |J| = 2. Remark that ®(.J) C {£I}:
if 0 € J, then 0P (resp. 0@) has the same z-coordinate as P (resp. Q),
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so that oP = £P and 0@ = +Q); since (o) € SLy(Z/N), we must have
o € {£I}. Conversely, note that ®~1({+I}) C J. Indeed, if 0 € G is such
that ®(0) = —1I, we have o(R) = —R for all R € E;[N], whence o € J.

Suppose that |J| = 1, or equivalently —I ¢ ®(G) by the above. Then
| £ im ®| = 2|G| = |SL2(Z/N)|, which implies that £im ® = SLy(Z/N).
Hence, —1 = [i ((1] _01)]2 € im @, a contradiction.

Thus, im & = SLy(Z/N). Since a Z-basis of E;[N] is given by f10° 0" the
diagram of the statement is commutative. ]

1.4. Function fields over Q

By the above, we get the field extensions

C() c C(, f1) € C, x(E;[N])) € C(j, m(E;[N])) < C(),

where 7(E;[N]) C Q(j) denotes in this context the set of first and second coordi-
nates of the affine points of E;[N]. Moreover, we can also consider E; as a curve
defined over Q(j) and get the field extensions

Q@) € QU f1) € QU, =(E;[N])) € QG m(E;[N])) < Q)

Note that to prove Lemma 5.9, it suffices to prove that

Q(]v fl) m@ = Q>
since Q(j, f1) has transcendence degree 1 over Q.

Proposition 5.16.
a) The field extension Q(j, 7(E;[N]))/Q(j) is Galois.
b) All Nth roots of unity are contained in Q(j, w(E;[N))).
¢) We have QU, uv) = C(G) N QG 7(E;[N))).
d) The diagram

Gal(C(j, 7(E;[N]))/C(j)) ——= SLa(Z/N)

iw/

Gal(Q(4, 7(E5[N1))/QU, #n))

|

Gal(Q(j, (E;[N]))/Q(35))

R

o

GL2(Z/N)
commutes.

Proof.
a) This is proved as in Proposition 5.15.

b) We prove that all Nth roots of unity are contained in Q(j,7(E;[N])) so
that, even if we restricted from C to Q, we will still be able to use the ideas
of Proposition 5.15. As before, let

G = Gal(Q(un, J, 7(E;[N1))/Q(J))
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where iy € Q is a primitive Nth root of unity, and consider the represen-
tation
p: G — GLo(Z/N)

obtained as above by acting on a basis of E;[N] 2 (Z/N)?. By Equation
(5.1) (except the first equality), we have

d o
o(pun) = pietr)

for any 0 € G. Consider the intermediate field Q(j, 7(E;[N])). If 0 € G
fixes m(E;[N]) pointwise, then p(c) = £I, which implies that o(un) = pn-
Thus, py € Q(j, 7(E;[N])) and G = Gal(Q(j, 7(E;[N]))/Q(3))-

Consider now the following tower of extensions:

C(j, w(E;IN]))

C() Q(j, m(E5[NT))

//
Vs
s/

P /
// /
Q(]a.uN) //
(Z/N)* 7
Q)

Let H = Gal(Q(j, 7(E;[N]))/Q(j, un)) C G. Arguing as in the complex
case, we get a faithful representation ® : H — SLy(Z/N). But

Gal(C(j, m(E;[N]))/C(5)) (5-2)
Gal(Q(j, 7(E;[N]))/C(5) NQ(j, m(E;[N]))) € H.

On the other hand, H injects into ®(H) C SLy(Z/N), so H = SLy(Z/N)
since these are finite groups of the same size. Moreover, since Gal(Q(uyn)/Q) =
(Z/N)*, weget G/H = (Z/N)*. To conclude, note that p : G — GL2(Z/N)
is faithful. Since GL2(Z/N)/SL2(Z/N) = (Z/N)*, the groups G and
GL2(Z/N) have the same cardinality, so the representation is an isomor-
phism.

SLo(Z/N)

I

I

O
1.5. Proof of Lemma 5.9
Lemma 5.17. We have Q(j, 7(E;[N])) N Q = Q(un).
Proof. This follows directly from Proposition 5.16(c), intersecting Q(j, un) =
C(7) NQ(, m(E;[N])) with Q. O

Proposition 5.18. Let

p : Gal(Q(j, m(E;[N]))/Q(j)) — GLa2(Z/N)
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be the isomorphism of Proposition 5.16. Then an intermediate field K of
Q(j, m(E;[N]))/Q(4) is a function field over Q if and only if
det p : Gal(Q(j, 7(E5[N]))/K) — (Z/N)*
surjects.

Proof. Since K has transcendence degree 1 over Q, it is a function field if and
only if K NQ = Q. By Lemma 5.17, this rewrites as K N Q(uy) = Q. Consider
the following tower of extensions:

Q(j, 7(E;[N))
/ \
\ /Q(MN)

KNQ(un)
(Z/N)*
Q

Let G = Gal(Q(j, 7(E;[N]))/K). By Proposition 5.16, detp : G — (Z/N)*
describes the action of G on Q(uy) through the surjective morphism G —
Gal(Q(un)/K NQ(un)) < (Z/N)*. Then detp : G — (Z/N)* surjects if and
only if Gal(Q(un)/K NQ(un)) = (Z/N)*, which is equivalent to K N Q(un) =
Q. O

Proof of Lemma 5.9. According to Proposition 5.18, it suffices to determine the
image of G = Gal(Q(j, 7(E£;[N]))/Q(J, f1)) by p. By Proposition 5.16, o € G acts
on fYas of’ = f?, so we find that

p(G) = {2 (§}) sa € (Z/N)".be Z/N}.

Thus, the surjectivity of detp : G — (Z/N)* is clear. O

1.6. Proof of Lemma 5.10

Proof of Lemma 5.10. Let pc (resp. pg) be the minimal polynomial of f; €
Q(y)[X] over C(i) (resp. Q(i)). Certainly, pc divides pg and the two polyno-
mials are monic, so it suffices to prove that their degree are equal to obtain that
they are equal. The degree of p¢ is equal to

o GaCGA(EN))/CE)  |SLa(Z/N)]
|Gal(CG 11)/CON| = [Gai(@. (B, IND)/EG, )] — TE T (V) /ECV)]

On the other hand,

deg(pg) — | GAQUTUEIND/QU) | GLa(@/N)
= Gal(@U, = (B5IND)/QG, N~ T£{(87) € GLa(Z/N)}|
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C(j, m(E;[N1)) Q7 m(E;[NT))

£ (N)/T(N)

sLaz/N) - C(j, 1) = COH)IX]/(pc) QUL 1) = QG)IX]/(pe) | CL2Z/N)

C@) Q@)

Now, note that:

— [+ T(N)/T(N)| = | £{(}%) € SLa(Z/N)}| = 2N if N > 2, and N if
N =1,2.

— | £{(&}%) € GL2(Z/N)}| = 2¢(N)N if N > 2 and ¢(N)N if N =1,2.
— | GL2(Z/N)| = ¢(N)| SL2(Z/N)|.

Thus, we can conclude that the degrees agree as needed. ]

1.7. Planar models
Recall from Section 2.4 that we have a planar model for X1 (V). given by
Xi(N)P = {(j,2) € T 2 pu(j,2) = 0}

for p; the minimal polynomial of f; over C(j), with a birational map (7, f1) :
X1(N)ag — X1(N)Planar - By Theorem 5.1 and its proof, we have p1 € Q(5)[X]
and we obtain a corresponding planar model

Xi(N)R™ = {(j,2) € Q" : pa(j, ) = 0}

of X1(N)g with the birational map (4, f1) : X1(N)g — XI(N)ganar.

1.8. Example

Let us illustrate the content of the previous section with the case N = 1. We have
Xi1(1) = X(1) = SLg(Z)\H*. The j-invariant j : H — C gives an isomorphism
X (1) 2 PY(C). Then, by the results above:

— The algebraic modular curve X (1), is P!(C) as an algebraic curve.
— The function field of X (1) is C(j).

— The rational algebraic modular curve is X (1)g = P!(Q) with function field
Q@)

We will complete this example later.

2. The Jacobians are defined over Q

Lemma 5.19. For all N > 1, we have X;(N)g(Q) # @.

Proof. First, note that the planar model shows that the cusp 0 belongs to X1(N)g(Q).

We prove by induction on N that it belongs to X;(NV)g(Q). If N =1, the as-
sertion is clear by Section 5.1.8. Let us suppose that the assertions holds for
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some N and let p be a prime. From Section 2.3, we can compute that the
projection m : X1(Np) — X1(N) has degree p or p + 1, which is equal to the
degree of the algebraic map 7 : X;(Np)g — X1(IN)g, which is defined over
Q. If P € X1(Np)g is the point corresponding to the cusp 0, then Section 2.3
also shows that 7w has ramification degree p at P. Let us consider the pullback
7 : Div(X1(N)) — Div(X1(Np)). We have 7*(w(P)) = p(P) or p(P) + (Q) for
some @ € X1(N)alg, @ # P. By hypothesis
o(m*(n(P))) = m*(w(0(P))) = 7" (w(P))
which implies that o(P) = P, for all 0 € Gal(Q/Q). Hence, P € X1(N)g(Q). O

Theorem 5.20. The Jacobian variety Jac(X1(N)) can be defined over Q: there
exists an abelian variety Jac(X1(N))g defined over Q such that Jac(X1(N))g =
Jac(X1(N)) as complex abelian varieties. The same result holds true for Jac(Xo(N)).

Proof. By Proposition 1.73 and Lemma 5.19, we have
Jac(X1(N)) = Jac(X1(V)alg) = Jac(X1(N)g)
as complex abelian varieties. By the work of Weil and Chow (Theorem 1.70),

Jac(X1(N)g) is an abelian variety defined over Q. O

By construction, we have the following containments:

Jac(X1(N)g) C Jac(X1(N))

E E
Pic’(X1(N)g) C Pic’(X1(N)) (5.3)

! f

Div'(X1(N)g) C Div'(X1(N)).

3. The Hecke operators are defined over QQ

Recall that the Hecke algebra Tz acts on Div(X;(N)), so that it also acts on
Div(X1(N)alg)-
Proposition 5.21. For o € Ty, the homomorphism

o DiV(Xl (N) alg) — DiV(Xl (N) alg)

(co)restricts to a homomorphism on Div(X1(N)g).

Proof.

— For (d), note that the map Div(X1(N)ag) — Div(X1(N)ale) is induced by
the morphism (d) : X1(N)ag = X1(V)alg. Since the j-invariant is SLo(Z)-
invariant, the corresponding morphism of function fields is

C(jvfl) — C(]?fl)
jrd o fie fOU

To obtain the result, it suffices to prove that f®9" € Q(j, f1). We proved
that Gal(Q(j, 7(E;[N]))/Q(4, f1)) corresponds to the subgroup

H={£(g%):ae(Z/N)*,beZ/N}
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in Gal(Q(j, 7(E5[N1))/Q(j, f1)) = GL2(Z/N). Since vfO4" = 040" =
FOD for any v € H , it follows that f©9" € Q(j, f1) as wanted.

— For T}, the proof is a bit harder since the map on divisors groups is not
directly induced by a morphism on X;(N), as above. However, we can
show that there exists a congruence subgroup I' of SLy(Z) such that T}, is
given by a composition

. (p1)s . 3 .
Div(X;(V)) —= Div(X(T")) —= Div(X1(N)),
where ¢1 @ X1(V) — X(I') and ¢3 : X(I') — X1(N) are morphism (see
[DI95, 8.3] or [DS06, Ex. 7.9.3] for the details). As above, it is relatively

easy to show that X (I") and 1, p2 can be defined over Q, giving the result.
The result for T;, (n > 1 an integer) is deduced as in the proof of Proposition

3.41.
O
Corollary 5.22. For o € 1y, the morphism
a:Jac(X1(N)) — Jac(X1(V))
(co)restricts to a morphism o : Jac(X1(N))g — Jac(X1(N))g defined over Q.
Proof. By Proposition 5.21 and Diagram (5.3), the diagram
Jac(X1(N)) —%— Jac(X1(N))
Pic?(X1 (V) —— Pic(X1(N))
PIO(X (M) — Pie(Kr(N)o)
Jac(X1(N))g —— Jac(X1(N))g
commutes, giving the result. O

4. The abelian variety associated to a newform is defined over Q

We can finally prove the following;:

Theorem 5.23. Let f € So(I'1(N))"" be a newform. Then, the abelian variety
Ay associated to f can be defined over Q, i.e. there exists an abelian variety
(Af)q defined over Q such that (Af)g = Ay as complex abelian varieties.

Proof. Recall that
Ay = Jac(X1(N))/If Jac(X1(N)),
for Iy an ideal in T7. But:
— Jac(X1(N)) can be defined over Q by Theorem 5.20.

— By Corollary 5.22, (Qf)g = I Jac(X1(N))q is a subvariety of Jac(X;(N))q,
defined over Q. Moreover, (Qf)g = IyJac(Xi(/V)) as complex abelian
varieties.



Chapter 5. Definition over Q 74

Hence, the quotient (Ay)g = Jac(X1(N))g/(Qf)g is an abelian variety defined
over Q (see Remark 1.58). From the universal property of the quotient (Proposi-
tion 1.56), we have Ay = (A)g as complex abelian varieties.

O]

5. Moduli spaces algebraically

Let us now consider S1(N)q, the “rational” moduli space, i.e. the moduli space of
enhanced elliptic curves defined over Q, defined as in Definition 2.24. Note that
we can see S1(N)qg as a subset of Sj(N): if E, E’ are two elliptic curves defined
over Q, then E = E’ over C if and only if j(E) = j(E’), which holds if and only
if E = E' over Q, since j(E),j(E") € Q.

Ezample 5.24. In the example from Section 5.1.8, we considered the curve X;(1) =

X (1). Note that S;(1) 2 C and S1(1)g = 5 1(Q).

5.1. Hecke operators

Proposition 5.25. The operator T, on Div(S1(N)) induces an operator
Ty : Div(S1(N)g) — Div(S1(N)q).

Proof. By Proposition 3.27, T}, on Div(S1(XN)) is given by

T,IE,Q =) [E/C,[Qlc],

c

where the sum is over all subgroups C' C E of order p such that C' N (Q) = 0.
Suppose that E is defined over Q and Q € E(Q). Since E[p] = (Z/p)? = E(C)][p],
it follows that the set of subgroups of order p of E(C) is equal to the set of
subgroups of order p of E. By [Sil09, I11.4.12] (or Remark 1.58), we have that
[E/C,[Q]c] € S1(N)g for all subgroups C of order p in E. O

5.2. The map S;(N) — X;(N) algebraically and over Q

Recall that S1(N) identifies with Y1(N) C X1(N) = X1(N)ag. First, we give a
more explicit form for the map S;(IN) — Xi(INV)alg using the planar model of the
modular curve:

Lemma 5.26. The composition S1(N) — X1(N)ay — X1(N)P" js defined on
S1(N) ={[F,Q] € S1(N) : j(E) # 0,1728} and is given by

[E, Q) = (i(E), 2(Q)),

where x(Q) € C is the first coordinate of Q € E(C).

Proof. The rational map of the statement is given by

[C/A:, [1/N]] = [2] = (5(2), f1(2))-

If j(z) # 0,1728, we have that C/A, = Ej.y and f1(2) is the first coordinate of
[1/N] € C/A.. O
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Example 5.27. Continuing Example 5.24, we get that the map S1(1) = X1 (1)alg
is given by [E] — j(E).

The map S1(N) — X1(V)ayg restricts to a map S1(N)g — X1(N)ag. We note
that the image has rational points, allowing us to obtain a version of Diagram
(3.5) over Q:

Proposition 5.28. The map S1(N)g — X1(IN)qy corestricts to a map S1(N)g —
X1(N)qg, and gives a commutative diagram for any prime p

Div(S1(N)g) — 2~ Div(51(N)g)

i i

Div(X1(N)g) N Div(X1(N)g),

which induces a commutative diagram

Div?(S1(N)g) T, Div?(S1(N)g)

L

Pic’(X1(N)g) — > Pic®(X1(N)g).

Lemma 5.29. Let f : X — Y be a surjective morphism of curves defined over
Q inducing a morphism fc : Xc — Yc of complex curves. Then fo'(Yc(Q)) C

Xc(Q).

Proof. Let y € Ye(Q) and z € fo'(y). If o € Autg(C), we see that

y=o(y) =o(fc(z)) = felo(z)),
and thus o(z) € f& 1(y), which implies that z has finitely many conjugates with
respect to Aut@((C). Thus, there exists a polynomial ¢ € cAutg(©) [X] such that
¢(z) = 0. The extension C/Q is transcendental, but transcendental Galois theory

still gives cAvg©) = Q (see [Mill4, Theorem 9.29]). Hence, x is algebraic over
Q, so that x € X¢(Q) as stated. O

Proof of Proposition 5.28. The surjective morphism
XI(N) — Xl(l)

induces morphisms Xi(N)ajg = X1(1)ag and X;(N)g(C) — X1(1)g which are
compatible with the isomorphisms X (-)g = Xi(:)alg of complex curves. Consider
the commutative diagram

S1 (N)alg - Sl(l)alg

l l

X1(N)alg — X1(1)atg-

According to Example 5.27, the composition S1(N)alg = S1(1)alg = X1(1)alg is
given by [E,Q] + j(E). If E is an elliptic curve over Q, we have that j(FE) € Q,
whence the image of [E, Q]g lies in X1(1)g = P1(Q). By Lemma 5.29 applied to
the morphism X1 (N )ag = X1(1)alg, it follows that the image of S1(N)g through
the map S1(NV)alg — X1(V)alg lies in X (N)g as wanted. O



CHAPTER 6

Reductions and the Eichler-Shimura relation

Let us fix an integer N > 1. In what follows, we will denote by X;(N) the
modular curve associated to I';(IV), seen as an algebraic curve defined over Q (i.e.
Xi(N)qg), for i =0, 1. The goal of this section will be to study the following result,
relating the reduction of the Hecke operator T, on Pic’(Xo(N)) to the Frobenius
morphism:

Theorem (Igusa, Eichler-Shimura). For every prime p t N, the modular curve
Xo(N) has good reduction modulo p and we have the Eichler-Shimura relation,
the commutative diagram

Tp

Div? (X (N)) Div?(Xo(N))
Pic® (Xo(N),) ~ 27 picd (X (W), ).

This will be the key to proving the relationship between a newform and its asso-
ciated abelian variety through their L-functions.

The heart of the proof is a result of Igusa (in the classical setting), Katz-Mazur and
Deligne-Rapoport, which asserts the existence of a solution to a moduli problem
generalizing the moduli space S;(IN). As a consequence of this, the modular curve
Y;(N) admits a model such that reduction modulo a prime p is compatible with
“reducing the moduli space” modulo p. The Eichler-Shimura relation is then
proved in the moduli space, and finally transferred back in the setting of the
modular curve.

The main references for this chapter are [DS06, Ch. 8], [Shi71l, Ch. 6-7] and
[DI95, I1.8-10]. For the theory of reduction of curves and varieties, we refer to
[Liu06, Chapter 10]. Note that in [Shi71], Shimura proves the Eichler-Shimura
relation by means of the theory of complex multiplication. The simpler proof
described above was given in [Shi58].

1. Generalized moduli spaces and Igusa’s theorem

1.1. Generalized moduli spaces

Let us define a moduli problem generalizing the moduli space S;(N) defined in
Chapter 2.

DEFINITION 6.1. A family of elliptic curves over a scheme S is a smooth proper
group scheme &£ over S whose geometric fibers! are elliptic curves.

Example 6.2. A complex elliptic curve can be given the structure of a smooth
proper group scheme over C (as a closed subscheme of }P’?C), and be viewed as a

'Tf s € 9, recall that the geometric fiber of £ at s is € x s k(s), for k(s) the residue field of .S
at s.

76
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family of elliptic curves over C. A more interesting example is that an elliptic
curve defined over Q with good reduction at all primes except pi,...,p, can
be given the structure of a family of elliptic curves over Z[1/(p; - --pr)]. More
generally, the Néron model (see Section 1.8) of an elliptic curve E defined over
Q can be seen as the best smooth group scheme over Z extending E (but whose
fibers may not all be elliptic curves). See [Sil94, Chapter 4], [Liu06, Chapter 10.2]
or more globally [KM85, Chapter 2].

Ezxample 6.3. The universal elliptic curve consider in Section 5.1.3 can be seen as
a closed subscheme & of P%, for S = Spec(Z[j,j ' (j — 1728)71). If K is a field
and jo € K is not equal to 0 or 1728, then £k (obtained from the geometric point
Spec K — S given by j — jo) is an elliptic curve over K with j-invariant jo.

DEFINITION 6.4. Let £ be a family of elliptic curves over a Z[1/N]-scheme S. A
section P € £(S5) has order N if Pos has order N in £(k) for all geometric points
s: Spec(k) — S.

We define a contravariant functor F (V) from the category of schemes over Z[1/N]
to the category of sets by

— If S'is a scheme over Z[1/N], then F1 (NN )(S) is the set of isomorphism classes
of pairs (€,P), where £ is a family of elliptic curve over S and P € £(95)
has order N.

— Ifp: S — S is amorphism of Z[1/N]-schemes, then F;(N)(¢) : F1(N)(S") —
F1(N)(S) is defined by base change.

Ezxample 6.5. We have F1(N)(C) = S1(N) and F1(N)(Q) = S1(INV)g, as defined
in the previous chapters.

Ezxample 6.6. If p is a prime not dividing N, then F, is a scheme over Z[1/N]
(induced by the ring homomorphisms Z[1/N] — F,), and we define

S1(N)p = fl(N)(Fp)y
the “reduction” of the moduli space S1(N).

Example 6.7. Let p be an ideal of Z, the ring of algebraic integers in Q, above the
rational prime p. If p N, consider the localization Zp of Z at p. We have a ring
homomorphism Z[1/N] — Z,, which shows that S = SpecZ, is a scheme over
Z[1/N]. The spectrum of Z, has two elements: p and the zero ideal. A family of
elliptic curves over S corresponds to an enhanced elliptic curve over Q with good
reduction at p. We define

Sl(N)p—good =F1 (N)(ZP)

The reduction map - - _ _
Myt Ly = Ly/p = L/p =

gives a morphism of schemes SpecF, — S, which induces by functoriality a map
S1(N)p—good = S1(N)p-

Elementarily, this map sends [E, Q] to [mp(E), m(Q)] if E is an elliptic curve
defined over Q with good reduction at p and @ € E(Q) a point of order N.
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1.2. Igusa’s theorem

The important result we announced in the introduction is the following, which
asserts the existence of a solution to the moduli problem set above, and thus
giving a model for Y;(N), which is compatible with the moduli spaces.

Theorem 6.8 (Igusa ([Igu59]), Katz-Mazur ([KM85]), Deligne-Rapoport). There
exists a smooth scheme Y1(N) of relative dimension one over Z[1/N| which rep-
resents the functor Fi(N): for any scheme S over Z[1/N], there is a bijection
functorial in S

Ni(N)(S) = FL(N)(S).

Moreover, Y1(N) has irreducible geometric fibers.

Corollary 6.9. A model for Y1(N) over Z[1/N] is given by Y1(N). The modular
curve Y1(N) has good reduction modulo p for all primes p{ N.

Proof. By considering the scheme S = Q, we find that Y;(N)(Q) = S1(N)g by
Example 6.5. This induces an isomorphism ) (N)(Q) 2 Y;(N), so that Yy (N) is
a model for the modular curve Y;(N). Since the prime ideals of Z[1/N] correspond
to the primes not dividing N, it follows that Y;(/N) has good reduction modulo

any prime not dividing N. O

Remark 6.10. By taking S = Y (V) itself in Theorem 6.8, we get that F1(N)(V1(N))
is reduced to an element, say (Euniv, Puniv). Hence, if (£,P) € Fi(N)(T) for T a
scheme over Z[1/N], Theorem 6.8 implies that (£, P) is obtained from (Eyniv, Puniv)
by a unique base-change T'— Y1 (N), by functoriality.

The particular case we will be interested in is the following:

Corollary 6.11. The morphism of schemes Spech — Specz3 induces a com-
mutative diagram

S1 (N)p—good - YI(N) (@)

T

SI(N)p YI(N)p(Fp)-

Proof. Follows immediately from the functoriality in Theorem 6.8 and Corollary
6.9, with S = Spec Zj, respectively S = SpeclF,,. O

In other words, reducing the modular curve is compatible with reducing the moduli
space.

Results for X;(N) By the work of Deligne and Rapoport, similar results can
be obtained for X (V), considering moduli spaces of enhanced generalized elliptic
curves to interpret the cusps. The reader can refer to [DI95, 11.9.2] for the details.

Results for I'o(N) Similar constructions can be made with I'g(N), but this is
more delicate, and it yields a slightly weaker result; see [DI95, I1.8]. In what
follows, we will only consider I'1 (N) for simplicity, obtaining an Eichler-Shimura
relation for X;(NV), while keeping in mind that all the results generalize to I'o(V).
Moreover, we will note that the relation we obtain for X;(/N) is more general in
some sense.
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2. The Eichler-Shimura relation in the moduli space

As sketched in the introduction of this chapter, we now prove an analogue of
the Eichler-Shimura relation in the context of the moduli space S1(N). Using
Diagram (6.1), which shows the compatibility of the reduction of the modular
curve and the moduli space, we will be able to transfer this in the context of the
modular curve.

2.1. Reduction of the moduli space

In what follows, we fix a prime number p{ N and a prime ideal p of Z above p.

In the previous section, we defined the reduced moduli space S1(N),, the subset
S1(IV)p—good C S1(IN), and the reduction map

S1(N)p—good = S1(N),-

Note that the latter is surjective since the reduction map E[N| — E,[N] is sur-
jective? for all elliptic curves E over Q with good reduction at p.

The moduli-space analogue of the Eichler-Shimura relation will be to obtain a
commutative diagram

T,
DiV(Sl (N)p—good) — DiV(Sl (N)p—good)

| l

Div(S1(N)p) — — — = = Div(S1(N),)

where the dotted map is to be determined.

2.2. Hecke operators on the reduced space

Recall that by Propositions 3.27 and 3.25, the action of Hecke operators on the
moduli space can be described quite easily:

— T, : Div(S1(N)) — Div(S1(N)) is given by
E, Q) ZCJ[E/Q [Qlel,
where C' sums on all subgroups of order p of F with C' N (Q) = 0.
— (d) : Div(S1(N)) — Div(S1(N)) is given by
[E,Q) = [E, [dQ].

In this paragraph, we compute reductions of these operators in the reduced moduli
space S1(N)p.

2By [Sil09, VIL.3.1(b)], the map E[N] — E,[N] is injective. Since p { N, we have that
E[N] = Z/N = E,[N], so that the map is bijective.
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The Diamond operators on S1(N),
Proposition 6.12. There is a commutative diagram

. (d) .
Div(S; (N)p—good) — Div’(S; (N)p—good)

l |

Div0 (S (N),) — 2% DivO(S1(N),),

where the map (d)p : S1(N)p = S1(N), is given by (d),[E, Q] = [E, [d]Q)].

Proof. Follows directly from Proposition 3.25. O

The T}, operators on S;(N), Then, we obtain an closed expression for T}, on the
reduced moduli space S;(NN),. This is the main part of the proof.

Proposition 6.13. If Q is a point of order N of an elliptic curve E defined over
Q with good reduction at p, then

> UE/C)p, QL] = (05 + p(p)poy ) [ B, Qpls

C

where o, is the Frobenius morphism, and the sum is over all subgroups C' of order
p in E such that C N{(Q) = 0.

Proof. For C' a subgroup of E of order p, let us consider the isogeny f : E — E/C
and the dual isogeny f : E/C — C, such that fo f = [p| € End(E/C) and
fof=][p] € End(E). By [Sil09, VIL7.2], it follows that E/C has good reduction
at p. By [Sil09, I1.2.12], recall that f, : B, — (E/C), factors as

o sep

fo=FfpPoay: Ey —> 05(Ey) —— (E/C),

with f,"” a separable morphism of degree degg.,(fp) and deg;,(f,) = p°. Sim-
ilarly, we have fp = A;ep o O'IJ: , Where f;ep is a separable morphism of degree
deggep (fp) and degy,s(fp) = pf. The degree of an isogeny is preserved under

reduction?, so that

deg f, = deg f, = deg f = p and deg([p],) = deg[p] = p*.

We distinguish two cases:

— Suppose that E has ordinary reduction at p, so that Ep[p] = Z/p, the kernel
of the map [p| : E, — E,. Hence,

deggep ([Ply € End(Ey)) = |ker[ply| = |Ep[p]| = p,

so deg; ¢([ply € End(E,)) = p as well, since the total degree is equal to
the product of the separable and the inseparable degree. Since ordinary/-
supersingular reduction is preserved under isogeny, it similarly follows that
(E/C)ylp) = Z/p, so that

degsep([p]P S End((E/C)P)) = degins([p] € End((E/C)P)) =P

3Indeed, the reduction End(E) — End(FE,) preserves dual isogenies (this is clear from the
construction of the dual isogeny by pushforwards on Picard groups, cf. [Sil09, IIL.6]), so that
multiplication by deg f is equal to multiplication by deg fy, on E,, for all f € End(E). We
conclude using that Z — End(E,) is an injective homomorphism ([Sil09, I11.4.2]).
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Since separable and inseparable degrees are multiplicative, two cases can
arise:

‘ degsep(fp) degsep(fp) degins(fp) degins(fp)
Case 1 1 P P 1
Case 2 D 1 1 D

In the first case, we get f, = i o oy, where i : 0,(E,) — (E/C), is an
isomorphism such that i(0,(Qy)) = [@]p. Thus,

[(E/C)p, [Qlp] = [0p(Ep), 0p(@p)] = 0p[Ey, Q-

In the second case, we similarly get f, = ioo,, where i : op((E/C)p) — Ey is
an isomorphism such that i(o,([Q]p)) = (fp o fp)(Q) = [p|Q. The Frobenius
morphism is an isomorphism, so that

[(B/C)y. [Qlp] = o, " (Ep), 0, ([P1@p)] = (0)p0y ' [ B, Qp-

— Suppose now that E has supersingular reduction at p, i.e. Ey[p] = 0. Thus,
degsep([p]P € End(EP)) =1, degins([p]li' € End(EP)) = p27 degsep([p]P S
End((E/C)p)) = 1 and deg;,([pl, € End((E/C)y)) = p. It follows that

degsep(fp) = degsep(fp) =1 and degins(fp) = degins(fp) =P Hencev
fp =1100, and fp:igoap

where i1 : 0,(Ey) = (E/C)p and is : 0,((E/C)y) — E, are isomorphisms,
which implies as before that

[(E/C)y, [Qlp] = (P)po, ' [Ep, Qpl = 0p[Ep, Qp).

Now, note that the sum in the statement is in fact on all subgroups of order p of
E, since @ has order N and pt N. Since any subgroup of order p is contained in
Elp] = Z/p x Z/p, there exist (p?> —1)/(p — 1) = p + 1 such subgroups. Thus, it
suffices to prove that the Case 1 above occurs for exactly one such subgroup to
get that

> E/C) [Ql] = (0p + p(p)poy, Ep, Q).

C
Suppose again that E has ordinary reduction at p and let Cy be the kernel of
the map E[p] — E,[p]. This map is surjective?, so that Cp has order p?/p = p.
Let C be a subgroup of E of order p. Similarly, the kernel C{, of the reduction
(E/C)[p] = (E/C)plp] has order p.

— If C = Cy, then ker f, = (E/C)plp], so that degsep(fp) = | ker f,| = p, and
Case 1 holds. These assertions are proved as followAs: since f o f = [p], we
have that ker f C (E/C)[p] and similarly that ker f, C (E/C)y[p]. On the
other hand, f((E/C)[p]) C ker f = C for the same reason, implying that
Ff((E/C)[p]) has order 1 or p. We have

FUE/C)p) = (B/C)lp]/(ker f N (E/C)[p]) = (E/C)lp]/ ker [,

“When have seen in note 2 on page 79 that this result holds true for E[N] — E,[N] when
p1 N. For E[p] — Eu[p], this result quoted in [DS06, Proposition 8.4.4], but without proof nor
further reference. This is probably true for abelian varieties as well, but we have not found a
reference about that so far.
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which implies that f((E/C)[p]) has order p? or p. Hence, f((E/C)[p]) = C
since we then have an inclusion of groups of the same order. In other words,
the right-outer composition of the commutative diagram

(E/C)p] = By

| .
(E/C)ylp] = Ey[p]
is zero by the definition of C' = Cj. Since the right vertical map is surjective,

it follows that (E/C),[p] C ker f, as wanted.

— If C # Cy, then Case 2 holds. Indeed, let us consider the image f(Cp).
Since C' # Cj, we have C' N Cy = 0, thus f(Cp) = Cy. On one hand, we see
as before that f(Cp) C ker f, so f(Co) = ker f since both groups have order
p. On the other hand, since the diagram

Elp) — - (B/0)

|

Eylp] —2 (B/C)ylp)

commutes, it follows that f(Cp) C Cg, so f(Co) = Cf again because both
groups have order p. Hence, C, = ker f. The previous argument with E

(resp. C, f) replaced by E/C (resp. CY, f) shows that p = degsep(fp) =
deggep (fp), so that the second case holds.

This analysis concludes the argument. O

In other words, Proposition 6.13 shows that we have a commutative diagram

Ty

Sl (N)pfgood

|

Sl(N)p

DiV(Sl (N)pfgood)

|

Div(S1(N),)

UP+P<p>p‘7171

which restricts and corestricts to a commutative diagram

Ty

Div®(S1(N)p—good)

i

Div?(S1(N),)

DiVO(Sl (N)p—good)
l (6.2)
Div’(S1(N)y)

UP+P<P>II‘7;1

This computation of T}, on the reduced moduli space is the equivalent in the
moduli space of the Eichler-Shimura relation.

3. The reduced modular curve and the reduced moduli space

As explained, the goal is now to transfer Diagram (6.2) back to modular curves.
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3.1. Planar models and Igusa’s theorem

Since continuing to study the modern approach sketched in Section 6.1 would be
too long for us (see [DI95, I1.7-10] for a survey), we return to the classical setting
developed by Igusa in [Igu59] and exposed in [DS06]. In particular, we give the
classical formulation of Theorem 6.8.

Reduction of the planar model In what follows, let us continue to denote
X1(N)g by X1(NNV). Recall the planar model of X;(N) given by

Xy (NP2 = {(j,2) € Q7 : pi(j, @) = 0},

where p; € Q[j, X] is obtained from the minimal polynomial of f; € Q(j). We
saw in the previous chapter that f; is equal to the first coordinate of the point
Qo = [2/N]a, € E;[N], where E; is the “universal” elliptic curve, defined over

Q).

Consider the reduction X (N )Elanar defined by the polynomial 7,(p1), where m, :
Q@) — Fp is the projection. Note that the universal elliptic curve Ej; can also

be seen as a curve over F,(j). As in characteristic zero, we can consider the
first coordinate (f1), € Fp(j) of the point Qo € E;[N](F,(j)). Then, m,(p1) is
also equal to the polynomial in F,[j, X| obtained from the minimal polynomial of

(f1)p-

Igusa’s theorem The version of Theorem 6.8 shown by Igusa is the following (see
[Tgu59, Theorem 1]°):

Theorem 6.14. The field F,(j, (f1)p) is a function field and there exists a model
of X1(IN) whose reduction X1(N), at p has function field Fy(j,(f1)p). In other
words, there are birational maps X,(N)Pmer — X\ (N) and X;(N)E""" —
X1(N)p such that the diagram

Xl (N)planar Xl (N)

| |

)(1 (N)glanar . Xl (N)p

commutes where it is defined.

Compatibility with the moduli space Let us see how Theorem 6.14 also gives a
compatibility of reductions between the curve and the moduli space. By Lemma

5.26, the map Sl(N);J—good — X (N)Panar is given by [E, Q] — (§(E), z(Q)). If
we let S1(INV),, be the image of S1(N);_,0q by the map S1(N)p—good — S1(IN)p,

there is similarly a map S1(N), — X1(N)5™™ given by [E,Q] — (j(E),z(Q))

5The introduction of [Igub9] summarizes particularly well the contents of the article: “We
shall construct a non-singular projective model of the field of modular functions of level N in
characteristic zero over the field of rational numbers such that its reduction with respect to every
prime number p{ N is a non-singular projective model of the field of modular functions of level
N in characteristic p over the prime field.”.
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such that
Sl (N);J—good — X (N)planar

| |

Sl (N); . Xl (N)glanar

commutes, and the vertical maps are surjective. If we again denote by S1 (N );_ g00d

(resp. S1(IV);,) the subset of S1(N);_,0q (resp. S1(N);,) of finite complement

needed to have a well-defined composition S1(N), 400 = Xy (N)Planar s X (N)

(resp. Si(N);, — X (N)BE™ X (N),), we obtain a commutative diagram

1N, gooa — X1 (V)P ——= X, (N)

S

S1(N)) ——— X1 (N)P™™ —— X1 (N),,

analogous to (6.1). The maps in the Diagram (6.3) restrict and corestrict to
induce a commutative diagram

Div?(S1(N);_go0q) — Pic’(X1(N))

| |

Div?(51(N)},) — Pic’ (X1 (N),).

Proposition 6.15. The two compositions from the top-left to the bottom-right in
Diagram (6.4) are surjective.

Lemma 6.16. Let C be a nonsingular projective curve and S C C a finite subset.
Then the map

{D e Div’(C): D(P) =0 if P € S} — Pic’(C)
18 surjective.

Proof. See [DS06, Proposition 7.3.1]. O

Proof of Proposition 6.15.

— The reduction map S1(N),_g50q — S1(N);, is surjective, so the same holds

for the induced map Div®(S; (N)p—good) = DivO(Sl(N);).

— The map S1(N) — Xi1(N) is surjective up to finitely many points in the
image (the cusps). Since Xi(N) is birationally equivalent to X7 (N )Planar,
the same holds true for the map S|(N) — X;(N)Planar By (6.3) and the
surjectivity of the vertical maps, the map S1(N);, — X1(V), is also surjec-
tive up to finitely many points. By the Lemma, the map DivO(Sl(N);) —
Pic?(X1(N),) is surjective, so that the composition

Div?(S1(N)p_good) — DivP(S1(N);) — Pic®(X1(N),)

is surjective as well.
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3.2. Operators on the reduced modular curve and on the reduced moduli
space

Igusa’s theorem shows that there is a model for the modular curve such that
reducing the latter is compatible with reducing the moduli space. Furthermore,
we show how operators on the reduced moduli space correspond to operators on
the reduced modular curve.

Proposition 6.17. The diagrams

—1

Div(S1(N),) — 2> Div(S1(N)}) Div(S51(N),) —2> Div(S1(N),)
Div(X1(N),) 75 Div(X1(N),)  Div(X1(N),) 2 Div(xy(V),)

commute, where oy, : Div(S1(N)p) — Div(S1(N)p) is given by [E, Q] — [op(E), 0p(Q)].

Proof. First, note that the same diagrams with X;(N)E™™ instead of X;(N),
commute. Indeed, recall that the map S1(N);,, — X1 (N )planar s oiven by [E, Q] —
(J(E),z(Q)); if [E,Q] € S1(N),, we have

op([E,Ql) = [0p(E),0p(Q)] = (j

<
—
N
&
=

8
. N
s
QO
~—
Nt

and®

po, ([B,Q) = ploy ' (B), 0, (@Q)] = pi(o, ' (E)), 0, (@)
= (o, '(§(E)), 0, (2(Q))) = (o) ((E), 2(Q))-

We can then conclude by using the fact that the diagram

DiV(Xl (N)glanar) (op)x DiV(Xl (N)glanar)

b

Div(X;(N),) — = Div(X1(N),)

commutes where defined by the properties of the Frobenius morphism, where the

vertical maps are induced by the birational equivalence between X1 (N5 and

X1(N)p, and similarly for o} O

4. The Eichler-Shimura relation

We can finally prove the Eichler-Shimura relation for the modular curve.

4.1. Reduction of the Hecke operators

By Igusa’s theorem, the modular curve Xj (V) reduces modulo p for any prime
pIN.

5Recall that the Frobenius is purely inseparable of degree p, see [Sil09, I1.2.11].
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Consider the Jacobian variety Pic®(X;(N)) (see Section 1.7) and its Néron model
P for it (see Section 1.8). By the universal property of Néron models, the mor-
phism 7}, on Pic’(X;(N)) extends to a morphism on P. For all but finitely many
primes ¢, the Jacobian variety has good reduction mod ¢ (i.e. the fiber P, is an
abelian variety) and 7T}, reduces to a morphism on Pic?(Xo(N)), := A,.

By [BLR90, Theorem 9.5.1] (see also [DI95, 11.10.1-2]), we have Pic(X1(N)), =
Pic?(X1(N),), so that there is good reduction at p when p { N by Theorem 6.8,
and we obtain a commutative diagram

Tp

Pic?(X1(N)) Pic®(X1(N))
l l (6.5)
. 0 (Tp)p )
Pic’(X1(N)p) Pic’(X1(N)p).

The same holds true for the diamond operators (d).

4.2. Pushforward of the map o, +p<p>pazjl

The last step before being able to transfer Diagram (6.2) from the moduli space to
the modular curve is to transfer the map o, + p(p>polj ! from the reduced moduli
space to the reduced modular curve, via the map S1(N);, — X1(N)p.

Lemma 6.18. We have a commutative diagram

Div?(S1(N)}) U Div?(S1(N)})

i !

DivO(X, (V),) ~ 2% DivO(X1(N),).

Proof. Consider the diagram

Pic?(X; (N)) “@ Pic?(X; (N))

_— —

DivO(Sy (NY, . ) @ DROSINY . )

p—good p—good
Pic (X, (V),) — 2" PicO(X1(N),).
Div?(S1(N),) r Div(S1(N)})

where

— The top face commutes by definition of the Hecke operators on the moduli
space.

The sides are the commutative diagram (6.4).

The front face is the commutative diagram of Proposition 6.12.
— The back face commutes by the analogue of (6.5) for (d).

Since the map DivO(Sl(N);_good) — Div?(51(N)}) is surjective, we get that the

bottom side commutes as well. O
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Proposition 6.19. The diagram

op+p(p)poy

DivO(S1(N))) Div(S1(N)y)

l i (6.6)

PIcl(X, (V),) I pict (X, (V),)

commutes, the vertical maps being those of Theorem 6.8.

Proof. Follows directly from Propositions 6.17 and Lemma 6.18. O

4.3. Transfer to the modular curve

Putting the previous sections together, we finally get the following vertically-
symmetric cube-shaped diagram:

Pic’ (X1 (N)) Pic) (X1 (N))

/ /

Div®(S1(N)’ ) l Div0(S1(N))_00a)

p—good

Div?(S1(N),)

— The two sides are the commutative diagram (6.4): the compatibility of the
reduction of moduli spaces and modular curves.

— The top face is the commutative diagram (5.4): the compatibility of T}, on
modular curves and moduli spaces.

— The front face is the commutative diagram (6.2): the reduction of 7}, on the
moduli space.

— The bottom face with (o )«+((p)p)«(0p)* is the commutative diagram (6.6):
the transfer of the map o, + p(p)po,* on Div?(S1(N)}) to Pic’(X1(N)p).

— The back face with (7},), is the commutative diagram (6.5): the reduction
of T),.

Moreover, note that the composition

Div?(S1(N))_good) —* Pic’(X1(N)) = Pic®(X1(N),)

is surjective by Proposition 6.15.

Thus, we get that the back diagram with (o))« + (p)p(op)* is commutative by the
following general result:
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Lemma 6.20. Let

be a diagram in an additive category C, such that
1. The top, left and right faces are commutative.
2. The back face with ¢ is commutative.
3. The bottom face with v is commutative.

4. The composition A — C — D in the left-side face is surjective.

Then the back side with v is commutative.

Proof. Let us consider the map A - B — D Y D from the top-left to the
right-back-bottom of the diagram. Then:

— On one hand, since the left face commutes, it is equal to the composition

A—-C—=D £> D.
— On the other hand:

— it is equal to A — B — B — D, since the bottom face with ¢ com-
mutes;

— the previous map is equal to the composition A -+ A — B — D, since
the front face commutes;

— since the right face commutes, it is equal to the composition A — A —
C — D;

— this is equal to the composition A — C — C' — D, since the top face
commutes;

— finally, since the back face with ¢ is commutative, this is equal to
A= C—D%D.

Hence, ¢ = 1) since the composition A — C — D is surjective. O

Therefore, we finally obtain:
Proposition 6.21 (Eichler-Shimura relation). We have commutative diagrams

Tp

Pic(X1(NV)) Pic?(X1(N))

| |

PIcC (X1 (N),) I Pic (X, (V) )

and
Picd(Xo(N)) —— 2~ Pic®(Xo(N))

| |

Pic%(Xo(NV),) — 77 picd (X (),).
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Remark 6.22. The second diagram is obtained similarly, using the generalizations
to To(IV) evoked in the text. More precisely, we obtain that 7}, on Pic®(Xo(N),)
is given by (o)« + ((p)p)«(0p)* as for I' (). But we have a commutative diagram

(P)p

So(N)y

\L (P)p

XO(N)p - XO(N)p-

So(N)p

as in Lemma 6.18. By Proposition 3.26, if [E, (Q)] € S1(N)p, we have (p),[E, (Q)] =
[E, ([p]@)]. Since p t N, this implies that ([p]Q) = (@) and that (p), acts triv-
ially on So(N),. The vertical maps So(N);, — Xo(IN), are surjective up to finitely
many points, so that (p), is trivial on all but finitely many points of X;(N),. Since
a rational map between curves uniquely extends to a morphism, we get that (p),
acts trivially on Xo(N),. Hence, T, on Pic®(Xo(N),) is given by (a,)« + (0p)*.



CHAPTER 7

Equality of L-functions

In this last chapter, we finally conclude the proof of the theorem we have been
interested in (up to finitely many primes for the last point):

Theorem 7.1 (Eichler-Shimura, Carayol, Langlands, Deligne). Let f € Sa(I'o(IN))
be a newform. There exists an abelian variety Ay such that

1. Ay is defined over Q;

2. Ay has dimension [Ky : QJ;

3. Ay and f are related by their L-functions: we have

L(Afvs) = HL(fT,S),

where the product is over the complex embeddings T : Ky — C. Alterna-
tively, ap(Ag) = > ap(fr) for all primes p.

In what follows, we let f € S2(I'o(IN)) be a fixed newform. In the previous
chapters, we have constructed an abelian variety A; associated to f satisfying
the first two properties of Theorem 7.1. It remains to prove the relationship with
f through the L-functions.

Our approach combines ideas from [DS06, Chapter 8] and [Shi71, Chapter 7]. In
[DS06, Chapter 8], the proof is not explicitly given, and the method would work
only for elliptic curves.

1. Idea of the proof

The reason why the relationship between f and Ay holds true is the following:
recall the Eichler-Shimura relation, given by the commutative diagram

Picd(Xo(N)) ——2—~ Pic®(Xo(N))
. 0 l (op)«+(op)” -0 l
Pic” (Xo(N)p) ———— Pic’(Xo(N)y),

when p { N (Proposition 6.21). Using the surjective morphism Jac(Xo(N)) —
(Af)c, we will transfer the Eichler-Shimura relation to Ay, obtaining a commu-
tative diagram

Af Tp:ap(f) Af
J{ l (7.1)
op+6p
(Af)p (Af)p

for every prime p { N of good reduction for Af. In other words,
(Tp)p = 0p + 6p € End((Af)p). (7.2)

90
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Let pp : Endg((Af)p) — Maq(Qy) be the l-adic representation, for ¢ # p a prime,
after choosing a Z-basis for Ty(Ays),. From relation (7.2), we can compute the
characteristic polynomial of py,(c,) in terms of the characteristic polynomial of
pc(Ip), where pc is the representation pc : End(Af) — End(Vy). But pc(T))
with respect to a basis of Ky-conjugates of f is diagonal, with entries given by
the eigenvalues ay(f,), which gives the relationship between the L-function of Ay
and the L-functions of the conjugates of f.

When Ay is an elliptic curve (i.e. Ky = Q), this last step can be done more simply.
For elliptic curves, we have L(Af,s) = L(f,s) if and only if a,(Af) = ap(f) for
all primes p. From Diagram (7.1), we obtain a commutative diagram

ap(f)

Ay Ayg
. l (UP)*+(UP)* . J/
Pic((A)y) ~ 2 picd((4y), ).

But (op)« + (0p)* on (Ay), is equal to the multiplication by a,(Ayf). Hence, we
have a commutative diagram

ap(f)—ap(Ay)

Ay Ay
Pic((Af)p) 0 Pic’((Ay)p),

implying that ¢ = a,(f) — ap(F) does not surject on Ay. This morphism induces
a morphism ¢ : (A #)c — (Af)c. Since a morphism of curves (resp. of compact
Riemann surfaces) is either constant or surjective (see [Har77, I1.6.8] and [Mir95,
Proposition 3.11]), we have that ¥ does not surject either. By Proposition 4.10,
this implies that a,(f) = a,(Ay).

The equality at all primes results from the work of Carayol, who also proves that
when Ay is an elliptic curve, its conductor is equal to V.

2. Transferring the Eichler-Shimura relation to the abelian variety

In what follows, let p t N be a prime number of good reduction for the abelian
variety Ay. In other words, if Ay is the Néron model for Ay, then we suppose
that the fiber (Ay), = (Ay), is an abelian variety (see Section 1.8).

2.1. Transfer of analytic maps to the algebraic setting

Recall that (Ay)c is defined as a quotient of Jac(Xo(V)) by an abelian subvariety.
Let us consider the projection

a:Jac(Xo(N)) = (Af)c

as a morphism of compact Riemann surfaces. It is induced by the morphism
& : Pic?(Xo(N)) — Ay of algebraic curves defined over Q.

Proposition 7.2. The morphism & is surjective.

Proof. The morphism « is clearly surjective. By Lemma 5.29, o™ ((4)c(Q)) C
Pic?(Xo(N))c(Q), which implies that the morphism & is still surjective. O
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2.2. Reduction modulo p

As a morphism between abelian varieties, it follows from the properties of Néron
models (see Section 1.8) that & reduces mod p to induce a morphism &, :
Pic’(Xo(N),) = Pic’(Xo(N)), — (Af)p and a commutative diagram

Pic?(Xo(N)) 2 Ay

]

(67

Pic (Xo(V),) 22— (47),.

Similarly, the morphism ay(f) : Ay — Ay reduces mod p to a,(f)p, giving a
commutative diagram

Af ap(f) Af
i l (7.4)
(Af)p ap(f)p (Af)p-

2.3. Transferring the Eichler-Shimura relation to the abelian variety

Proposition 7.3. The diagram

Af ap(f) Af
l op+op l
(Ap)p ———— (Af)p

commutes, where a,(f)y is the reduction of ay(f) on (Af)p.

Proof. As in the proof of the Eichler-Shimura relation, we have a cube-shaped
diagram

Pic(Xo(N))
op+o
(Af)p :;:f_;p—_: T oo F (Af)p
/ ap(f)p /
Pic® (Xo(N),) — 27 picd(Xo(N),)

Let us note that:

— The front face commutes by the Eichler-Shimura relation (Proposition 6.21).

The side faces are commutative Diagram (7.3).

The bottom face with o}, + 6, commutes by the properties of the Frobenius.

The top face commutes by Proposition 4.12.
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— The back face with a,(f), is commutative Diagram (7.4).
— The map & is surjective by Proposition 7.2.
— The reduction map Ay — (Ay), is surjective.

By Lemma 6.20, it follows that the back face with o}, + &, commutes. O

3. Equality of L functions (up to finitely many factors)

We can finally prove that the L functions agree up to finitely many Euler factors:

Proposition 7.4. We have
L(Ag.s) = ][ L(fr,9)

up to a finite number of Euler factors, where the product is over compler em-
beddings T : Ky — C. More precisely, we have Ly(Ayf,s) =[], Ly(fr,s) for all
primes p{ N such that Ay has good reduction at p.

Proof. Let d = dim Ay and let p{ N be a prime of good reduction for Ay. Recall
that we have compatible representations

p:End(Af) — Mgd(@g)
pp End((Ay)p) —  Maa(Qy),

where ¢ # p is any prime (see Section 1.9). Moreover, we also have compatible
representations

pcC - End(Af) — End(Af((C)) — Homc(V;) = Md((C)
Pz - End(Af) — End(Af((C)) — HomZ(Af) Mgd(Z) C Mgd(C)

1

(see Section 1.4.1). We begin to note that:

1. pz is equivalent to pc + pc. Indeed, for a € End(Ay) let us denote again
pc(a) € My(C) the matrix of pc(a) with respect to any complex basis of
Vf* . Let us choose a Z-basis by, ...,byq of Ay which is a R-basis of Vf* and
denote again by pz(a) € Maq(R) the matrix of pz(a) with respect to this
basis. If we denote by B € Myx24(C) the transition matrix, we get that

pc(e)B = Bpz(a).

Hence, pc(a)B = Bpz(a), which implies that

(Beio= (5 L) 6)

To conclude, it suffices then to show that C' = (B B)! € My4(C) is invertible.
Suppose that there exist Aq,...,Asg € C such that S \b; = > \;b; = 0.
This implies >_(A\; + A)b; = 0 and > (iA\; + i\;)b; = 0, which gives \; = 0
for all i since b; is a R-basis for VJZ‘ .

2. p is equivalent to pz. Indeed, let o € End(Ay) and let n > 1. By Example
1.42, A¢(C)[€"] = Ag/€" Ay so that if we fix a Z-basis of Ay as above, we
get that the matrix of ay : A[¢"] — A[€"] in Myq(Z/¢"™) is the projection of
pz(a) € Myg(Z). Passing to the limit gives the result.
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3. pplop) and p,(6p) have the same characteristic polynomial. This follows by
point 4. of Theorem 1.76, since the degree is invariant by isogeny.

By Proposition 7.3, we have (71},), = 0, + 6, on (A¢)p, so that

(1= pp(op) X) (1 = pp(6p)X) = 1= pp((Tp)p)X + pX°
= 1-p(Ip)X +pX?.

By the three assertions above, this implies that

det(1 — pyloy) X) = det(l — pa(Ty)X +pX?)
det(1 — pe(Tp) X +pX?)?,

whence det(1 — p,(0,)X) = det(l — pc(T,) X + pX?). Let 01,...,04: Kf — C
be the complex embeddings of Ky, so that fs,,..., fs, is a basis for V. Since
Tp(fo;) = ap(fo;)fo; by Theorem 4.5, it follows that pc(T},) with respect to this
matrix is diagonal and

det(1 ~ pp(o)X) = [0~ ap(f)X +pX?), (7.5)

T

where the product is over complex embeddings 7 : Ky — C. By definition of the
local factors, this is implies that L,(Af,s) =1, Ly(fr, ). O

Remark 7.5. If Ay is an elliptic curve, then the condition on p rephrases as “p {
NNa,, where Ny, is the conductor of Ay

Corollary 7.6. We have ay(Af) = > ap(fr) for all primes p{ N such that Ay
has good reduction modulo p, where the sum is over complex embeddings 7 : Ky —

C.

Proof. Let d be the dimension of Ay. By Theorem 1.76, a,(Ay) is equal to
the coefficient of X241 in det(1 — p,(c,)X). On the other hand, it is equal to

> . ay(fr) by Equation (7.5). O

4. Equality at all primes

In Proposition 7.4, we had to exclude finitely many primes, corresponding the the
places of bad reduction for the modular curve and the abelian variety associated
to the modular form.

The equality Ly(f,s) = Ly(Ay,s) at all primes follows from the work of Carayol
[Car86]'. If Ay is an elliptic curve (i.e. [Kf: Q] = 1), then the conductor of Af
is equal to the level of the form.

These are hard theorems, which use more advanced tools and results, and we shall
therefore stop there for now.

'See the Corollaire of Théoréme(A) in Paragraph (0.8).



Perspectives

The following topics would naturally extend the discussions of this document:

Correspondences We could have viewed Hecke operators as correspondences
on modular curves. The Eichler-Shimura relation translates to an equality
between correspondences. See [DI95, I11.8.5] and [RS11, Chapter 12].

Another proof of the Eichler-Shimura relation and various generalizations:
In [Shi71], the Eichler-Shimura relation is proven using the theory of com-
plex multiplication, along with many generalizations.

Unicity of Ay We could wonder whether there exists a unique abelian variety
whose L-function agrees with that of a given newform. Faltings’ isogeny
theorem asserts that two such varieties are indeed isogenous. Thus, the
modularity theorem means that the Eichler-Shimura construction gives all
isogeny classes of rational elliptic curves.

Galois representations, and generalization of the construction By consider-
ing the Tate module of A; as we did in the last chapter, we can associate 2-
dimensional f-adic Galois representations to weight-2 modular forms. Then,
the Eichler-Shimura construction can be generalized to higher-weight modu-
lar forms by associating higher-dimensional representations. This was done
by Deligne in 1971 and a generalization for the weight 1 was done by Deligne
and Serre in 1974. An appendix by Brian Conrad in Ribet-Stein’s notes on
Serre’s conjecture (2010) gives the weight-2 version of Deligne’s proof.

Hasse-Weil conjecture for Jacobians of modular curves In [Shi7l, 7.5], the
Hasse-Weil conjecture is proved for Jacobians of some modular curves by
computing the L-functions explicitly as we did in the last chapter, through
(generalizations of) the Eichler-Shimura relation, relating them with Dirich-
let series.

Endomorphisms of Ay We have seen that the Hecke algebra acts on Ay by
morphisms, so that there is an injection Ky — Endg(Ay). We could actu-
ally have shown that this is an isomorphism. Recall that dim Ay = dim K.
By the first chapter, there is a faithful representation pc : Endg(A) —
Maim A, (C). To conclude, it would have sufficed to show that there is sim-
ilarly a faithful representation pg : Endg(Af) — Maima,(Q), since this
would show that dim Endg(Ay) = dim Mgim a,(Q).

Abelian varieties of the form Ay Ribet and Serre conjectured that an abelian
variety A over Q comes from the Eichler-Shimura construction if and only
if Endg(A) is a number field of degree dim A (see also the previous point).
This now follows from Serre’s modularity theorem (established in 2008).

Numerical examples We could consider examples of the association for mod-
ular curves of higher genera. This is done for I'y(389) (whose modular curve
has genus 32) in [RS11, Chapter 26].

Relationships between the different forms of the modularity theorem We
could have proven some of the relationships between the different formu-
lations of the modularity theorem. See [DI95, ITI1.13] and [DS06].
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— Relationship with distribution problems In [Per13], we studied the Sato-Tate
and Lang-Trotter conjectures. By the Eichler-Shimura construction and
the modularity theorem, these questions rephrase in the setting of modular
forms. We wonder whether this gives interesting ideas about these problems.

— Finally, a very interesting account of the “big picture” of the Eichler-
Shimura relation is given by Kevin Buzzard’s message in [YEB].



APPENDIX A

Numerical examples

In this appendix, we give some examples of the association of abelian varieties to
newforms in S3(I'g(V)) in a simple case. Let N > 1 and let f € S2(I'o(IN)) be a
newform. By Proposition 4.9, the abelian variety Ay associated to f is isomorphic
to the complex torus

Vi /Ay,

where V; is the C-linear span of {f, : 0 : K — C embedding} and Ay is the
restriction of the elements in A to Vy. This point of view is useful to compute
explicit examples.

The simplest case is when f has rational Fourier coefficients: by Theorem 7.1,
this means that Ay is an elliptic curve defined over Q, and hence has an easy
description with a Weierstrass equation. Let us suppose furthermore that Xy(N)
has genus 1. Since a curve of genus 1 is isomorphic to its Jacobian, we get:

Proposition A.1. If Xo(N) has genus 1, then Ay is an elliptic curve and Ay =
Pic?(Xo(N)) = Xo(N).

To compute an equation for Ay in this case, we can therefore:
1. Compute the period lattice A of Xo(N);
2. Compute invariants of the elliptic curve C/A;
3. Determine an equation over Q with these invariants.

Using the theory of modular symbols, the homology of X((IN) can be computed
very explicitly, and therefore the period lattice too. The invariants c4, cg are in
fact integers by a result of Edixhoven, and from there it is easy to determine
an equation for the curve. Moreover, the newform in S3(I'¢(N)) can also be
computed. Algorithms for this are developed in [Cre97].

For higher genera, we would need to compute a basis for I'g(/N), and then a basis
for Ay. This is also developed in [Cre97].

The genus one cases when N < 1000

The integers N < 1000 with Xy(N) having genus 1 are 11, 14, 15, 17, 19, 20, 21,
24, 27, 32, 36, 49. The following table gives for each of these integers the first
Fourier coefficients of the newform in S>(I'g(N)), an equation over Z for Ay, and
the coefficients a,(Ay) and a,(f).



Level N newform f € Sa(I'o(N))™V Ay ap(Ay) forp <7 ap(f) forp <7
11 q—2¢> — ¢ +2¢* + ¢ +2¢° — 2¢" — 2¢° + O(q'?) y? 4y =23 — 22— 10z — 20 (-2,-1,1,-2,-,4) | (-2,-1,1,-2, -, 4)
14 - -2¢+¢*+2¢5+q¢" — ¢+ ¢® + 0(¢"?) v 4ay+y=ad+4z—6 (-,-2,0,-,0,-4) (-,-2,0,-,0,-4)
15 - -3 —*+¢+¢"+38+¢°+0(¢"°) v 4aoy+y=a>+22-102—-10 | (-1,-,-,0,-4,-2) | (-1, -, -, 0, -4, -2)
17 q—q¢* —q* —2¢° + 44" 4+ 3¢® — 3¢° + O(¢"°) Vyaoyt+y=a3—2>-r—-14 | (-1,0,-2,4,0,-2) | (-1, 0, -2, 4, 0, -2)
19 q—2¢%—2¢* +3¢° —¢" + ¢ + O(¢*?) v +y=a>+22 -9z 15 (0,-2,3,-1,3,-4) | (0,-2,3,-1, 3, -4)
20 q—2¢°—q¢°+2q¢" + ¢+ 0(¢'Y) =23+ 2?2 +4x+4 (-,-2,-,2,0,2) (-,-2,-,2,0,2)
21 q—q2—|—q3—q4—2q5—q6—q7—|—3q8—|—q9+0(q10) v 4oy =3 —dr—1 (-1,-,-2,-,4,-2) | (-1,-,-2,-,4,-2)
24 q—q —2¢°+ ¢+ 0(¢'Y) v =2 —x? —dx+4 (-, --2,0,4,-2) | (---2,0,4,-2)
27 q—2q¢* —q"+ 0(¢"?) v 4y=a-7 (0,-,0,-1,0,5) | (0,-,0,-1,0,5)
32 q—2¢° — 3¢° + 0(¢"?) y? =23 +4x (-,0,-2,0,0,6) | (-,0,-2,0,0,6)
36 q—4q¢" + O(¢'%) y? =3+ 1 (-,-, 0, -4, 0, 2) (-,-,0,-4,0,2)
49 g+ ¢ —q* —3¢% —3¢° + O(¢"Y) VY 4aoy=a—22 -2z -1 (1,0,0, -, 4, 0) (1,0,0, -, 4, 0)

This table was computed using SAGE (sagemath.org), which implements some of John Cremona’s algorithms.

§9)dwWDTd DILWNN Y Tipuddy
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APPENDIX B

Modular forms

In this appendix, we briefly recall the definition and fundamental properties of
modular forms, as well as the notations used, to serve as a reference in the text.
Details can be found in [DS06], [Miy06] or [Lan76].

1. Weakly-modular functions

1.1. Factor of automorphy

DEFINITION B.1. For v = (gg) € GLy(C), the factor of automorphy is the
function j(7,-) : C — C defined by

Jjlv,2) =cz+d.

Lemma B.2. The factor of automorphy has the following elementary properties
for z € C,v,+" € GLy(C):

1 j(vy,2) = (v, Y'2)i(, 2).

1.2. Action of GLy(C)* on C(H)

DEFINITION B.3. For k € Z an integer and v € GLJ (C), the weight-k operator
[v]x on meromorphic functions on H is defined by

Fk(2) = det(1)* 1y, 2) " f(72)
for f € C(H) and z € H.
Proposition B.4. For every integer k € Z, the weight-k operators give a right-
action of GL (C) on C(H).

1.3. Meromorphic modular forms

In what follows, let us fix a congruence subgroup I' of SLo(Z) and k € Z an
integer.

DEFINITION B.5. A fixed point of C(H) with respect to the weight-k-action of T
is called a weakly-modular function of weight k with respect to T.

In other words, a weakly-modular function of weight k with respect to I' is a
meromorphic function f : H — C such that

az+b .
f<cz—|—d> =(cz+d)"f(z) forall (¢4)eTl, z €M
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2. Meromorphic modular forms

In what follows, we fix a congruence subgroup I' of SLy(Z) and an integer k € Z.

Let us consider the Riemann surface H = H U {oo} with the topology given
in Section 2.3.3 (which is not the subspace topology from the compactification

PH(C)).

DEFINITION B.6. A meromorphic modular form of weight k with respect to I is
a weakly-modular function f of weight k with respect to I' such that f[y]x is
meromorphic at co (i.e. f[y]x € C(H)) for all v € SLy(Z). The complex vector
space of meromorphic modular forms of weight k£ with respect to I' is denoted by
Ag(T).

Remark B.7. By I'-invariance of f for the weight k, the second condition needs
only to be checked for representatives ~y; of I'\ SLa(Z). Since {[v;00]} is the set of
cusps of X (I), it is often phrased as “f is meromorphic at the cusps of X (I")”.

2.1. Fourier expansion

Let f € Ag(T") be a meromorphic modular form. By hypothesis, there exists an
integer M > 1 such that U = {z € H : Im(z) > M} is an open neighborhood of
oo where f has no poles.

Since I is a congruence subgroup of SLy(Z), there exists an integer A > 1 such
that (§ %) € . Hence, we have

fz+h) = f(2)

where this is defined. Thus, the function g : B(0,e=2™M/h) — C given by g(q) =
f(log(q)h/2mi) is well-defined and meromorphic, so that we have a power series
development

= > and” e(z/h)) (B.1)

n>—m

valid for all z € U N H, where a, € C and m € Z is an integer. We note that
this is the Laurent series of f at oo obtained by taking the chart e(z/h) : U —
B(0,e2™M/h) near oo.

3. Modular forms

DEFINITION B.8. A modular form of weight k with respect to I' is a meromorphic
modular form of weight k with respect to I' that is holomorphic on H and at the
cusps. The complex vector space of modular forms of weight k with respect to I'
is denoted by M(T").

By Section B.2.1, if f € My(I"), there is a Fourier expansion
=> ang" (¢=ce(z/h)) (B.2)
n>0

valid for all z € H, where h is as above and a,, € C.

The most important property of the space of modular forms M (T), its finite-
dimensionality as a complex vector space, is explained in Chapter 2.
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3.1. Cusp forms

DEFINITION B.9. We say that a modular form f € My (I') vanishes at oo if ag = 0
in the Fourier series (B.2) of f. For a € SLy(Z), we say that f vanishes at the
cusp [aoco] € X(I') if fla]r vanishes at oo.

Remark B.10. Note that f[a]y is weakly-modular of weight k with respect to
a~T'a, which is again a congruence subgroup by Proposition 2.4. The Fourier
series (B.2) is not uniquely determined, but the vanishing of the first coefficient
is. Moreover, if o, 8 € SLa(Z) are such that [acc] = [foo] € X(T), then flax
vanishes at oo if and only if f[3]; vanishes at oco. Hence, the definition makes
sense.

DEFINITION B.11. A cusp form of weight k with respect to I' is an element of
M (T') that vanishes at all cusps. The set of cusp forms is denoted by Sk (T').

3.2. L-functions

DEFINITION B.12. The L-function associated to a modular form f =3~ -, an(f)q" €
My (T) is the series
a
L(f,s) = n—z

n>0
Proposition B.13. If f € M(I'1(N)), the series L(f,s) converges absolutely

for Re(s) > k. If f is a cusp form, then L(f,s) converges absolutely for Re(s) >
k/2+1.

Proof. See [DS06, 5.9]. If f is a cusp form, the result follows by using Cauchy’s
integral formula and the fact that |f(z)|Im(2)*/? is bounded on H. If f is an
Eisenstein series, the result follows from the explicit expressions for the Fourier
coefficients. The general result follows from these two cases since a modular form
is the sum of a cusp form and an Eisenstein series. ]
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