The average number of subgroups of elliptic curves over
finite fields

Corentin Perret-Gentil

ABSTRACT. By adapting the technique of David, Koukoulopoulos and
Smith for computing sums of Euler products, and using their interpreta-
tion of results of Schoof & la Gekeler, we determine the average number
of subgroups (or cyclic subgroups) of an elliptic curve over a fixed finite
field of prime size. This is in line with previous works computing the
average number of (cyclic) subgroups of finite abelian groups of rank
at most 2. A required input is a good estimate for the divisor func-
tion in both short interval and arithmetic progressions, that we obtain
by combining ideas of Ivié—Zhai and Blomer. With the same tools, an
asymptotic for the average of the number of divisors of the number of
rational points could also be given.
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1. INTRODUCTION

1.1. Counting subgroups. Given a nontrivial finite group G, we let s(G)
and ¢(G) be its number of subgroups, resp. cyclic subgroups.

We have the trivial bounds 2 < s(G) < 2/l and 1 < ¢(G) < |G, while
Borovik-Pyber—Shalev | , Corollary 1.6] have shown the general upper

bound
5(G) < exp (“Oli’giw <i + 0(1)>> | (1)

For certain groups, such as finite abelian groups, explicit formulas for s(G)
and ¢(G) are well-known (see e.g. | , | or (6) and Propositions 5.1,
below).
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2 Average number of subgroups of elliptic curves over finite fields

1.2. Counting subgroups on average. Given a finite family of finite
groups G, it may be interesting to understand the average

Geg

when h € {s, ¢}, i.e. the average number of (cyclic) subgroups.

1.2.1. Finite abelian groups of rank at most 2. When G is the set of finite
abelian groups of rank at most 2 and size at most x, Bhowmik and Menzer
| | determined that the average (2) for h = s is given by

Arz(log)® + Asa(log ) + Az + O(a®1/43+9)
Zrém T(T)

as x — +00, where Ay, Ao, Az are effective constants and 7 is the number of
divisors function. The error term was later improved by other authors (see

e.g. [1vi07]).

1.3. Elliptic curves. Herein, we want to study the family G = £ll(p) of
(rational) isomorphism classes of elliptic curves defined over a finite field F),.

Since such curves are usually weighted by their number of automorphisms,
we define a weighted version of (2) by

) =5 Y T ()

P nésu | AUUE)

= Ajlogz + Ay +o(1) (3)

where h € {s, c}. Werecall that Aut(E) € {2,4,6}if p > 5, and 3 pegyyp) | Aut(E )Tt =
P.
Our main result is the following:

Theorem 1.1. For any A > 0, the weighted average number of subgroups
of an elliptic curve over Fy, is <

1 d U
s(El(p)) = H(l—w_l)) Y, AwTh

uldy|p—1 1

5 ({13 ) 0
lg;[zve(dl) <1 +0 (2)) g (1 - Wi}))_l

01 (g

with v = 0.5772 ... the Fuler-Mascheroni constant. The same result holds
for ¢(ElL(p)), after replacing p(u) by (¢ * p)(u), where p is the Mobius func-
tion.

Remark 1.2. The second Euler product, over ¢ | k, can be given explicitly,
without the error terms (cf. Proposition later on) the local factor at ¢
is a weighted sum of matrix densities in characteristic £. We also note that
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FIGURE 1. Graph of the average y = ﬁngzs(é’ll(p))

for # < 2423 (black points) and of the least-squares fit
y = 1.053log = (gray line).

the first product [ [,,,_,(1— (£(¢? —1))71) is the asymptotic probability that
E(F),) is cyclic, by Vladut | | (see also | , Theorem 1.9])

Remark 1.3. The case of finite fields of higher degrees could be treated by
extending the results of David-Koukoulopoulos—Smith (Proposition be-
low), as in the generalizations by Achter-Gordon | | or Kaplan-Petrow
| | of the work of Gekeler | |.

1.3.1. Order of magnitude. If E € Ell(p), then E(F,) is a finite abelian group
of rank at most 2, i.e. there exist di,ds = 1 such that
E(Fp) = Z/dl X Z/dldg.

Moreover, by the Hasse-Weil bound, p_ < d?ds < py. Therefore, one may
expect from (3) that s(Ell(p)) is of order of magnitude log p.
Indeed, averaging Theorem over p, we find:

Proposition 1.4. For h € {s,c}, we have

DUhEN(p) = (Ch+o(1)log(x +1)

pP<w

1
m(x)
as r — 0, for some constant Cy, = 1.
Pointwise, we find the following upper and lower bounds:

Proposition 1.5. For he {s,c} and e > 0,
7(d})
di

h(Ell(p)) <« (logp) ™ *<(logyp) )]
di|p—1

< {logp) "+ (logy ) min ( (08", 7((p~ 1))

s(Ell(p)) > Z aldr) _ olp— 1),

2 = —
et di p—1

(0 #id)(dr) o(p—1)
c(&ll(p)) »e » .

di p—1
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Remark 1.6. This is to be compared with the upper bound

s(Ell(p)) « exp ((logp)Q (i + 0(1)>>

log 2

that follows from the Hasse—Weil bound and the general result (1) of Borovik—
Pyber—Shalev, and to the bounds

T(dldg)a(dl) < S(Z/dl X Z/dldg) < T(d%dg)a(dl) (d1, de = 1)
that are readily obtained from (6) below.

1.3.2. Number of divisors of |E(F,)|. Using the same tools and ideas, one
could also give an explicit formula (as in Theorem 1.1) for

1 T(|E(F),
Ly ([EFp)])

AT (5)
P pesi | AUHE

i.e. the average number of divisors of the number of rational points, and an
average of this quantity over primes p < x (as in Proposition 1.1), of the
order of xlogx as x — c0. Since this is easier than Theorem and that we
plan to go back to averages of the type () in future work, we do not give
further details here.

1.4. Ideas and organization of the paper. The idea of the proof of The-
orem is roughly the following:

(1) Condition the sum (1) on the Fj-rational group structure, and use
an explicit expression for the number of elliptic curves over I, hav-
ing a fix such structure, obtained by David-Kouloulopoulos—Smith
| |. Their work translates a result of Schoof | | into a
product of local densities over the primes, as in the very insightful
work of Gekeler | |;

(2) Adapt ideas from | | to compute the weighted sums of Euler
products that arise, under the condition that A is well-distributed
in some arithmetic progression in short intervals. Under additional
assumptions, the main term can itself be given as a sum of Euler
products with explicit local factors;

(3) Show that these conditions hold for h = {s, ¢}, using a known explicit
expression for h as a convolution of arithmetic functions including
Euler’s totient, the divisor function, and the Mobius function. For

example, we have (see Proposition below):
s(Z/dy x Zjdydy) = | @(u)7(dy/u)7(didz/u). (6)
uldy

To control the asymptotic errors, we will prove the following result on the
mean square error of the approximation of the divisor function in short in-
tervals and arithmetic progression (see Section 3 for the notations):
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Theorem .Let1<A<B,1<q<+A, and > 0. We have
1
= > |A(A B,a,q))? (7)
q a€l/q

(B=A)'/2 A1/2 23)1/4 ‘B_A<
& (gB)® 4 \/i

4/3 3
(B ;;‘g (2)'"® . VB<B-A<VAB.
This is obtained by combining ideas from Blomer | | (for the arith-
metic progression aspect) and Ivié-Zhai | | (for the short interval aspect)

1.4.1. Structure of the paper. In Section 2, we give the general strategy to

compute averages of the form (1), and obtain a result (Theorem ) for a
certain class of functions h. The proofs are then given in Section

The remaining of the text focuses on the particular cases h = s, c. Section

is dedicated to proving the estimate (7). In Section 5, we deduce Theorem

for h = s from Theorem , and the same is done for A = ¢ in Section

1.4.2. Notations. Throughout, we will employ the usual convention that e
denotes a positive number as small as desired, whose exact size may change
from one line to the next. Unless otherwise mentioned, the implied constants
may depend on e. For an integer n, we let rad(n) be the product of its prime
factors without multiplicity, P*(n) its largest prime factor, w(n) its number
of distinct prime factors, and 7(n) (resp. o(n)) the number (resp. sum) of its
divisors. For m > 1, the notation log,, stands for the mth iterated natural
logarithm.

Acknowledgements. The author thanks Dimitris Koukoulopoulos, as well as
his other colleagues in Montréal, for helpful discussions during this project.
We also thank an anonymous referee for providing comments that improved
the exposition.

2. GENERAL STRATEGY

In this section, we consider a real-valued function A on isomorphism classes
of finite abelian groups of rank at most 2, and we aim to compute the
weighted average h(£1l(q)) defined in (4). We recall that the proofs of the
following results will be given in Section

For integers dy,ds > 1, we use the abbreviation

h(dl,dg) = h(Z/dl X Z/dldg)

and for any group H, we define

1) ~
P(B(F,) = H)i=> . TR ©
Ee&li(p
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2.1. Conditioning on the group structure. We start with an alternative
expression for h(Ell(p)).

Proposition 2.1. We have
h(&ll(p)) = Z h(dy,d2)P (E(Fp) = Z/dy x Z/dyd3) .

do>1
dilp—1
p—<d?d2<p4+

where py := (y/p = 1)%

2.2. Probability of having a given group of rational points. Express-
ing a result of Schoof | , Lemma 4.8, Theorem 4.9] using ideas of Gekeler
[ |, David, Koukoulopoulos and Smith gave the probability (8) as:

Proposition 2.2 (| , Theorem 1.7]). For di,ds > 1, we have
P (E(Fp) = Z/dy x Z/dydy) = foo(p + 1 — didy,p) [ | fe(dy, da, p),
¢

where £ runs over primes and

det(g)=p
tr(g):p+17d%d2
g=1 (mod ¢£v£(d1))
(mod [”Z(dl)‘*l)

g€ My(Z)0T) :

- : g#1
fé(db d21p) = ’I“EI-"I-ICD £2T(1 _ 1/52) ; (9)
1
fOO (t,p) = piﬂ—’\/ 4p — t25|t‘<2\/ﬁ' (10)

We record the following important information about the asymptotic ma-
trix densities fp:

Proposition 2.3 (| , Theorem 3.2]).
(1) The limit asr — o0 defining fo(dy, d2,p) stabilizes whenr > ve(Dgzg, ),
where we let Dy, := (p+ 1 —a)? —4p for a € Z. (11)

(2) If 01 Dy, »/d5, then

1 1 - Xdy,d ,p(g)
fe(dy,da, p) = Jod) (1 - £2> <1 + 12)

: D24, p/d%
for the quadratic character x4, d,p = | ——— |-

1 1
fold, d2,p) = 20 (1 o <€)> '

More precisely, 1 < fo(dy, dg, p)0?(@) <1 + 2 (1 + K—%) . (12)
(4) For p large enough, we have
5pfd§d2—1

fp(dlad27p):1+ p—l
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Remark 2.4. If E(F,) =~ Z/dy x Z/dyds and p | didy — 1, then F is supersin-
gular. There are only O(,/plogp) isomorphism classes of such curves over
F, (see e.g. | , Theorem 14.18]); in particular, those can be ignored in
(1) up to introducing an error of size O(p~/?logp).

2.3. Sum of Euler products. By Propositions and 2.2, we have
h(Ell(p)) = D wnpldy,d2) | | felda, da,p), (13)
dy,d2 14
p—<d?da<p+
where wh,p(dl, dg) = h(dl, dQ)foo(p +1— d%dg,p). (14)

2.3.1. The work of David—Koukoulopoulos—Smith. The computation of weighted
sums of Euler products similar to (13) is another topic of | |, more par-
ticularly when summing over primes. David, Koukoulopoulos and Smith give
general results to evaluate sums of the form

Dl wa [ [+ (@),

acA l

where d > 1, A ¢ Z% n [-X, X]?, asymptotically when X — oo, with
de(a), wq € C satisfying certain properties, such as:
(1) For primes ¢ small enough (with respect to X) and integers r > 1,
there exists Agr @ Z/0" — C such that d/(a) = Ayr(a (mod £7)) for
“most” a € A;
(2) The parameter set A is well-distributed modulo small enough ¢ > 2,
with respect to the weights wg, i.e.

Y wan Y v

acA acA
a=b (mod q)

for all b e (Z/q)%.

In | |, the set A essentially parametrizes primes in some intervals,
and statistics on elliptic curves over IF,, are obtained on average over primes
p < X. Condition then amounts to studying the distribution of primes
in (short) arithmetic progressions.

However, Theorems 4.1 and 4.2 of ibid. are not directly applicable to
our situation, since the condition above ((4) or (4’) in ibid.) does not
hold: the matrix density in the limit defining fy(d;, d2,p) is periodic with
respect to do, but not with respect to d;. Moreover, the distribution of h in
arithmetic progressions is not as simple as in (2), as we will see.

Nonetheless, we can still use the ideas and some of the results of David—
Koukoulopoulos—Smith towards our goal, as we describe in the remaining of
this section.

LAn alternative approach allowing to use [ , Theorem 4.2] directly would be to
move the factors at primes ¢ | dz into the weights wy ,. However, essentially the same
additional work is then needed to identify the main term as an Euler product and control
the errors. Moreover, this would only apply to the h = s, ¢, while Theorem applies
to a more general class of functions.
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2.3.2. Approzimate independence of local factors. We can write (13) as

h(gll(p)) = Wh,p . IEh,p (H ff(dla d2ap)> (15>
L

with respect to the probability measure on {(dy,ds) : d1 | p—1, p— < d2dy <
p+} induced by the weights wp, p(d1, dz2), where Wy, 1= 3 5 whp(dr, da) is
the normalization factor.

If the local densities fy(di,da, p) behave independently at each prime ¢,
then the expectation in (15) becomes

[ [Bhp (fe(di,da,p)) = [ ]Bap(1+ 6e(dr,da,p)) (16)
¢ ¢
= Z 11(n)*Ep p(0n(d1, da, p)), (17)
n=1
where 6, (dy, da,p) := [y, (fe(d1, da,p) —1). (18)
This independence can be approximated by truncating the Euler product
(16), as in | , pp- 37-38], using a result of Elliott:

Proposition 2.5. For anye >0, a > 1 and Z > exp(+/log(4p)),

h(ENP) = Wiy Y, w(n)’Eny(dn(di,da,p)) (19)
P*Tl(i)léz
(G)
E;
Ta +€E(B)
+0 (log Z)a - |
where z = (log Z)% and (20)
B _ L [Py da)l ey 21
Eh,p = \/» max ( d1 N NS dldQ <P+ | ( )
E@ h(dy,d>)|d 22
hp Z |h(d1, d2)|dpy. (22)
d1|p 1 P+1 y<d2<17+1+y

1

The implied constants depend only on € and «. If there are no Siegel zeros,
(B) _
we may assume that Ehp = 0.

Remark 2.6. If h(dy,d2) < di(did2)® (e.g. for h = s, ¢), then E,(IB;) « p1/2te,
The second error term will be discussed in more details in Lemma

2.3.3. Computation of local factors. The starting point to compute (17) or
(19) is to note that each fy(d1, da, p) is given, according to Proposition 2.3, by
a limit as r — +00 that stabilizes at r = v¢(Dgg,,) + 1, and that depends

only on vy(dy) and d3dy. Splitting the sums defining the expected values
according to W(Ddfdg,p) yields the following:
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Proposition 2.7. Forn > 1,

W, (dy, a,
Epp(6n(di,d2,p)) = Z Z Ag(a,dy,p) hpévl q>7
h
=1 aet( ) P
rad(q)=n d; |p—1
where H(q) :=={a € Z/q : vi(Dap) = ve(q) —1 VL | q}, and (23)
Whp(di,a,q) = > whp(d, d2), (24)

P Py
7<=
d?ds=a (mod q)

and A, : Z)gxNxN — R is a function satisfying 6,(dy, da, p) = Ay(d2dz,dy,p).

Remark 2.8. The map A, exists (and is unique when evaluated at the pa-
rameters considered) since 8,(dy,ds,p) depends only on a = dids (mod q)
and vy(dy).

2.3.4. Distribution of wy, in arithmetic progressions. To understand wy, y,
we start by applying Abel’s summation formula to the smooth factor fo.

Lemma 2.9.
1 2P
Whp(di,a,q) = — > h(d1, dz)dpy,
P Jo p+d127y <d2sp+dl2+y

1 1
d?da=a (mod q)

where dpy = \/% on [—24/p,2/p]. (25)

For all ¢ > 1 and a € Z/q, we may expect that

2y C’h7 (a)d17Q)
Z h(di,d2) = 5(d§,q)|aﬁ = P
p+d1%—y <do< p+dl%+y 1
d?de=a (mod q)

(26)

+0 (5(d%,q)|a|Eh7p(y7 di,a,q) |)

for some Cy p(a,di,q), Epp(y,di,a,q) € R depending only on the variables
in the arguments, assuming at least that the modulus is not too large (¢ <
2y/d?) and that the interval is large enough (y > d?/2).

Proposition 2.10. If (26) holds, then the main term of (19) is

Z % Z 1 Z 5(q,d§)\a0h,p(a7dlaQ)Aq(%dl,p)+O<E1(£))(Z)>a

dilp—1 "1 qeQ(d1,2) * acH(q)

(27)
where Q(d1,2) :={q=>1:4 <z and Ug( ) > ve(d3) for all £| q} and ~ (28)
o( 27
Ee= % Y A Y S e, 29
dilp—1 ¢eQ(d1,z) acH(q)

dy «pt/? (¢,d3)a
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2.4. The main term as an Euler product. At this point, one may want
to use the multiplicative properties of A, with respect to ¢ to recover an
Euler product from (27). However, we need to deal with the additional factor
Ch p(a,di,q) that may depend on a, and that may not be multiplicative in
g. Note that in | |, the analogue of this factor depends neither on the
class a nor on the modulus gq.

To overcome this, we now make the additional assumption that when
q € Q(dy, z), we have

Chpla,di,g) = Y C(w,d)C)(a,v,d1,q) [ CL) (v, dr, )
veN™ Uq
(1) /
|Enp(y,di,a,q)] < D |Cy 2 (0,d)|| By, (y,v,d1,a, )] (30)
veN™

for some m > 1, where C( )('v dy), C}(l;('v di, %), By, ,(y,v,d1,a,q) € R, the

sums and the product have finite support, and ¢ — C}(f) (a,v,d1,q) € R is
(2 )

the main term of (19) as a weighted sum of (truncated) Euler products:

multiplicative. The multiplicativity of C,”" and A, then allows to express

Proposition 2.11. If (30) holds, then the main term of (19) is given by

c(w, dy)

> % [ Pup(t v, dy),
l

di|p—1
veN™

with the local factors

Pip(tv,di) = C)(v,dy, ) (31)
1
+5€<Z Z 67 Z C}(f;(a,v,dl,ET)Agr(a,dl,p).
r>vp(d?) acH (L)
ve(a)=>ve(d?)

2.5. Computation of the local factors. Under further natural assump-
tions, the local factors P}, can be rewritten as limits of weighted matrix
densities:

Proposition 2.12. Fordy |p—1 and v € N™ fized, let us assume that for
some integer 1oy d, = ve(d?),

) ) 2 <r< v
r— C';(f) (a,v,dq,0") vamtsi.zes oould) <r< i, (32)
P stabilizes as T > Ty 4,
d d l
P vanishes if ve(a) < 7Tovd; -

Then, the local factor at ¢ is

Ph,p(favvdl) = C}(L?I))(vydlae) + 6€<th,p('v?d17€a T@,’U,dl)v
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where for any integers r = 1 and v,w =0 (in (35)),

Lnp(v,di,6,7) = 8y p1)sy Jim Z O (0, v, di, () gy (w, ve(dy), 7).

(34)
dit(gt)_ B
{g € Ma(Z/0") : “f;fif (nfc(x%)%“_)w}‘ =y
mod ¢vt1 —
gp(w,v, %) = 9#1 (mod 7)) 1 / (35)

GR(1— 102) IT,

Remark 2.13. Concerning (33), note that it is natural that Cj p(a,di,£") in
(26) depends only mildly on a.

Ezample 2.14. In the case h € {s,c}, we will have m = 3, v = (u, k,i) € N3
for i € {0,1}, u | dq, k | d2/u, and

d2, ) ti=
P a,v.dp ) = 0 . (36)
h,p (d%7gr)ck(evé(a/d%))57"21}@(6@]{1) =1
for ¢; the Ramanujan sum modulo k& (see Sections 5—0). In Proposition

, we will see that this implies that (32)—(33) hold with ryy a4, = ve(d?) +
di=1 max(0,vs(k) — 1).

2.5.1. Computation of the local densities. Using the computations of Gekeler
| | and David—-Koukoulopoulos—Smith | |, explicit and asymptotic
expressions for the densities g,(w, v, ¢") can be given. For the sake of brevity,
we give only the latter; for the former, it suffices to combine the proof of the
proposition below with | , Theorem 4.4].

Proposition 2.15. For R large enough with respect to ¢, v and w, we have,
assuming ¢* | p — 1 and w = 2v,

gp(w, v, (%) = gfﬂ(l—z) @(HO(E))-Q.

Moreover, if £ # p, impg_. Zﬁ:o gp(w, 0, (1) = —2?2’):1).

2.6. Conclusion.

DEFINITION 2.16. For d; | p—1, v e N™ r > 1 and ¢ prime, we let

R 2w R
’ . 1 . Ch’p(g 7’v7dla£ )
Lh’p(’v,dhﬁ, 7’) = 5v[((p71)2)21“ <]. — z }%E}Téo wz:r 7w s
L di, 4,7
B (z0,dy) = ) hp(V 1, 6 Tewdr) |

0>z C}(L?;(U,dl,f)

Combining the previous sections together, we obtain:
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Theorem 2.17. Let e > 0, o > 1, and Z > exp(y/log(4p)). If (30), (32),

(33) and
E}(Z? (z,v,d1) < 1 whenever C,(L;(’U,dl) # 0 (37)
hold, then
M (w,dy)
h(gll(p)) = 2 h,piz H [C](li))(v, dy, ﬁ) + Lh7p(v, di, t, 7"571,7511)]
di|p—1 1 ¢
veN™

(1 +0 (E,s?(z,v, d1)>)
(@)

E
2 1e 2(B) h.p (P) 8a?
+0 <Z Ein * Gog g * Fho ((10g 2)%) >

where Ly, p,, as defined in (31), satisfies

1 1
Lh,p(v7 dla£77‘€,’v,d1) = ;7,7p(v7 d17£7rf,v,d1) <W(d1) <1 +0 (£>> - ].> .

The implied constants depend only on € and .

Remark 2.18. The error terms account for (B)ad conductors and (G)ood con-
ductors (in Proposition 2.5), distribution of & in arithmetic (P)rogressions (in
Proposition ), and completion of the (T)runcated products (in Theorem

).

Index of notations. For convenience, we provide a index of the most im-
portant quantities defined above.

Notation Reference/page Description

h(dy,d2) p- WZ/dy x Z/dyd2)

P(E(F,) =H) (%) p.

P+ p- p+1x£2/p

fe and fo (9) p. 6 and (10) p. Local factors

D, p (11) p. Discriminant

wpp(dr,d2) (14) p. Weights

0n(dy,da,p) (18) p. Local factors

z = (logZ )8a® (20) p. Euler product truncation

E,(l]j)) and E,(li) (22) p. 8 and (21) p. Errors in truncating the Euler
product

Ay(a,dy,p) Proposition p. 8q4(d1,da,p) = Ay(d3da, dr,p)

H(q) (23) p. Classes a € Z/q verifying condi-
tions on D, 4,

Whp(di,a,q) (24) p. w(dy,+) in short intervals and

arithmetic progressions (SIAP)
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Notation Reference/page Description
dpy (25) p. ydy//4p — y?
Chpla,di,q) (26) p. Main term for h(dy,-) in STAP
Enp(y,di,a,q) (26) p Error for h(dy,-) in STAP
Q(dq, 2) (28) p. Admissible moduli
E,(j;)(z) (29) p Total error for h in STAP
212% (v,du), (30) p. Decomposition of Cj,
(Vs di,0)
C’,(fz))(a v,dq,q) (30) p. Multiplicative part of C,
B, (y,v,di,a,q) (30) p. Decomposition of E}, ,
Py, (L, v,d1) (31) p. Local factors in the main term
T0,v,ds Proposition p- Threshold
Ly p(v,di, ¢, r) (31) p. Weighted sum of matrix densities
gp(w,v, £F) (35) p. Matrix density
L;L’p(v7 dy,l,r) Definition p- Factor of Ly,
E,(f;)) (z,v,d71) Definition p. Truncation error

3. DIVISOR FUNCTION IN ARITHMETIC PROGRESSIONS AND SHORT
INTERVALS

To apply Theorem to h € {s,c}, in order to show that (20) holds, we
will need to understand

> T, (38)
A<n<B
n=a (mod q)

where 1 < ¢ < A, a€Z/q and [A, B] is a short interval (i.e. of length o(A)).
The sum (38) should be asymptotically equal (under admissible ranges)
to D(B,a,q) — D(A,a,q), where

D(X,a,q) = ;Z C’“Iia)X <log (;) 4oy — 1> ,

klq

with ¢k (a) the Ramanujan sum modulo & given by

cr(a) = elanfk)= > fulk/f). (39)

ne(Z/k)* fI(k,a)
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DEFINITION 3.1. For 1 < ¢< A< B and a € Z/q, we let

A(B,a,q) = >, 7(n)=D(B,a,q),
n<B
n=a (mod q)
A(B) = A(B,0,1),
A4, B,a,q) = A(B,a,q) — A(A, a,9)
A(A,B) = A(A4,B,0,1).

For C' > 0, we will also use the abbreviation A(AF C,a, q) for A(A—C, A+
C,a,q).

Combining ideas from | | (for the arithmetic progression aspect) and
| | (for the short interval aspect), we will prove the following mean square
result on the divisor function simultaneously in arithmetic progressions and
short intervals:

Theorem 3.2. Let 1 <A< B,1<q<+A, ande > 0. We have

LS 1A, B, 6, 0)?
a€l/q
/ 1/4 —
(B=A)Y/= 1/2 %) A< B7

«(aB) (B Wi h o

AB.
Remark 3.3. The range we will need is B « A « B, B— A < v/B and
q < AY2. The first part of theorem then gives that |A(A, B, a,q)|? is at

most (¢B)°4/A(B — A)/q on average over a.

3.1. Some existing results. Up to smoothing the sum, the Voronoi sum-
mation formula (see | , Section 4]) gives an explicit expression for A(B, a, q),
from which one readily gets that if (a,q) = 1, then for any £ > 0

A(B,a,q) « (qB)(¢"* + BY?), (40)
and Pongsriiam—Vaughan | | showed that this also holds when (a, q) > 1.
We also mention their result | | on average over ¢ and a, improving on

Motohashi (here in a weakened form):
N Y ABaq)f « B (QB + B3 4 Q”"Bl—@)
4<Q ae(Z/q)*

for1<@Q < Band#fe(0,1).
Improving significantly on previous results of Banks—Heath-Brown—Shparlinski
| |, Blomer | | showed that for any € > 0

> |A(B,a,q)]? « B, (41)
a€l/q

which gives a better result on average than (10) if B «. ¢*~¢.
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3.1.1. Short intervals. Let us assume that ¢ = 1 and let € > 0. Using (10),
we get |A(A, B)| « BY3+¢ which can be nontrivial only when B— A » B/3.
The exponent can be reduced to 131/416 + ¢ using the latest result of Huxley
on A(B), and conjecturally to 1/4 + ¢, for any £ > 0.

Exploiting the short interval aspect, Ivi¢ and Zhai | , Section 3| re-
cently obtained that

|IA(A,B)| « A (B—A)”?ifl«B—A«A™ (42)

when (v1,v2,v3) = (1/44+¢,1/4,3/5) or (2/9 + ¢,1/3,2/3), for any € > 0.
A conjecture of Jutila (see | I, | , Conjecture 3|) asserts that (12)
holds with (v, v, 13) = (6,1/2,1/2—06) if 6 € (0,1/4) and B — A > A°. This

is supported by average results over A for certain ranges: for example

T+H
f |A(A, A+ U)|*dA « T*(HU +T) (43)
T
if1<U<VT/2« H<ST (see | I, 1 , Theorem 2]).

Remark 3.4. With an additional average over A when [A,B] = [A,A +
U] with U fixed, Theorem could probably be improved as in Jutila’s
results (see (13) below). We also mention a recent preprint of Kerr and
Shparlinski | | combining Blomer’s technique with bounds on bilinear
sums of Kloosterman sums.

3.2. Proof of Theorem . We start by a truncated Voronoi formula in
arithmetic progressions:

Lemma 3.5. Foranye >0, X =21, ¢>1,a€Z/q and N = 1 such that
1/X < N/¢* < X, we have

1/2
A(X,a,q) = EZ Z F[/V(X,a,k:,]\f)~|—O((Xq)8 ((ﬁ) +1>>,

q klg W=Y,K
and
2
1 -qX
Z A(X,CL,Q)—*Z Z FW(X,CL,]C,N) « (XQ) Wv
a€l/q q klg W=Y,K
where
Cw X 41
Fw(X,a,k,N) := - Z n) Kl (dwa, n)J Wo (k\/nx> dx
N 0
X\ /2
Xq)F | =
(—=2m,1) W=Y
Cw,d =
(Cw, ow) {(4,4) W =K, and

cr +dx
Kly (c, d) P (c,d € Z/k),

z€(Z/k)*
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for W e {Y,K}, with Y (resp. K) the Bessel (resp. modified Bessel) func-
tions of the second kind.

Proof. By Voronoi’s summation formula | , (4.49)], if g € CP(R4) and
(b,q) = 1, we have
> 7(n)e(dn/q)g(n) (44)
n=1

2 Gl o

15w X rmel-swbn) [ (?m)gmdm

q W=Y,K n=1

By the orthogonality relations for Z/q,

Y rln)gn) = - Z —ab/q) Y. 7(n)e(bn/q)g(n)

n an(anlod q) bEZ/q =l
= IS b)Y el /g
U elq ve(zk) n>1

Using (44), this is equal to

lzw

2 (log(q ) +1) ot

®© 4
Kl (6 Wo | — dz.
+= Z 2 Z k(Owa,n)T (n)j0 g(k\/nx>g(x)x
k’|qW YK n>1
For 0 < X; « X, let g = gx x, be supported on [0, X + X;], identically
equal to 1 on [0, X], and such that ||g(? ||, « 1/X} for all i > 0, where ¢g(*)
is the ith derivative. Then

A(X,a,q) = 12 Z Fw(g,a,k)+O((Xq)€p(X,X1,a,q)>,
Uyaw=vK

where p(X, X1,a,q9) = {n € [X, X + X1] n N : n = a (mod ¢)}|, and for
WelY, K},

~ C
Fw(g,a,k) := W Z n) Klx (dwa,n J Wo(4my/nx/k)g(x)dx
n=1
For any j > 1, we have from the decay of g and Wy that (see | , (9-10)])
- oz ! " i) 40)
L Wo (4mv/na/k) g(z)dz| < WCWL 2J |9\ (z)|dx

kj-i—l/?

v xi2-yA
nj/2+1/4X{*1
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Thus, for any integer j = 2 and € > 0, using the bound | Kl (dwa,n, k)| <
7(k)(a,n, k)2kY2 | we have

X
Fw(g,a,k) = CTW 7(n) Klg (dwa, n)J Wo (4mv/na/k) dx
n<N 0
o Li+1/24e xi/2—1/4
X{—le/2—3/4—€ ’
Therefore,
A(X,a,q) = 72 > Fw(X,a,k N)
T W=y K

. qj+1/2+sz/271/4
+0 (Xq) p(X7X17a>q)+

X{_le/273/476

The results follows from taking j large enough and choosing

X\ /2 gN1/2 3
He\w) \xmE) |

which is admissible under the conditions on N. O

It follows from Lemma and the Cauchy—Schwarz inequality that for
1+¢*/A< N <¢°B, (45)

we have
> 8B« 53 Y Y ek NI L
) 9 1%74 N .
a€l/q klg W=Y,K a€Z/q

(46)

Then, we open the square and exploit cancellation among Kloosterman sums:

Lemma 3.6. For W e {Y,K}, k| q, any Z € C([A, B],R~9) and N > 1,
we have

2 q (B
3 ’[FW(X,a,k,N)]]j’ « 1<;2f Z(v)2dv
a€l/q A

YiF ) r()r)|Swzln,n k),
flk n,n'<N
n=n' (mod f)
B o1 4 4
’ o = Y,
where Sy z(n,n', k) : JA 72(0)2 Wo ( - vnv) Wo ( o vn v) dv.

2
Proof. By Cauchy—Schwarz, the square ‘[FW(X, a,k, N)]f‘ is

()]

dv.

5 (n) Kli(dwa,n) (ffm) 2
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The second integral is

Z 7(n)7(n") Klg(dwa, n) Kl (dwa,n’)

n,n'<N
B
1 a7 47
—Wo | —+ Wo | —vn'v | dv.
J, 7 O(k ”> °<k ”> '
By orthogonality and the alternative expression (39) for the Ramanujan sum,

> Klp(6wa,n) Kl (Swa,n')

a€l/q
- Z e ((nzy + n'Ty)/k) 2 e (adw (1 + 2)/k)
z1,226(Z/k)* a€Z/q
= ¢ ), e(@n—n)/k)=qcn—n) = qd o sm_nilk/f).
ze(Z/k)* Ik

Finally, we compute the right-hand side of the expression in Lemma
by approximating the Bessel functions.

Lemma 3.7. If ¢ « VA and B — A « \/AB, then, for W e {Y,K}, k| g,
and N =1,

3 ’[FW(X, a,k, N)]f]2 « (k:N)Eq(LiF;A) [(B — AWN + N\/E] .
a€l/q

Proof. We have the well-known asymptotic expansions

<7i>1/2sin($_7r/4) <1 +0 <i>> )
s = ()" 5 (0 (3)

so that Sy z(n,n/, k) is equal to

k B
s |, (costamyBin = Vi) ) = sin(dm/o(Vi + Val) ) e

Yo(z)

(\(/BZ(n:’))If/z <min(n1,n/)1/2 - (nn’)lf/Q\/Z>> ’

taking Z(v) = v Y4, Using that {cos(\y/x)dzr = QﬁSii(Aﬁ) + 2008/@‘/5)
(and similarly for sin), we get

sz(n,n',k)<< ?<1+ <n /A >) :n:n:

(nn/)1/4 (f\f f( +nn')1/2f>> m<n.

If ¢ « /A, this is

k(B—A) n =
< \k/f 7 VB B—A ' ’
(nn )1/ (W—\/ﬁ+ m) tn<n,
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and

2
Z ‘[Fy(X,CL,kZ,N)] ‘ & QLAZJC (B — A) ZN 751/)2

a€l/q flk

Ly T(n)T(n')k< VB, B-A )

nn' <N (nn/)1/4 V! — Vn \/Zmin(n, n/)l/2
nEn’n#(?;’od 1)
« o D o ayr e (VB 224

If moreover B — A « /AB, this is

« (kN)Eq(BﬁlA) (B~ A)VN + NVB|.

Similarly, Sk z(n,n’, k) is equal to, taking Z(v) = v Y4 as well,

B
K f ¢~ Am(VAH V) Volk
4( )1/4

1+0 u + i dv
Vumin(n,n)12 " vy/nn/
B
« AT (VI gy
(o)

N k*v/B N k(B — A)
(nn/)Y/4 min(n, n/)1/2\/A A(nn/)3/4°

If ¢ < +/A, then the first summand is
k3(B — A)
(nn/) /A +n)A

<

In this case, by Lemma 3.0,

> ‘[FK(X, a,k, N5 P« (k:N)sq(B\/_ZA) ((B - A)\/\/N; + NVE) .

a€Z/q
(]

Proof of Theorem 3.2. By (46) and Lemma 3.7, if ¢ < v/A and B — A «
v/ AB, then for any N 1 satisfying (15),

« (gBy (f;;; (B~ A)WN + NVB|+ ﬁ) .

> A4, B, a,q)?
a€l/q

IfB—A< \/E, then this is

(B—A(B\'? 4B
< (¢gB) ( (A) N+W )

q
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1/2
and we choose N = {q ((%A_)ZZ) J, which satisfies (15). Similarly, if B —

1/3
AZ\/E, we choose N = {(8;]31‘;‘4) J O

4. PROOFS OF THE RESULTS FROM SECTION

Proof of Proposition 2.1. This follows immediately from the properties re-
called in Section along with the fact that d; | p— 1 by the Weil pairing
(see | , 111.8]). O
Proof of Proposition ”.5. The Proposition is fully contained in | , The-

orem 3.2|, except that we now check. If p { d?dy — 1, then the limit
stabilizes at r = 1, and

{g € My (F,) : tr(g) = 1 — didy, det(g) = O}

fo(di,da,p) = 21
_ 2l pt+(p-1-H+(-2)(-1)
p*—1

Ifp| d%dg — 1, then d%dg = p+ 1, E is supersingular, the limit stabilizes at
r = 2, and

{g € Ma(Z/p?) : tr(g) = det(g) = 0}

f d17d27p =
p( ) p4 _ p2
_ 2’ +p(e(®) + #(p)p) _
ph— p?
O
4.1. Truncating the Euler product and proof of Proposition
Proposition 4.1. Ifa>1, ,§ > 0, and log Z = +/log(4p), then
hEUP) = Wip > #(n)°Enp(da(dy, d2,p))
n=1
P+ (n)<(log Z)3°”
10 | Z20W6+3 ax 3 [wnp(dy, da)|
c=2 dl
dy,d2
cond(Xdl’d%p):c
L0 LS Juy (da db)
T a—e wppld1, d2
(log Z)o—¢ iy P
The implied constants depend only on o, 6 and €.
Proof. This is similar to | , pp. 37-38|, but we spell out the argument

because we need different expressions for the errors.
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Let z = (log Z)8”. Using Proposition 2.3, we have

1
log H(l + 0¢(d1, d2,p)) = Z 0¢(d1,d2,p) + O (zlog2>

{>z {>z
Xdi,da,p (£ 1
= Z 1 zp( ) + Z 54(d1,d2,p)+0<zlo Z>
I>z >z &
D24, /43 D2 4, /B
2
_ Z Xdl,dg,p 1 n w(Dg24, /1)
= zlog z z '
By | , Lemma 6.1] (a result going back to Elliott), there exists a set

Ea(Z) < [1,Z] N Z of “bad conductors” of size |E,(Z)| < Z%/* such that if
X is a Dirichlet character modulo d < exp((log Z)?) with cond(y) ¢ £.(Z),
then

x0T _ BN X0 11
H(l E) =140 T ,sothatz zlogz+ 5

0>z >z Z 8o

By hypothesis, |Dd%d27p/d%| < 4p/d? < exp((log Z)?). Thus, if cond(Xa, dyp) ¢
Ea(Z), then

[ +6edr dop)) = [[(1+0e(di,da.p))

L (<2

L0 (log z)°0™) 1 N log p
Hzgz”}[(dl) zia zlogyp

since, by Proposition 2.3,

1 1 (log 2)°1)
H(l + 6¢(d1,d2,p)) = H fve(dy) H (1 +0 ( >> « Hé TT,_ pveldn)”

1<z 1<z (<2

On the other hand, if cond (x4, d.p) € £Ea(Z), let us write

[t +6e(drdp) = [](1+0u(di do,p)) [ 1+ eldr,da.p))-

V4 <z 0>z

for 21 = exp(Z°) > exp(cond(Xd, dyp)°). As above, we get that this is

(log 21 )°M log p
el 1
1;[ —1—55 d17d27 )) N\ Hésm pve(dr) exp O( )+ z1 logy p ’

Xdq,do p(f)

using that Z£>z1 =L — g 1, with the implied constant depending only
on 6.
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If p is large enough, then z; = p and we get by (13) that

WENP) = D) wipldr,da) [ [+ de(dy, da,p))

d1,dz (<2

w0 | zows 3 [wnp(di, da)|

dy,d2 d
cond(Xdy ,dg,p)€€a(Z)

1 lo
+0 ( R -3 4 >Z|wh7p(d1,d2)| ,

z5a—c  z17clogyp

d1,d2
giving the desired expression. O
4.1.1. Error terms in the truncation.
Lemma 4.2. The error terms in Proposition are respectively bounded

by Z%J’EE}(LE;) and E}(Li)/(log Z)*¢, where E}(Li) and E}(LGP) are as defined in
Proposition

Proof. The bound for characters of good conductors follows from Abel’s sum-
mation formula (see Lemma 2.9).

For characters of bad conductors, we start by noting that if cond (x4, dy,p) =
¢, then [Dg2g, ,| = d3cy? for some u > 1, i.e.

(p+1—didp)” + (diw)’c = dp,
te. y? + (dw)c = 4p (y=p+1—didy),
ey +2% = 4p (dy]x).
The number of solutions x,y € Z to this last diophantine equation is « 1

(with no dependency on p). Indeed, the number of representations of 4p by

nonequivalent primitive positive-definite binary quadratic forms, up to the
ml4p #) < 7(4p) < 6. Hence, the number of
possible values for u,d;,ds is « 1, and

[wp p(d, d2)| 1 \h(dy, da)|
5 bl l oo e )

< 6 automorphisms, is Y|

dv,dz uzldfp—1 2o g,<PE
cond(Xdy,dg,p)=C i i
|Dd%d2,p|:dlcu
1 |h(dy,d2)|
K — max _—.
VP p-<dida<p,  da
O
4.1.2. Proof of Proposition 2.5. The latter now follows from Proposition
and Lemma 4.2. O

4.2. Computation of the main term in (19) and proofs of Proposi-
tions and
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4.2.1. Preliminary lemmas.

Lemma 4.3. For a > 0, we have

1 (2P (/2 +2)2% a1 a1
[T (LR
p Jo 2(a+2)I'((a + 3)/2)

Lemma 4.4. For q = 2, we have |H(q)| < +/qrad(q). Moreover, if H(q) is

not empty, then rad(q), q/ rad(q) < p.

Proof. We have |H(¢")| < £-[{a e Z/I"! 1 a? = 4p}| < £ - o= (see e.g.
| , Lemma 10| for the second inequality), so |H(q)| < rad(¢)+/q/rad(q).
The last statement follows from the fact that | D, p| < 4p. O

4.2.2. Proof of Proposition 2.7. The expected value is given by

(d ,d
Z Z ’whp 1, a2 (d17d27 H(SW(Dde p) ve(q)—1-

q=1 dy,d2 Z|q
rad(q)=n

The limit over r defining dy(dy, ds2,p) then stabilizes at r = vy(q) and the
above is

(di,ds)
N whvp 1,d2) Ag(did, dy,p) [ [ du,p D24, ) =ve(0)=1

q=1  dy,ds lq
rad(q)=n
_ wh,p(dlv d2)
= 2 Z Z A a di,p 2 T(Sd%dgza (mod q)*
=1 di|lp—1aeH(q) P
rad(g)=n
(]
4.2.3. Proof of Proposition . First, we note that if there exists a € H(q)

with (d2,q) | a, then vy(q) > ve(d?) for all £ | q. Indeed, assume that r =
ve(q) < ve(d?) and that a is as described. Since Dy, = (p—1)%+a(2(p+1)—a)
and vg(a) = r, we have vp(d?) < v((p—1)3) =7 -1 < r < v(d?), a
contradiction. Thus, we can assume that ¢ € Q(d1, 2).

By Lemma 2.9 and (20), wp,,(d1,a, q) is given by

1 Ch (a d1 q) 1 2vp
Sl | g 222 4O f Enp(y,di,a,q)dyy | |-
(@alo | 32 p o), [Eralysdiaa)ldpy

To estimate the total error, we note that, by Proposition 2.3,

Ag(a,di,p)| = }%O< >Z|(lt:£1) (HO@»

« oW o)
rad(q/(q,d1))  rad(q) ’

since vg(q) > ve(d?).
Hence, by Proposition 2.7, the main term of (19) is as claimed. O
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4.3. The main term as an Euler product and proofs of Propositions

, and
4.3.1. Proof of Proposition . This is clear. O
4.3.2. Proof of Proposition . If (32) holds, then
1 ) ;
Z 67 Z C](z,;(c%vvdlag )Afr(aadbp)
r>vg(d?) acH (L)
ve(a)zve(d3)
: 1 (2) R
= Jim Z G Z Chpla, v, di, £7)Ayr(a, di, p)
T0v,dqy <r<R an/ZT
Vg(Da,p)=r—1
vg(a)Zve(d3)
.1 2
= Jim -r Z Cf(L,I),(a,U, dy, (") Ayr (a, dy, p)
acZ /R
T0,v,d; SV¢(Da,p)<R
vg(a)zve(d)
1 2
= }%E%o €7R Z C}(L’;(aa v,dy, €R>AZR(aa dl,p),
aeZ/tR
Ve(Da,p)2Te,0,d,
vg(a)=ve(dF)

where the last equality follows from the fact that the number of solutions
to (p+ 1 —a)? =4p (mod £F) in a is « £%/2 (see also the proof of Lemma
) and maxX,ez,/or |C,(fl))(a, v,dy, (%) Ar(a,dy,p)| is bounded independently
from R.
If (33) holds, then this is

.1 2
Oug((p-1)2)2r0,0a, P 7R > C}(L’;(au v, dy, (%) Ar (a, i, p),
acZ /LR
ve(a)=74,0,4,

using that D, , = (p — 1)> + a(2(p — 1) — a). The limit is

R
Am o > C;(f;(ﬁ v,d, 7)Y Aw(£Ub,dy, p)
wW=r0.4, be(Z,/(R—w)x

delt(g):p
v —tr =w
{9 € My(Z/t7) : Zg(gr (mc()z))zv) }‘
g#1 (mod ¢vt1)
1-— 1/52

R

. 1 2)  w

= Jim op ) Chop(€” vy, £F)
W=T¢,v,dq

R 0(2) v d ER
_(1_1> lim Z h,p( , Uy U1, )

{) R fw
w:’r[,’v,dl
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4.3.3. Proof of Proposition

(1) According to | , Lemma 3.2(d)], with C(---) defined in | ,
(3.2)] and v = vy(dy), the matrix density g,(w, v, %) is given by

Z Z ( )Z‘C(p—l—l—aﬁw,p,ﬁvﬂ KR)| - 1—1/£
i=0 qe(z/¢R—w) GRL—1/6) e

_1110111
= wl\wa \'TO\7)) )

(2) If ¢ # p, then Zi:o gp(w, 0, £1) is given by

1 Ry . det(g)=p 1
L ERO—1e) Hg € Mo(Z/E7) ¢ g1 (o f)” e

. 55|p—1 n 1
6(52—1) YR+1

by | , Lemma 2| and Hensel’s Lemma.

O

4.4. Bounding the errors. Finally, we give some general bounds on the
errors appearing in Theorem that will be useful later on.

4.4.1. Bound on E,S(;). Applying (30) with ¢ = 1, the following is clear:

Lemma 4.5. If (30) holds, then E}(LC;) is

(3) 2VP |
(1) HZ‘Ch, (vvdhé)‘ SO |Eh7 (y7v7d1707 1)‘dpy
« Z |C) p(v,d1) Z% + . »

di|p—1
veN™

4.4.2. Bound on E,(:;).

DEFINITION 4.6. For p € [0,1]3, v € [0,1]%, we let

1 1
Ghp(p) = — Z —gz . max - [h(dy,d2)l,
P 1 Ly <do<t
dy <ph2 ! !

)()

Fhp(z,v) = pl Z Z pin

d1| —1 1 n=1
di «p"2 Pt(n)<z

Z maXaEZ/qn ’Ch,p(aa dla qn)|
= g’ (qn, d2)1/? ’
rad(g)|n

and for 6 € (0,1], B €[0,1/2] x [0,1]3, we let

1)«(@)
B (20) = f O S | By, )l
# &2/2 rad(q)
d1|p 1 P a<(2y /d2)5 act(q)
dy«pt/* qeQ(d1,2) (d1,9)|a
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L1 11 54 1
E(p)(ﬁz;) = Gy (2,4,0> + Ghyp (2 = 2ﬁ4>

25 1 1
E,(Lif)(z,ﬁ, 0) = Z Fhp (Z b — Bid, 1 — di=232, 3~ 5¢—1ﬁ1>

1 1
+Fh,p (Z T/Bg 2&37 7) .

Proposition 4.7. For any e > 0, § € (0,1] and B € [0,1/2] x [0,1]3, we
have

E}(Li))(z) < p° <(logz) (1 E(Ll)(54) +Ef(zp (2,08, 5)) (S)(Z, 5).

Remark 4.8. If h(dl,dg) < dl(dldz) then E (1/2) &« 1/p1/4 £ The
( )

most delicate contribution to understand will be Eh iy
error terms for h(dy,-) in short intervals and arithmetic progressions (both
of admissible sizes).

which is a sum of the

Proof of Proposition /.7. We split E,(f;) into three parts, according to the
ranges of y,q and dy:

(1) Small enough moduli and large enough intervals: ¢ < (2y/d?)%;

(2) Large moduli and large enough intervals: ¢ > (2y/d?)? and 2y/d? >

L
(3) Small intervals: y < d3/2.
The contribution of the range gives E}(LSB, since dy « yl/ 2 « p'/4. The

contribution of the range is

(@)
« Z J d2/2 rad(q)

d1|p— 1 q=(2 /d2
dy«pt/t Pt (¢9)<=
rad(q), ra(f((n «p
Y
A T
dl d% acH(q)
(dF.)la
for some constant ¢ > 1, using Lemma 4.4. Since
(@)
Z « uin Z 1 « (log 2)°M exp(4/log p)°W,
 rad(q) = .
q<p q<p
Pt (g)<z Pt(n)<z rad(q)=n
the first summand yields the first part of E,(LL;). Then, we start noting that,
by Lemma 4.4,

1/2
feeio): (o) |o)] « (Gsmi@)
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Thus, the second summand gives a contribution of

B Z f (@) maXaEZ/q‘Ch,p(aadbq)‘ y
alpa P & /days (qrad(q)'>(q,d)'> "
dy«pt/? P*(q)éz

rad(q ’rad(q) «p
11 (2P

L Z d2J2 Yy
dilp—1 1P Jdi/2
dy «pt/4

S ()2 5 MaXaez/gn |Ch,pla, di, ¢'n)| y
N1/2(gr! 12)1/2 b
P+n>1< g'n>(y/d?)° (@) g’ di)
(n)<z rad(q')|n

where we let ¢/ = g/rad(q). Since either ¢/ » (y/d?)%? or n » (y/d3)%?, this
is

2
Bi0 1 1
ZFh,p (zu772_6’5571_51':2627_62':161 5
i=1 44 2

using Lemma 4.3, giving the first part of E( 2).

The contribution of the range above i IS

Z Z rad

dilp—1  ¢=1
d1«pl/?2 PT(g)<z

o

dilp—1 gq=1
di«pt/?2 PT(g)<z

w(q) 1 min(d?/2,2,/p) y
f Y max [h(drda)|dyy

a2 r-
1 3 <des—%
a7 a7

(@) max,ez/q |Chop(a, di, q)| 1 J~m1n(d1/2 2VP)

Y aq.
(grad(q))¥/?(q,d})V?> p a2

0

By Lemma 4.3, the first summand is
log z)°M) 1
( ii—f Z 25y . MAX |h(dy,d2)|,
p alp-1 01 TG
dy «pl/?
which gives the remaining of E,(ZLpl). Similarly, the second summand is
« p° Z Z ,U« (n) Z MaXaez/q'n |Oh,p(aa di,q'n)|
75(
pl i3 vl d2,35 = = (q/)l/Q(q/n7 d%)1/2
dy «p'/? Pt(n)<z rad(q’)|n
1
< pth,p <Z 2ﬂ3 2537 7> s
which gives the second part of E,SL;). O

To estimate F}, ,, we see directly from the decomposition (30) of Cj, , that:
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Lemma 4.9. If (30) holds, then

1 Z |Ch (’Udl Z 'u 20 )()

Frplz,v) « —

di|lp—1 1 n=1
'ulENm Pt(n)<z
di <p¥2
maXaez/qn |C}(L ’U d17 qn
Z 5 (qn., d2)1/2 H|C v, dy, £)].
q=1 Uq
rad(q)|n

5. THE NUMBER OF SUBGROUPS (h = s)

In this section, we finally prove the first part of Theorem 1.1. It remains
to check that the hypotheses of Theorem hold and to bound the errors.
Again, all implied constants may depend on a parameter € > 0.

5.1. Number of subgroups of an abelian group of rank at most 2.
The starting point is the following expression for A = s, that we already
mentioned in (0):

Proposition 5.1. For all integers dy,ds = 1

s(Z/dy x Zfdydy) = . p(u)7(dy/u)T(didy/u).

ul|dy
Proof. By | |, the number of subgroups of Z/m x Z/n is
(m+1m =1y -
bln bln
= D @)= > > e(u)
alm, bln alm, bln u|(a,b)
= > elwr(m/n)r(n/u).
u|(m,n)
Alternatively, see | , Theorem 4]. O

5.2. The densities w;, in arithmetic progressions. To apply Theorem
, we start by proving that (30) holds.

Proposition 5.2. In the case h = s, Equation (30) holds with m = 3,
v = (u,k,i) e N3,

p+1 0i=00k|42 fup (k) + di=1
Clw.d) = St/ (tog (L ) 4 20) SRS

a
Cg?p)(aavvdMQ) = (d%Q) 5 =0+ 5'5 lc( ,q) <(d2 )) H(Sw( =) (d2k) )
A

CB(v,d1,0) = ico+ di—10y.

)
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Moreover, if 1 < q < 2y/d3, then, under the notations of Section 3,

p+1Ty qds y*(d,q)
El y7U7d17a7q « ‘A <7A ’ +p577
| s,p( )| U a,u,q u(d%,q) pqd%

where Aguq =0 (mod d3/u) and uAguq = a (mod q).

Remark 5.3. The variable u | di in v comes from the sum in the explicit
expression for s (Proposition 5.1), k | d? /u comes from the sum in the main
term for 7 in arithmetic progressions, and i € {0, 1} comes from two different
cases in the evaluation of the Ramanujan sums.

Proof. We need to compute the left-hand side of (26), which is, by Proposi-
tion 5.2,

> s(di,dp) = ) p(u)r(di/u) > 7(dy - d3/u).

p+d12fy <ds< p+d12+y uldy p+d12fy <do< p+d12+y
1 1 1 1
d3ds=a (mod q) d3ds=a (mod q)

The inner sum can be rewritten as

/ !
T(dy) = 5(d§,q)\a Z 7(dy).
p+1—y<d/2<p+1+y pt+l—y <d/2<p+1+y
wdy=a {mod’y Gty (o o)
d3=0 (mod dj/u) d,=0 (mod d?/u)
Note that [q/(u, q), d? /u] = % andif 1< A< B are such that =4 < 1
’ ) Y1 (d%,q)u x 24 s

then

[zlogz]5 = (B — A) <log <A+2B> +14+0 <B;1A>> .

If (d2,q) | a, then the left-hand side of (26) is given by

203 elurla fu)(dk,a)

qay
uldy
ck(Aa,ug) p+1 Yy
E . log 12 +2v+0 ’

k|[q/(w.q),d3/u]
—_ 2
A (p+1+y Ao ch)‘
u u(dl, q)

+0 Z o(u)7(dy/u)

uldy

The main term is
2y 2 ¢k (Aa,ug) p+1
== e(wr(diju)(di,g) D> S (log (0 | 4+ 27
qdi 2 k uk

uld1 E|[q/(u,q),d3/u]

2
%d% Z (p(u)T(dl/U)(d%7 Q)T(qd%)
uldy
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We write the sum over k as
2 1 p+1 2
Z p(k) + Z ck(a/(d1,q)) A log ez )T 27 ) (di,q).
k|d /u kla/(d3,q)
and the two summands correspond respectively to the cases i = 0 and ¢ = 1

in the statement. Finally, note that for a fixed integer a, ¢ — cq(a) is
multiplicative. O

5.3. Main term.
Proposition 5.4. Hypotheses (32)—(33) hold with
Towd, = ve(d}) + 8i—1 max(0,ve(k) — 1).

Proof. The claim is clear for ¢ = 0. For ¢ = 1, it follows from von Sterneck’s

formula | , (3.3)] that the Ramanujan sum is given by
0 tvela) <r—1
(@=L (0wl =r—1  (rz1).  (47)

1-1/¢ :va)>r

Lemma 5.5. For ng and CS}; as in Proposition 5.2, the Euler product in

Theorem 18

H [CS(?D)(’U, di,0) + Lgp(v,di, L, rg’v,dl)]

¢
1 [Teja, €74 (1 + 0 (1/0)) i =0
- (1 -ga=g)]
Udy (=17 54 [Ty, M 1+ 01/0) :i=1.
Lp—1

Proof. When i = 0,

1 pve(di)
L;,p(va dl,f, Té,v,dl) = (1 - £> Z Iz = 1, SO

w=v(d?)
. 1 1
LS,p(v7 1, )Té,v,dl) = m 1 + O Z -1
(see Definition ), while when ¢ = 1, (17) gives

) 1
ve(d2k ve(k)=1
L;,p(U,dl,f,T&udl) = ¢ 2(418) <_ eyi(d%k) + Eve(d%k)) = 5@“?’

1 1
Ls,p(vadl,gﬂ’é,v,dl) = (sark <£W(dl) <]. + O <€>> — 1) .
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If ¢t dikp, the last part of Proposition gives

R
Lsp(v,di, b, r004,) = I%i_rgou;OC'@)(Zw’fu,dl,fR)gp(w,w(dl)’gR)
i —0gp—1
= i Ry __fpml
=R EOW’WM )= ey
O
5.4. Estimation of the error ng,). We use Proposition to estimate

the former from E§§91), ng) and Egi,). Accordingly, let € > 0, § € (0,1] and

B e [0,1/2] x [0,1]3.
We make the following definition, so that [, (1+£7") « f(z, v)0M);

DEFINITION 5.6. For z > 1 and v € [0, 1], we let

We will show:

Proposition 5.7. If B2 < 1/(2+6) and 6 < 1/2, then

p f(z,1=62)°M  (log z)°M)
Es(,p)(z) < pE( pP20/4 p1-20)/8 |~

Remark 5.8. At the end, we will choose z = (logp)? with A > 1 large. If
we want f(z,v) = O(pf) and v < 1, we must pick v > 1 —1/A.

5.4.1. Estimation of Egi,).
o(1)

Lemma 5.9. Eég)(z,é) & 1%.

Proof. By definition,

1 (2P (@)
CHOUREDIIRT LY BDY (g 2 | Pea(trdia,ldyy
P Jaz/2 q<(2y/d?)? 1 acH(q)

dy«pt/* qeQ(d1,2) (d3,9)|a
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for some ¢ = 1. Let Q =

, the sum over a is

p+1TFy >‘ q yi(diq)
<« Al — A0 Q)| +1° —
2. ‘ ( u / (d2,q) pqd3

d%,q) S u(dz PR By Proposition and Theorem

a€l)—4— d2 3
U p+1l+y 1Ty o~ 1>
< = Z A ,a, Q) P =5
dy U pdj
a€Z/Q
1/2 2\’ 2
U +1F c
& QT Z ‘A(pu‘y,a,QN +p%
1 a€Z/Q pay
1/2 2
q 14 4 e Y
& —— =
where Ayuq = 0 (mod d?/u), uAeu, = a (mod q), apdaws = o
(mod ﬁ). Hence Eg(,i)(z,é) is
2y/p w(q)
1/4+¢ U1J 1/4 c 1/24
«r Z dip Jaz/ Y Z Tad(Q)q i
uldi|p-1 ! a<(2y/d})’
dy «pt/4 qeQ(d1,2)
]. u ]_ 2\/277 2 Cw(q)
T 2 2PJ > rad(q) 7
uldy [p—1 10 g<(2y/d2)°
q€Q(d1,2)
- 1 [2VP 1 log z)0™)
< (log2)OW [ pya+e 30 grol JQ A2 s Pt 475 _
d1|p 1 d /2 p 8
di«pt/t

O

Remark 5.10. At this point, one can check that applying only (10) instead of
Theorem 3.2 at best yields the non-admissible bound (log 2)®Mp¢, if § < 1/3.

5.4.2. Bound on E§§}). By Remark 1.8, we have Egijl)(l/Q) « 1/p'/*=¢ since
S(dl,dg) < dl(dldg)s for any € > 0.

5.4.3. Bound on Eg;?).
Lemma 5.11. If B2 < 1/(2+ ), then
B2 (2, (Ba, B2, 1/2),8) « f(z,1 — Bo)OWp=rolate,

We start with a preliminary lemma bounding Fj ), (cf. Definition 1.0):
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Lemma 5.12. With Cg}p), Cﬁ?p) as in Proposition 5.2, for any v € [0,1]*
(0,1/2), we have

f(za 1/4>O(1) Z dil’)fugfu4721/5‘

Fsp(z,v) « T

S,

d1|p—1
dy <p¥2
Proof. By Lemma 1.9, Fy »(2,v) is
1 p(n)*er ) (qn, d?)
< —_—
- 2
pr Euld% AP ,;l q; q”> (qn, d?)1/?
dy «p¥2 Pt (n)<z rad(q)|n

<

1 Z % Z p(n 2“")(7’“12)1/2 Z (q,d%)m.

P2 o1 n>1 s 1
dy «p¥2 PT(n)<z rad(q)|n
O
Proof of Lemma . By Lemma , Eéf)(z,ﬁj) is
< 7 pt Bie 0,05 U By e0,1/2]
p~(1=260)/4 3, ¢ [% %] p~ B398/ By e [1/2,3/5]
—B26/4
b 52 € [ ) ]
+f(z,1 = B)0WM 1+5 ‘
p (1=p2)/4 ﬁQ € [1+57 ]
O

5.4.4. Conclusion. By Proposition and the above, if 83 < 1/(2 + 9) and
5 = (621 627 1/27 1/2)7 then

EB)(z) « (logz)?Dp ELEV(84) + p ELD (2, 8,0) + EY)(2,0)
« of (log 2)°) N f(z,1 = 62)°M  (log z)°M)
p P/ P20/ p(1-20)/8
« of f(z,1 = )00 N (log z)°M)
P PP/ P28 )
This proves Proposition 5.7. O

5.5. Estimation of the remaining error terms.

5.5.1. Bound on Es(g).

Lemma 5.13. Egg) « (log p)® log, p.

Proof. By Lemma and Proposition 5.2, we have
o(u)7(dy/u)T(d? /u
BO < gy Y] ST/
uldy|p—1 1

+Zu

uldy |p— 1

p+1Fy &2 yu
Al ——=.0, — “— ) d,y.
0 (’ < u T +pd% i
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The first summand is

« logp ), - Z 7(d1 /u)7(d]/u)

di|p— 1 u\dl

d2
« logp Z P )a(dl) « logplogy p Z

di|p—1 di<p—1

since Y., 7(d)? = O(n(logn)?).
The second summand is

2./p — 2
U p+1Fy _ dy 1
« Z PR L <‘A (u ,0, ” dpy + e

uldy|p—1

d « (logp)®log, p,
1

Let 6 € (0,1). By Theorem 3.2, the contribution of y > (d?/u)"/? and that
of y < (d2/u)/? < 2,/p is

1 [2VP pl/ay1/4
< pf Z uf %dpy«p*(l*(’)ﬁs“.
uld1|p—1 P Jo v
dy «pf/4

The remaining error is

1 u VP yu —1/2+0/4+
« F—l— Z pl_‘ffo (d2 1>dpy<<p/ fAte,

uldy|p—1
d3 Ju»p®/?
O
5.5.2. Bound on Egg). By Remark 2.6, we have Eég) <« 1/pt/?-e.
5.5.3. Bound on Es(?;)). By Section 5.3, we have
1 1 w(d) log p
EgT) z,v,d]) <« — + — K & .
wl ) éﬁ”f(dl) ;Z 03 z zlogy p
f|d1 éj(dl
Lp—1
5.6. Conclusion. By Theorem , Lemma 5.5, Proposition , and the
estimations above, we get that s(£ll(p)) is equal to
o(u)7(d1/u) p+1
lo 2
Y B (e ()
uldq [p—1 k|d? /u
i1 o () [ o)
k h 14 tdr 002 —1)
Lp—1
0 Z/ (logp)**  f(z,1= )70 (log)°W  (logp)®)
pl/2—e (10g Z)a € p526/4—s p(1—25)/8—s ~

for any o = 1, 0 € (0,1/2), B2 € [0,1/(2 + )], Z = exp(+/log(4p)), and
z = (log Z)8.

We choose Z = p and B2 < 1/(8a2), so that f(z,1 — 2) = O(p°) ac-
cording to Remark 5.8. By taking « large enough, the error can be made
«a 1/(logp)? for any A > 0. This proves the first part of Theorem 1.1. [
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Remark 5.14. If there are no Siegel zeros, according to Proposition 2.5, the
first summand of the error above can be removed, and the limiting factor
becomes the third summand.

5.7. Order of magnitude.

5.7.1. Average over primes.

Proof of Proposition 1./. Let p be the totally multiplicative function defined
by p(f) = —(£3 — £ —1) for every prime £. By Abel’s summation formula, we
have

5 Dsteu) = ¥ o 3 PTA) 5 e e

p<z m<a d1<a: di k|d2/u
uldy

[T (o (D)0 )
e (e (G )*h)

( L ldy,m Ddt)] +0(1),

t
where 7(z,a,q) = |{p<zr:p=a )}| as usual.
By the Siegel-Walfisz theorem [ , Corollary 5.29], the expression be-

tween square brackets is

<M +0a ((k)gl,l)A1>> (10g (xu;l) - 2y> +0(1)

log(z + 1)
= ————= +04(1),
o(ldm) T O
for any constant A > 1. So the average above is
1 7(dy/u) o(k -I- Ok=1
log(z + 1) —_—
2 o) = d%w([dl, ,%/

uldy

Qf”ﬂdﬂ (1 +0 (2)) g (1 - £(£21—1)>_1 +0(1)

= (Cs+o(1))log(x + 1),
for some constant Cy > 1. U
5.7.2. Upper and lower bounds.

Proof of Proposition 1.5. For the upper bound, we have

sEl(p) <« logp “’(“)T(le/“) 3 ‘ng)l_[<1+o<z)>.

uldy[p—1 1 k| d2 /u ok
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Going through Section 1 with (12), we see that the product can actually be
replaced by

16-10220)

i L (-1
This gives

s(&ll(p)) « logp Z Z 7(d1/u) Z exp (Ugﬁk))

di|p— 1 1 u)dy k|d? /u

T d2 T d2
« (10gp)1+e“/+5 Z ( I)U(dl) & (10gp)1+87+6 loggp Z (dl)
difp-1 1 ailp-1
) op—1
< (logp)' " ** logy pmin ((logp)“,T((P - 1)2)29—1)>

(see also Lemma ).
For the lower bound, note that if k | d2/u, then

p+1 _ (p+1u

> > (1+o0(1))u
uk? -t

as p — o0, since d? < d3de < p+1+ 2,/p by the Hasse-Weil bound. Hence

sEnE) > Y AU S0 (14 o)) + 29) o(k)

uldi|p—1 i k|d? /u
d1 u
> Z o(u / )
uldy|p—1

6. THE NUMBER OF CYCLIC SUBGROUPS (h = c¢)

6.1. Number of cyclic subgroups of an abelian group of rank at
most 2. Similarly to Proposition 5.1, we have:

Proposition 6.1. For all integers dy,ds = 1

c(Z/dy x Zdidy) = ) (p# p)(w)7(di/u)r(didz/u).

uldy

Proof. By | , Corollary 1], the number of cyclic subgroups of Z/m x Z/n
is

Sel@n) = XY wa @ oy >

alm alm d|(a,b) alm e,d|(a,b)
bln bln bln
= D (pxp(w)r(m/u)r(n/u).
ul(a,b)

Alternatively, see | , Theorem 5. O
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6.2. The densities w,, in arithmetic progressions. We note that the
convolution ¢ * u is multiplicative and

l—2 e=1
) =
(@*M)( ) {£62<£_1)2 2622.
Similarly to the case h = s, we find that:

Proposition 6.2. Proposition holds with h = s replaced by ¢, up to

changing ¢(u) to (¢ * p)(u) in Cl(:;z'

Since 0 < (¢ * p)(u) < u, the bounds obtained in Section 5 still apply, up

to Lemma . For that one, it suffices to note that
1
> 7 > (s ) (w)r(dn fu)(di/u)

d1|p—1 1 u|d1

2 2
<« Z T(daél)(a #1d)(d1) « logyp Z T(ddl).

1
dijp-1 1 di|p—1

All in all, this gives the second part of Theorem

6.3. Order of magnitude. The proof of the second parts of Propositions
and is similar to the case h = s (see Section 5.7).
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